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1. Introduction

Impulsive differential equations are excellent source of many real world processes which subject to certain perturbations
and the duration of those perturbations is negligible in comparison with the duration of the whole process. These type of
equations occurs in many areas such as physics, economics, pharmaco-kinematics, medicine, biology, space-craft, industrial
robotics etc. They have been an object of investigation for many researchers in the recent years. For more details and

information one can refer the monographs [1, 2] and papers [3-7] and the references cited therein.

Also, differential equations with nonlocal condition are more suitable for describing many natural phenomena and processes
which cannot be modelled with usual classical initial condition. That is the reason several researcher devoted their study

to the problems with nonlocal condition. For more information, one can see the papers [4, 6, 8-12] and the references given

therein.

Let X be a Banach space with the norm || - ||. Let C = C([-r,0],X),0 < r < 00, be the Banach space of all continuous
functions ¢ : [-r,0] — X endowed with supremum norm ||¢||c = sup{||¥(t)|] : —r < t < 0} and B denote the set
{z : [-r,T] — X|z(t) is piecewise continuous at t # 7,left continuous at ¢ = 7%, and the right limit z(7% + 0) exists for

k=1,2,...,m}. Clearly, B is a Banach space with the supremum norm ||z||g = sup{||z(¥)|| : ¢t € [-r,T) \ {71, 72, .., Tm } }.
For any = € B and t € [0,T]\ {71, 72, ..., Tm }, we denote z; the element of C given by z,(0) = z(t +6), for 6 € [—r,0]

and ¢ is a given element of C.
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In the present paper, we consider impulsive Cauchy problem with nonlocal condition of the type

'(t) = Az(t) + f(t,21),t € [0,T),t # T, k = 1,2,...,m (1)
() + (9(xer, s 20,)) () = B(E),  —r <t <0, (2)
A:E(Tk) = Ika?(Tk), k= 1,2, sy M (3)

where, A is the infinitesimal generator of strongly continuous semigroup of bounded linear operators {T'(t) }+>0 and I (k =
1,2,...,m) are the linear operators acting in a Banach space X. The function f : [0,7] x C — X is continuous and the
function ¢ is given element of C. g : C? — C, where 0 < t; < t2 < ... < tp, < T, p € N is a given function. For example,

P
(9(@ey, .y we,))(0) = X crx(ty +0),0 € PC([—r,T), X), cis are constants. Az(7x) = z(7x + 0) — x(7% — ) and impulsive

k=1
moments 7y are such that 0 < 71 < 72 < ... < 7 < T, k € N.As mentioned in theory of impulsive differential equations, we

assume that at points of discontinuity 7; of solution t — =z(t), z(7;) = z(r; — 0). In general, the derivative z'(;) does not
exist but according to equation (1), there exists a limit z'(7; £ 0) and by convention, we assume z'(7;) = 2’ (7; — 0).

In [4], Shaochun Ji and Shu Wen investigated existence of mild solutions of the problem:

o' (t) = Au(t) + f(t,u(t)), t € [0,b],t #tii=1,2,...,p
Au(ts) = ut]) —u(t:)” = Li(u(t:),i =1,2,...,p

u(0) = g(u) + uo

using Hausdroff measure of noncompactness and Darbo Sadovskii fixed point theorem. Also,in [10], R. S. Jain and M. B.

Dhakne studied existence, uniqueness and continuous dependance on initial data of mild solutions of the problem:

2/ (t) = Az(t) + f(t,z:),t € [0,T]

() + (9(@er, s 20,)) () = (1), —r <t <0

using modified version of Banach contraction theorem. Our aim is to further extend the study for nearness and convergence

properties of mild solutions of above models or their generalised forms studied in [4],[7],[10] for the case of impulsive effect.

The paper is organised as follows: In Section 2, we give preliminaries and hypothesises. In section 3, we discuss main results

and their proofs.

2. Preliminaries and Hypotheses

Definition 2.1. A function x € B satisfying the equations:

z(t) = T()p(0) = T()(g(sy, -, 4,))(0)

+ tT(tfs)f(s,ms)dsqL > Tt - m)Ix(re), teE(0,T),

0< T <t

() + (9(wer, s w0,)) () = ¢(F), —r <t <0,

o

is said to be the mild solution of the initial value problem (1)-(3)
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Lemma 2.2 ([2]). Let a nonnegative piecewise continuous function u(t) satisfy for t > to, the inequality

u(t) §C+/ v(s)u(s)ds + Z Biu(Ts)

to to<Ti<t

where C' > 0, B; > 0, v(t) > 0, 73 are the first kind discontinuity points of the function u(t). Then the following estimate

holds for the function u(t),
uty<c [ @ +Bi)exp(/ v(s)ds).
to<T;i<t to

Let us introduce the following hypothesis which are assumed thereafter for our convenience.

(H1) Let f:[0,T] x C — X such that for every w € B and t € [0,T], f(.,w;) € B and there exists a constant L > 0 such

that
1f (&) = ft o) < Ly —¢lle), o9 eC.
(H2) Let g : C? — C such that there exists a constant G > 0 satisfying
(g(ess Tens s @) () = (9(Yt1 Ytas -y, ) (O < Gllw =yl € [-r,0].
(Hs) Let I : X — X are functions such that there exists L satisfying
1 (¥) = Ie(@)|| < Ll — ol ¢,¢€ X, k=12,..,m.
Also in this paper we assume that, there exist a positive constant Ko > 1 such that ||T'(¢)|| < Ko, for every ¢ € [0, T].

3. Nearness and Convergence of Solutions

Consider the nonlocal cauchy problem (1)-(3), along with the nonlocal initial value problem

y'(t) = Ay(t) + f(t,ye), t€[0,T),t#1e,k=1,2,---m (4)
y(t) + (g(yt17"'7ytp))(t) = d_’(t)? —r<t< 07 (5)
Ay(me) = Ly(te), k=1,2,...,m, (6)

where, f:[0,T]xC = X,g:C? — C and ¢ € C.

The next theorem deals with nearness of solutions of initial value problem (1)-(3) and initial value problem (4)-(6).

Theorem 3.1. Suppose that the functions f, g in (1)-(3)satisfy hypotheses (Hi )-(Hs) and there exist nonnegative constants

€1,€2,0,0k such that

1£(t,6) = f(t, Pl < en, (7)

1(g(@eys ooy 2e,)) (&) = (G0, oo 20,)) ()] < €2, (8)
(1) — ¢(t)|| < 6. (9)

[11:(6) = Te ()] < O (10)
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Let x(t) and y(t) be respectively solutions of initial value problem (1)-(3) and (4)-(6) on [-r,T]. Then the following inequality
holds:

KO H (1 + KOLk)e:cp(KOLT)

o<1 <t

1 - KoG H (1 -+ KoLk)eCL'p(KoLT) [

o< <t

lz —ylls < 0+ e2+ e1T + 6k

Proof.  Using the facts that =(¢) and y(t) be respectively solutions of initial value problem (1)-(2) and (4)-(6) and hypotheses
(H1)-(Hs), we obtain, for ¢ € [r, 0],

() =yl = 6(t) = (9(@er, ey 22,)) (&) = () + (F(Yers s y2,)) ()]
<o) = SO+ 1(g(@eys oo 20,))(E) = (G(yers -, y1,)) B
< No(t) = O + (g (e, ooy ,)) () = (9(er s oo 2, B
195 o v, ) (@) = (@(Ye1, s 92,)) (D]

<5+ Gllz —yllp + e (11)

For t € (0,77,

lz(t) —y (@O < IT@)][[ll¢(0) — ¢(0)]
(g (@er, e 24,))(0) = (G(Yer 5 -+ y2,)) (O)]

+ [ 1= 9l sve) - Foo) s

+ > T = 7)ll|[ Tk (re) — Tey(ri) |

o< <t

t
< Kolo + Glle = ylln + 2] + KoL [ [l = wal]Jds + Koer T
0

+Ko Y () — y(me)ll + 6k Ko

O< 1<t

< Koo + Gllz — yllB + €2 + e1T + 6¢]

8oL [ [le =il ds+ 35 KoLelle(n) — u(r)l (12

0< T <t

Define the function z : [-r,T] — R by z(t) = sup{|lzs) —y(s)|| : —r < s < t},t € [0,T]. Let t* € [—r,t] be such that

z(t) = ||lz(t*) — y(t*)|]. If t* € [0,¢t], then from the above inequality, we have,

2(t) = ll=(¢") =yl

< Kold + Gllz — yllB + €2 + 1T + 6¢]

+/OtKoL[z(s)}ds+ > KoLiz(m) (13)

o< <t

If t* € [-r,0], then 2(t) < 6 + G|l — y||B + €2 + d and since Ko > 1, the inequality (13) holds good for t € [—r,T]. Now

applying the lemma 2.2 to the inequality (2.2) , we get,

z(t) < Ko[d + Gllz — y||B + €2 + e1T + k] ¥

H 1+ KoLk)exp(/t KoLdS)

o< <t
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Consequently,

le = ylls < Kold+ Gl — ylls + ez + 1T + 6] x

I] (@ + KoLy)exp(KoLT)

o< <t
which implies,

Ko H (1 —l—K()Lk)eIp(KoLT)

o< <t

1- KoG [I ((1+ KoLi)exp(KoLT)

o< <t

lz —ylls < [0+ €2+ e1T + 0]

This completes the proof. O

Remark 3.2. The result given in the above theorem, relates the solutions of initial value problem (1)-(3) and (4)-(6) in the
sense that if f and f, ¢(t) is close to 4(t) and g is close to G, then not only the solutions of initial value problem (1)-(3)

and (4)-(6) are close to each other, but also depend continuously on the functions involved therein.

Consider the initial value problem (1)-(3) with the initial value problem

Y0 = Ay(t) + fu(tw), te(0,T], (14)
y(t)+(gn(yt17"'7yip))(t) :¢n(t)7 —-r<t<0,n=12 .. (15)
Ay(ti) = Ieny(e), k=1,2,...,m, (16)

fni[0,T] X C = X, gn: CP — C and ¢ (t) is a sequence in X.
An immediate consequence of the above theorem , we have the following corollary:

Corollary 3.3. Suppose that the functions f,g, in (1)-(3) satisfy the hypotheses (H1)-(Hs) and there exist nonnegative

constants €n, €, 0n, Ogn such that

£, ¢) = fult, 9)I < €n, (17)

1(g(@ey, s e, ))(8) = (g (Ttys oo 2, )) (D] < €07, (18)
¢(t) = dn ()| < 6n. (19)

k() — Ten@d(T)|| < Sken- (20)

with €, — 0,€," — 0,0, — 0,0kn, — 0 as n — oo. If x(t) and yn(t),n = 1,2,... be respectively solutions of initial value

problems (1)-(3) and (14)-(16) on [-r,T]. Then as n — oo, yn(t) = x(t) on [-r, T].

Remark 3.4. The result obtained in this corollary provides sufficient conditions that ensures solutions of initial value

problem (14)-(16) will converge to solutions of initial value problem (1)-(3).
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