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In this paper, we introduced a Finsler space for which the h-curvature tensor H; xh (curvature tensor of Berwald) satisfies
the condition

BmBn H;:kh = Qmn H;‘kh + bmn((;;'gkh - Jigjh) -2 yTNnBT(ééckhm - (%thm)v H]Z:kh #0

Cjinm is (h) hv-torsion tensor, where By, By is Berwald’s covariant differential operator of the second order with respect
to ™ and x", successively, B, is Berwald’s covariant differential operator of the first order with respect to =", amn and
bmn are non-zero covariant tensors field of second order and uy, is non-zero covariant vector field. We called this space
a generalized H-birecurrent space. The aim of this paper is to develop some properties of a generalized H-birecurrent
space by obtaining Berwald’s covariant derivative of the second order for the (h)v-torsion tensor H]lk and the deviation
tensor H:. The non-vanishing of Ricci tensor Hyj,, the curvature vector Hy and the curvature scalar H are investigated.
Different results regarding the covariant tensors field an,n and by,n have been established. Some conditions have been
pointed out which reduce a generalized H-birecurrent space Fy (n > 2) into Landsberg space. We obtained an identity
for a generalized H-birecurrent space. The conditions which reduce a generalized H-birecurrent space Fy, (n > 2) in to a
space of curvature scalar are given.

Finsler space, Generalized H-birecurrent Finsler space, Ricci tensor, Landsberg space, Finsler space of scalar curvature.
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1. Introduction

A Finsler space of recurrent curvature was introduced and studied by P.N. Pandey [5, 6], P.N. Pandey and V.J. Dwivedi

[7], R. Verma [9], S. Dikshit [10], F.Y.A. Qasem [1], N.S.H. Hussien [4], N.L. Youssef and A. Soleiman [3] and others. P.N.

Pandey, S.S. Saxena and A. Goswami [6] introduced and studied a generalized H-recurrent Finsler space. Let F, be an

n-dimensional Finsler spaces equipped with the metric function F satisfies the requisite conditions [2].

Let the components of the corresponding metric tensor and Berwald’s connection coeflicients be denoted by g;; and G;kl

respectively. These are positively homogeneous of degree zero in the directional arguments. Due to their homogeneity in

the directional arguments, we have

2

a) Cijkyi = Ckijyi = Cjkiyi =0 and b) G;’khyj = G;ijyj = G?ahjyj =0, 1)

where Cjjr = O gi; and G;- on = On G;-k are the components of tensors, they are symmetric in the their lower indices and

N 0
n = 52
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1

The indices i, j, k,...assume positive integral values from 1 to n.

2 Unless stated otherwise. Henceforth all geometric object are assumed to be functions of line-element.
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The relations between the metric function F', the components of the metric tensor and the vector y; are given by

a) yi = gijy’, b) gij = Oy; = O;yi, and ¢) yy' = F>.

The unit vector I* in the direction of the directional argument is given by

1S

a) I':=

and the associate vector of [; is defined by

— gl =0 F =L
b) Ui i=giyl! = F = ..

Berwald covariant derivative of an arbitrary tensor field Tji with respect to " is given by
BiT} i= OnT} — (9.1} G + T} Gy, — TG
Berwald covariant derivative of the vectors y* and y; with respect to * vanish identically i.e.
a) Bry' =0 and b) By y; =0.
Berwald’s covariant derivative of the metric tensor g;; does not vanish in general (B, gi; # 0) and is given by

Bigij = —2Cijury" = —2y" BuCij,

(6)

where |r is h-covariant derivative with respect to =" (Cartan’s second kind covariant differentiation). The processes of

Berwald’s covariant differentiation with respect to 2" and the partial differentiation with respect to directional argument 3*

commute according to

(881 = Budw) T = T} Gy — Ti Gy

(7)

for an arbitrary tensor field T]Z The second covariant derivative of an arbitrary tensor field T]Z with respect to z* and z* in

the sense of Berwald may written as
BiB, T} = 0BT} — (athT;') Gi + (BaTY) Giy, — (BAT})G, — (Bo TGy
The commutation formula for Berwwald’s curvature differentiation as follows:
BuBiTj — BuBrTj = Tj Hypr — T Hpgy — (0T} ) Hp

where H ;k,ﬁ defined by

Hjp, = 2{0; Gy + Gon; Gy + Grpy G}

are components of Berwald curvature tensor and

a) Hi = Hiyy" and b) Hiy, =0 Hiy.

(10)

(11)

3 In Rund’s book, H}kh defined here, is denoted by H}ij This difference must be noted. The square brackets denote the

skew-symmetric part of the tensor with respect to the indices enclosed therein.
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It is clear from the definition that Berwald curvature tensor H}kh is skew-symmetric in its first two lower indices and

positively homogeneous of degree zero in the directional arguments y°. Berwald’s deviation tensor H } is defined as
H! = Hiy" (12)

The contraction of the indices ¢ and j in H;kh, H;k and HJZ: gives

a) Hin = Hpyy, b) Hy=Hj), ¢) H=-H} and d) Hpy* = (n—1)H. (13)
The necessary and sufficient condition for a Finsler space F,, (n > 2) to be Finsler space of scalar curvature is given by

Hj, = F?R(8}, — I'l3). (14)

2. Generalized H-Birecurrent Finsler Space
A Finsler space whose Berwald curvature tensor H ;kh satisfies the condition
BuHjpn = A Hjgn + 1n () gk — 6igin)y Hipn # 0, (A)

where B,, is Berwald’s covariant differential operator, \; and u,, are non-zero covariant vector fields, this space introduced
by P.N. Pandey, S. Saxena and A. Goswami [8], they called it as a generalized H-recurrent Finsler space. Now, taking the
covariant derivative for the condition (A) with respect to ™ in the sense of Berwald and in view of the condition (A) and
by using (5b), we get
BunBuHi, = (BN ik + An { A Hia, + pim (8300 — Shgin) }
+ (Bimpin) (85gkn — 61gin) + fin {55 (=2y"B,Ciknm) — 61, (—2y"BrCinm)}

= (B, + AnAm) Hin + bt + Bonin) (5591 = 8igin) = 24imy" Br(8;Crenm = 0k Cinm)
which can be written as
BB Hjpop = @mn Hjin + bmn (5;'gkh - 5;igjh) — 2y Br(85Cim — 01.Cinm ), Hjpn # 0, (15)
where amn = BmAn + AnAm and bmn = Anpim + Bmpn are non-zero covariant tensors field of second order are non-null

covariant tensors field of second order.

Definition 2.1. A Finsler space F,, whose Berwald curvature tensor H;kh satisfies the condition (15), where amn and bmn
are non-zero covariant tensors field of second order. We shall call such Finsler space as a generalized H-birecurrent Finsler

space and briefly denoted by GH — BRF,.

Let us consider a GH — BRF,, which is characterized by the condition (15). Transvecting the condition (15) by y" , using
(11a), (2a), (5a) and (1a), we get

BuBnHjy = amnHjj, + bmn (85 yr — Sky;). (16)

Transvecting the condition (16) by y*, using (12), (5a) and (2c), we get
BuBnHi = amnH] + bmn(5:F> — yy"). (17)

Thus, we conclude
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Theorem 2.2. In GH — BRF,,, Berwald covariant derivative of the second order for the h(v)-torsion tensor H}, and the

deviation tensor H} given by the conditions (16) and (17), respectively.

Contracting the indices 7 and j in the conditions (15), (16) and (17), using (13a), (13b), (13¢) and (2c), we get

BmBnHkh = amnHrn + (n - 1) bmngkh -2 (’I’L - 1) NnyrBerhmv (18)
and
BonBnH = amnH + bypn F>. (20)

The conditions (18), (19) and (20) show that Ricci tensor Hyp, the curvature vector Hj and the curvature scalar H can’t
vanish because the vanishing of any one of these would imply @m» = 0, bymn = 0 and p, = 0, that is a contradiction. Thus,

we conclude
Theorem 2.3. In GH — BRF,,, Ricci tensor Hgp, the curvature vector Hy and the curvature scalar H are non-vanishing.

Let us consider a GH — BRF,. Differentiating the condition (19) partially with respect to 3", using (8nHx = Hgp) and
(2b), we get

Using the commutation formula (7) for (B, Hy) in (21), we get
Again applying the commutation formula (7) for (Hy) in (22) and (9, Hx = Hys), we get
(23)
Using the condition (18) in (23), we get
-2 (n - 1) Hn yTBTCkhm - BTVL(HTG;nk) - (Ber) G;Lmn - (BnHr) G;;mk = (3hamn)Hk + (TL - 1) (ahbmn) Yk (24)
Transvecting (24) by y*, using (5a), (1a), (1b), (13d) and (2c), we get

= (BrH) Ghmn = (6hamn)H + (6hbmn)F2. (25)

If (B-H)G},nn, = 0, the equation (25) can be written as

ahamn

ah bmn = - F2

H. (26)

If the covariant tensor field am, is independent of the directional argument, the equation (26) shows that the covariant tensor
field by, is also independent of the directional argument. Conversely, if the covariant tensor field b,,, is independent of the
directional argument, we get (Shamn) H = 0. In view of Theorem 2.2, the condition (5hamn) H = 0 implies ahamn =0,

i.e. the covariant tensor field @, is also independent of the directional argument. Thus, we conclude
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Theorem 2.4. In GH — BRF,,, the covariant tensor field by, is independent of the directional argument if and only if the

covariant tensor field amy s independent of the directional argument provided (Br-H) G}, = 0.
Transvecting (25) by y™ and using (1b), we get

(a.han - ahn)

ahbn - bhn = - 2

H, (27)

where amny™ = an and by = by,. Since the covariant vector field a,, is not independent of the directional argument, the
equation (27) shows that the covariant vector field by, is also not independent of the directional argument. Conversely, if the
covariant vector field b, is not independent of the directional argument, we have (ahan — ahn) H = 0. In view of Theorem
2.2, the condition (ahan — ahn) H = 0 implies 3han = apn, i.e. the covariant vector field a,, also is not independent of the

directional argument. Thus, we conclude

Theorem 2.5. In GH — BRF,,, the covariant vector field a, is not independent of the directional argument if and only if

the covariant vector field b,, is not independent of the directional argument.

Suppose that the covariant tensor field @,y is not independent of the directional argument, then by using (26) in (24), we

have

T s s T A - 1)H
-2 (n - 1) HUn Y BTCkhm — Bm (HTG;mk) — (BTHk) Ghmn — (BnHr) hmk — (ahamn) {Hk - %yk} . (28)
Transvecting (28) by ¢*, using (5a), (1a), (1b), (13d) and (2c), we get

(BrH) Ghymn = 0.

Thus, we have
Theorem 2.6. In GH — BRF,,, we have the identity (B,H) G},,,,, = 0.

Transvecting (28) by y™ and using (1a) and (1b), we get
T m A n—1)H
- Bm (HrGhnk') Yy = (8han - ahn) {Hk - %yk} ) (29)
where amny™ = an. If By (H-G} ) y™ = 0, the equation (29) implies at least one of the following conditions

a) Gpn = dpan or b) Hy = <"71>Hyk. (30)

F2

Thus, we conclude

Theorem 2.7. In GH — BRF,,, for which the covariant tensor field ann is not independent of the directional argument at

least one of the conditions (30a) or (30b) holds provided B, (H-G},,,;) y™ = 0.
Suppose that (30b) holds. Then (28) implies

r H r H T H r
—2uny BrCrhm — Bm(ﬁyrGhnk) - (Brﬁyk) hmn — (Bnﬁyr)Ghmk =0. (31)

Transvecting (31) by y™, using (5a), (1a) and (1b), we get

H

Bm(ﬁyr
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which can be written as

If HBom (yrGhni) ™ = 0, the above equation implies (B,, H)y™ y»G},i, = 0. Since (B, H) y™ # 0, so 4G}, = 0,therefore

the space is a Landsberg space. Thus, we conclude

Theorem 2.8. The GH — BRF, is a Landsberg space if the condition (30b) holds provided By, (HrG},1)y™ = 0 and

If the covariant tensor field ap, # éhan, in view of Theorem 2.4 (30b) holds good. In view of this fact, we may rewrite

Theorem 2.7 in the following form

Theorem 2.9. The GH — BRF, is necessarily a Landsberg space provided ann #* Onan, Bm (HrGhnie)y™ = 0 and

Differentiating the condition (16) partially with respect to y", using (11b) and (2b), we get
OB (BuHje) = (Onamn) i+ amnHjin + (Onbonn) (595 — 0k7) + brn (800 — 3} gyn). (32)
Using the commutation formula (7) for (BnH}) in (32), we get
Bun(9,BuH}1) = (Br Hix) Ghonn + (Bu Hj) Ghonr = (BuHix) Ghns = (BuHr ) G
= (Onmn ) i+ amn i + (Bnbonn ) (85 v = 84 43 ) + bmun (85 g — 8 g)- (33)
Again using the commutation formula (7) for (Hj;) in (33) and using (11b), we get

— (BH}) Gl + BuH1) Gl — (B3, ) Gt = (Onmn ) Hys + @ Hyin = (BuHix) G

+ (3hbmn) (5; Yk — 52;'!]]’) + bmn(dgi' gkn — O, Gih)-

By using the condition (15), the above equation can be written as
(BuuH51) G + Hyie (B Ging) = (Bu Hia) Gy = His (B Ghing) = (B H)Ghinke = Hy (BuuGh) = (BrHje ) G

+ (BuHjy) Ghonr = (BuHi) Ghing — (BuHje) G

= (O mn)Hjx+ (Onbmn ) (85 v = 0 w5 ) +2 0 " Br(8 Crnm = 8k Cinm)- (34)
Transvecting (34) by yi, using the identity (y;H;, = 0) which established by [7] and (5b), we get

(B H}y.) 4iGhnr + Hp{Bm (yz-G;;W)} + (BuHj1) yiGhmr = 200y Br (45 Crim — ysCinm).- (35)
Transvecting (35) by y™, using (1b), (5a) and (la), we get

[(BmH;k) YiGhny + Hjy {Bm (yi Gv;znr) }] y" =0

which can be written as
Thus, we conclude
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Theorem 2.10. In GH — BRF,,, we have the identity [Bm (Hrkyi }Lm)} y™ =0.

J

Transvecting (34) by y*, using (12), (1b), (5a), (2c) and (1a), we get
(BuH;) Gy + Hj (BuGinr) = (B Hy) Ghog = Hi(BuGhng) = (B H}) Ghonn + (BuH}) Giume = (BuH) Ghon
= (Onamn ) Hy+ (90bn) (8 F* =4y, ) +2 i 4" Br (4" Conm) (36)
Substituting the value of (94bmn) from (26) in (36), using (3a) and (3b), we get

= (6h amn) {H; — H ( 5; — lil]’)} + 2 pn yTBr ( yicjhm) .
If By (HGh) — Brn (HﬁG;nj) Bun — (BeHY) G + (BuHY) Gl — (BnH:;) Ci — 211 By (yiojhm) —0. (37)
Then, we have at least one of the following conditions

a) nann =0 or b) Hi= H( & —1'l). (38)

j
Putting H = F2R, (2.24b) may be written as
H, =F>R (8 —1U'ly).

Therefore, the space is a Finsler space of scalar curvature. Thus, we conclude

Theorem 2.11. In GH — BRF,, for n > 2 admitting the condition (37) is a Finsler space of scalar curvature provided

R # 0 and the covariant tensor field amn is not independent of the directional argument.
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