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1. Introduction

To overcome the uncertainty and vagueness, the inherent in the real world in 1965, L. A. Zadeh introduced the notion of

fuzzy sets. K. T. Atanassov introduced the extended notion of Intuitionistic Fuzzy Sets in the year 1983. The authors

further extended the Intuitionistic Fuzzy Sets namely, Intuitionistic Fuzzy Sets of Third Type and studied some of their

properties. In this paper, we introduced the new operators on Intuitionistic Fuzzy Sets of Third Type and establish some of

their properties. In section 2, we recollect some basic definitions and in section 3, we define the new operators Gα,β , Hα,β

and H∗
α,β and establish some of their properties. The paper is concluded in section 4.

2. Preliminaries

In this section, we give some definitions of IFS and its extensions.

Definition 2.1 ([1]). Let X be a non-empty set. An IFS A in X is defined as an object of the form

A = {〈x, µA(x), νA(x)〉 : x ∈ X},

where µA(x) : X → [0, 1] and νA(x) : X → [0, 1] denote the membership and non-membership functions of A, respectively,

and

0 ≤ µA(x) + νA(x) ≤ 1,

for each x ∈ X.
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Definition 2.2 ([1]). Let X be a non-empty set. An Intuitionistic Fuzzy Set of Second Type (IFSST) A in X is defined as

an object of the form

A = {〈x, µA(x), νA(x)〉 : x ∈ X},

where µA(x) : X → [0, 1] and νA(x) : X → [0, 1] denote the degree of membership and non-membership functions of A,

respectively, and

0 ≤ µ2
A(x) + ν2A(x) ≤ 1,

for each x ∈ X.

Definition 2.3 ([2]). Let X be the non-empty set. An Intuitionistic Fuzzy Set of Root Type (IFSRT) A in X is defined as

an object of the form

A = {〈x, µA(x), νA(x)〉 : x ∈ X},

where µA(x) : X → [0, 1] and νA(x) : X → [0, 1] denote the degree of membership and non-membership functions of A,

respectively, and

0 ≤
√
µA(x)

2
+

√
νA(x)

2
≤ 1,

for each x ∈ X.

Definition 2.4 ([3]). Let X be the non-empty set. An Intuitionistic fuzzy set of third type (IFSTT) A in X is defined as

an object of the form

A = {〈x, µA(x), νA(x)〉 : x ∈ X},

where µA(x) : X → [0, 1] and νA(x) : X → [0, 1] denote the membership and non-membership functions of A, respectively,

and

0 ≤ µ3
A(x) + ν3A(x) ≤ 1,

for each x ∈ X.

Definition 2.5 ([3]). Let A and B be two IFSTTs of the non-empty set X such that

A = {〈x, µA(x), νA(x)〉 : x ∈ X},

B = {〈x, µB(x), νB(x)〉 : x ∈ X}.

We define the following operations on A and B :

(i). A ⊂ B iff µA(x) ≤ µB(x) and νA(x) ≥ νB(x), ∀x ∈ X

(ii). A ⊃ B iff µA(x) ≥ µB(x) and νA(x) ≤ νB(x), ∀x ∈ X

(iii). A = B iff µA(x) = µB(x) and νA(x) = νB(x), ∀x ∈ X

(iv). A ∪B = {〈x,max(µA(x), µB(x)), min(νA(x), νB(x))〉 : x ∈ X}

(v). A ∩B = {〈x,min(µA(x), µB(x)), max(νA(x), νB(x))〉 : x ∈ X}

(vi). Ā = {〈x, νA(x), µA(x)〉 : x ∈ X}, where Ā is the complement of A.
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Definition 2.6 ([4]). The degree of non-determinacy (uncertainty) of an element x ∈ X in IFSTT A is defined by

πA(x) = 3

√
1− µ3

A(x)− ν3A(x).

Remark 2.7. In case of ordinary fuzzy sets, πA(x) = 0, for every x ∈ X.

Definition 2.8 ([4]). For every IFSTT A, we define the following operators:

(i). The Necessity operator �A = {〈x, µA(x), 3
√

1− µ3
A(x) 〉 : x ∈ X}

(ii). The Possibility operator ♦A = {〈x, 3
√

1− ν3A(x), νA(x)〉 : x ∈ X}

Definition 2.9 ([5]). Let α ∈ [0, 1] be a fixed number. Given an IFSTT A, an operator Dα is defined as

Dα(A) = {〈x, 3

√
µ3
A(x) + απ3

A(x) , 3

√
ν3A(x) + (1− α)π3

A(x)〉 : x ∈ X}.

Remark 2.10. It is easy to prove that Dα(A) is an IFSTT.

Definition 2.11 ([5]). Let α, β ∈ [0, 1] and α+ β ≤ 1. The operator Fα,β , on an IFSTT A, is defined as

Fα,β(A) = {〈x, 3

√
µ3
A(x) + α π3

A(x) , 3

√
ν3A(x) + β π3

A(x) 〉 : x ∈ X}.

Remark 2.12. It is obvious that, Fα,β(A) is an IFSTT.

3. Operators on IFSTT

Definition 3.1. Let α, β ∈ [0, 1]. Given an IFSTT A, an operator Gα,β is defined as

Gα,β(A) = {〈x, 3
√
αµA(x), 3

√
βνA(x) 〉 : x ∈ X}.

Remark 3.2. It is clear that, Gα,β(A) is an IFSTT.

Definition 3.3. Let α, β ∈ [0, 1]. Given an IFSTT A, an operator Hα,β is defined as

Hα,β(A) = {〈x, 3
√
αµA(x), 3

√
ν3A(x) + βπ3

A(x) 〉 : x ∈ X}.

Remark 3.4. Clearly, Hα,β(A) is an IFSTT.

Definition 3.5. Let α, β ∈ [0, 1]. Given an IFSTT A, an operator H∗
α,β is defined as

H∗
α,β(A) = {〈x, 3

√
αµA(x), 3

√
ν3A(x) + β(1− αµ3

A(x)− ν3A(x)) 〉 : x ∈ X}.

Remark 3.6. Clearly, H∗
α,β(A) is an IFSTT.

Proposition 3.7. For every three real numbers α, β, γ ∈ [0, 1] and for every IFSTT A, we have

(i). if α ≤ γ, Gα,β(A) ⊂ Gγ,β(A)

(ii). if β ≤ γ, Gα,β(A) ⊃ Gα,γ(A)
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(iii). Gα,β ¯(A) = Gβ,α(A)

(iv). if γ, δ ∈ [0, 1], then Gα,β(Gγ,δ(A)) = Gα.γ,β.δ(A) = Gγ,δ(Gα,β(A)).

Proof.

(i) Gα,β(A) = {〈x, 3
√
αµA(x), 3

√
βνA(x)〉 : x ∈ X}

⊂ {〈x, 3
√
γµA(x), 3

√
βνA(x)〉 : x ∈ X}

= Gα,β(A)

(ii) Gα,β(A) = {〈x, 3
√
αµA(x), 3

√
βνA(x) 〉 : x ∈ X}

⊃ {〈x, 3
√
αµA(x), 3

√
γνA(x) 〉 : x ∈ X}

= Gα,γ(A)

(iii) Gα,β ¯(A) = Gα,β{ 〈x, νA(x), µA(x)〉 : x ∈ X}

= {〈x, 3
√
ανA(x), 3

√
βµA(x)〉 : x ∈ X}

= {〈x, 3
√
βµA(x), 3

√
ανA(x)〉 : x ∈ X}

= Gβ,α(A).

(iv) Gα,β(Gγ,δ(A)) = Gα,β({〈x, 3
√
γµA(x),

3
√
δνA(x) 〉 : x ∈ X})

= {〈x, 3
√
α.γµA(x), 3

√
β.δνA(x) 〉 : x ∈ X}

= Gα.γ,β.δ(A)

= {〈x, 3
√
γ.αµA(x), 3

√
δ.βνA(x) 〉 : x ∈ X}

= Gγ,δ(Gα,β(A))

Proposition 3.8. For every three real numbers α, β, γ ∈ [0, 1] and for every IFSTT A, we have

(i). Gα,β(A ∩B) = Gα,β(A) ∩Gα,β(B)

(ii). Gα,β(A ∪B) = Gα,β(A) ∪Gα,β(B).

Proof.

(i) Gα,β(A ∩B) = Gα,β({〈x,min(µA(x), µB(x)), max(νA(x), νB(x))〉 : x ∈ X}

= {〈x, 3
√
αmin(µA(x), µB(x)), 3

√
βmax(νA(x), νB(x))〉 : x ∈ X}

= {〈x, min( 3
√
αµA(x), 3

√
αµB(x)), max( 3

√
βνA(x), 3

√
βνB(x))〉 : x ∈ X}

= Gα,β(A) ∩Gα,β(B)

(ii) Gα,β(A ∪B) = Gα,β({〈x,max(µA(x), µB(x)), min(νA(x), νB(x))〉 : x ∈ X}

= {〈x, 3
√
αmax(µA(x), µB(x)), 3

√
βmin(νA(x), νB(x))〉 : x ∈ X}

= {〈x, max( 3
√
αµA(x), 3

√
αµB(x)), min( 3

√
βνA(x), 3

√
βνB(x))〉 : x ∈ X}

= Gα,β(A) ∪Gα,β(B)
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Theorem 3.9. For all real numbers α, β, γ, δ ∈ [0, 1] and for every IFSTT A, we have

(i). �Hα,β(A) = Hα,β(�A)

(ii). Hα,β(Gγ,δ(A)) ⊂ Gα,β(Hγ,δ(A))

(iii). H∗
α,β(Gγ,δ(A)) ⊂ Gα,β(H∗

γ,δ(A)).

Proof. Since,

(i) �Hα,β(A) = �({〈x, 3
√
αµA(x), 3

√
ν3A(x) + βπ3

A(x) 〉 : x ∈ X})

= {〈x, 3
√
αµA(x), 3

√
1− αµ3

A(x) 〉 : x ∈ X} and

Hα,β(�A) = Hα,β({〈x, µA(x), 3

√
1− µ3

A〉 : x ∈ X})

= {〈x, 3
√
αµA(x), 3

√
1− µ3

A(x) + βπ3
A(x)〉 : x ∈ X} and hence,

�Hα,β(A) = Hα,β(�A)

(ii) Hα,β(Gγ,δ(A)) = Hα,β({〈x, 3
√
γµA(x),

3
√
δνA(x)〉 : x ∈ X})

= {〈x, 3
√
αγµA(x), 3

√
δν3A(x) + βπ3

A(x)〉 : x ∈ X}

⊂ {〈x, 3
√
αγµA(x), 3

√
δν3A(x) + βδπ3

A(x)〉 : x ∈ X}

= {〈x, 3
√
αγµA(x), 3

√
δ(ν3A(x) + βπ3

A(x))〉 : x ∈ X}

= {〈x, 3
√
αγµA(x),

3
√
δ 3

√
ν3A(x) + βπ3

A(x)〉 : x ∈ X}

= {〈x, 3
√
αγµA(x),

3
√
δ 3

√
ν3A(x) + βπ3

A(x)〉 : x ∈ X}

= Gγ,δ({〈x, 3
√
αµA(x), 3

√
ν3A(x) + βπ3

A(x)〉 : x ∈ X})

= Gγ,δ(Hα,β(A))

(iii) H∗
α,β(Gγ,δ(A)) = H∗

α,β({〈x, 3
√
γµA(x),

3
√
δνA(x)〉 : x ∈ X})

= {〈x, 3
√
αγµA(x), 3

√
δν3A(x) + β(1− αγµ3

A(x)− δν3A(x))〉 : x ∈ X}

⊂ {〈x, 3
√
αγµA(x), 3

√
δν3A(x) + β(δ − αδµ3

A(x)− δν3A(x))〉 : x ∈ X}

= {〈x, 3
√
αγµA(x), 3

√
δ(ν3A(x) + β(1− αµ3

A(x)− ν3A(x)))〉 : x ∈ X}

= Gγ,δ({〈x, 3
√
αµA(x), 3

√
ν3A(x) + β(1− αµ3

A(x)− ν3A(x))〉 : x ∈ X})

= Gα,β(H∗
γ,δ(A))

4. Conclusion

In this paper, we have introduced the new operators on IFSTT and studied some of their properties. It is still open to check

the operators already defined on IFS in case of IFSTT.
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