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1. Introduction

Let f be a 27 periodic function and let f € L,[0,2x],p > 1. The Fourier series of f at x is given by

1 — :
500+ Z(an cosna + by, sin nx) (1)

n=1

Let s, (x) denote the nth partial sums of (1). We know ([6]) that

su(@) = @) = = [ 60D 2)
where
Bu(u) = Fa+u) + f(z —w) — 2/ (z) 3)
Dy (u) = %—i—icosk‘u: % (4)
k=0 2
Ko(w) = 3 an s D(w) )
k=0

Let A = (an,k) be an infinite matrix. We assume that elements of the matrix A = (an,x) satisfy the following regularity

conditions

14]] = sup D _ lan k| < oo (6)

" k=0
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(an,k) — 0 as n — oo and k is fixed 7)
and

Zan,kzlforeachnzoyl’g.... )

k=0

2. Definitions and Notations

Definition 2.1 (Modulus of Continuity). Let A = R, R+ [a,b] C R or T (which usually taken to be R with identification

of points modulo 27). The modulus of continuity w(f,t) = w(t) of a function f on A can be defined as

w(t) = w(f,t) = sup  [f(z) — f(y)|,t > 0.
|z —yl <t,

z,y €A

Definition 2.2 (Modulus of Smoothness). The k' order modulus of smoothness [2] of a function f: A — R is defined by

wi(f,t) = sup {sup|Aj(f, )|z, 2 +kh € A}, >0 9)
0<h<t
where
k |k
Ak(f,x) =Y (-1 f(z +ih), k€ N. (10)
i=0 )

For k = 1,wi(f,t) is called the modulus of continuity of f. The function w is continuous at t = 0 if and only if f is uniformly
continuous on A, that is f € &(A). The k" order modulus of smoothness of f € Ly(A),0 < p < oo or of f € &A),ifp = oo
is defined by

wk(fvt)p=0i1}1£tllﬁﬁ(f, Np,t =0 (11)

ifp>1,k=1, then wi(f,t)p = w(f,t)p is a modulus of continuity (or integral modulus of continuity). If p=oco,k =1 and

f is continuous then wi(f,t)p reduces to modulus of continuity wi(f,t) or w(f,t).

Definition 2.3 (Lipschitz Space). If f € ¢(A) and
w(f,t) =0(t"),0<a<1 (12)

then we write f € Lipa. If w(f,t) = O(t) as t — 0+ (in particular (9) holds for o > 1) then f reduces to a constant. If
feLy(A), 0<p<oo and

w(f,t)p =0@"),0<a<1 (13)

then we write f € Lip(a,p), 0 < p < oo, 0 < a < 1.

The case a > 1 is of no interest as the function reduces to a constant, whenever
w(f,t)p = O(t) as t — 0+ (14)

We note that if p = co and f € ¢(A), then Lip(a,p) class reduces to Lip « class.
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Definition 2.4 (Generalized Lipschitz Space). Let a > 0 and suppose that k = [a] + 1. For f € L,(A), 0 < p < oo, if
we(f,1) = 0(t),t > 0 (15)
then we write

feLip’(a,p), a>0,0<p< oo (16)

and say that f belongs to generalized Lipschitz space. The seminorm is then
|f|Lip*(a7Lp) = iug(tfawk(f} t)p)-
>

It is known [2] that the space Lip*(a, Lp) contains Lip(a, Lp). For 0 < a < 1 the spaces coincide, (for p = oo, it is necessary
to replace Lo by ¢ of uniformly continuous function on A). For 0 < a < 1 and p = 1 the space Lip* (e, L) coincide with

Lipa.

For a = 1,p = oo, we have

Lip(1,&) = Lip 1 (17)

but

Lip*(1,¢) = 2 (18)
is the Zygmund space [5] which is characterized by (13) with k = 2.

Definition 2.5 (Hélder (H,) Space). For 0 < a <1, let
Ho ={f € Cor : w(f,t) = O™)}. (19)

It is known [3] that Hy is a Banach Space with the norm || - || defined by

fllo =I5l + supt~"w(®), 0 < a <1 (20)
[[fllo = lIflle
and
Ho CHs CCor, 0< <<l (21)

Definition 2.6 (H(, ) Space). For 0 < a <1, let

Hap) ={f € Lp[0,27] : 0 <p < o0, w(f, 1), = O(t*)} (22)
and introduce the norm || - ||(a,p) as follows
11l = [1fllp +supt™"w(f,t)p, 0 < <. (23)
A 1l0.p) = [1f1]p-

It is known [1] that H,, p) is a Banach space for p > 1 and a complete p-normed space for 0 < p < 1. Also

H(a,p) QH(/M,) ng,O<B§a§ 1. (24)
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Note that H(q, ) is the space H, defined above. For study of degree of approximation problems the natural way to proceed
to consider with some restrictions on some modulus of smoothness as prescribed in H, and H, ;) spaces. As we have seen
above only a constant function satisfies Lipschitz condition for & > 1. However for generalized Lipschitz class there is no
such restriction on «. We required a finer scale of smoothness than is provided by Lipschitz class. For each a > 0 Besov
developed a remarkable technique for restricting modulus of smoothness by introducing a third parameter ¢ (in addition to

p on «) and applying « - ¢ norms (rather than a, oo norms) to the modulus of smoothness wi(f, ), of f.

Definition 2.7 (Besov space). Let o > 0 be given and let k = [a] + 1. For 0 < p,q < oo, the Besov space ([2]) Bg(Lyp) is
defined as follows:

By (Lp) ={f € Lp : |fg(r,) = [lwe(f, M(a,q is finite}

where
5=t wi(f,1),)1%) 7, 0< g < oo
||wk(f: ')||(a,q) - o (25)
su}gt wk(f7t)p> q = 0.
t>

It is known ([2]) that ||wk(f,")||(a,q) is & seminorm if 1 < p, ¢ < co and a quasi-seminorm in other cases.

The Besov norm for By (L;) is

A1 g L) = 1 Fllp + Tk (fs )l coa) (26)

Y

It is known ([4]) that for 2n-periodic function f, the integral ([ (t™“wx(/f, t)p)q%)% is replaced by ([ (t~“wk(f, t)p)9 L)

We know ([2, 4]) the following inclusion relations. For fixed a and p
B:;(LP) C Bgl (L:D)7q <aq.
For fixed p and ¢
B (Ly) € By (Ly), B < o

For fixed o and ¢

B;(LP) C B?(Lm)vl’l <p.

Definition 2.8 (Special cases of Besov space). For ¢ = 0o, BS,(Lp),a > 0,p > 1 is same as Lip*(«a, L) the generalized

Lipschitz space and the corresponding norm || - ||pa (L, is given by

fllbz.cep) = [1fllp +sup e~ wa(£.), 2)

for every a > 0 with k = [a] 4 1.

For the special case when 0 < a < 1, B (Lp) space reduces to H(,,p) space due to Das et al. [1] and the corresponding

norm is given by
1115220 = fllcam = [1£llp + SUp ¢~ 0(. 1), 0 < o < 1. (28)
For o« = 1, the norm is given by

1l ey = 1151l + sup w1, 1) (29)

Note that |[f|[51_(1,) is not same as || f[|(1,5) and the space Bl (L,) includes the space H(1,p), p > 1. If we further specialize

by taking p = 0o, BS, 0 < a < 1, coincides with H, space due to Prossodorf [3] and the norm is given by

1 lBg (o) = I1flla = \|f\|c+§1>113t‘1w(f,t), 0<a<l (30)
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For a =1, p = oo, the norm is given by
1l oy = [l +sup ¢~ wa( 1), @ = 1 (31)
>

which is different from ||f||; and B (L) includes the H; space.

3. Main Result

We prove the following theorem.

Theorem 3.1. Let the matrix A = (an,k) satisfy the following conditions
(). sup 3237 lan,k| < oo
n

(i3). io: ankx =1 foralln and
k=0

(iii). S Klanx

k=pn

= O(pn).
where (un) 18 a positive non-decreasing sequence 1 = 1.

Let ¥(n) = Z lank — anp+1] and 0 < @ <2 and 0 < B < a. If f € By (Lp), p>1and 1 < g < oo and let ¢t,(z) be the

k=0
A-transform of the Fourier series of f, that is,
ta(f) = ta(F50) = 3 ansi(e)
k=0

Then

Case 1 (1 < g < o0)

||T”(')HB§(LP):O . — + O((n)) (kg1 — pw) 9

a—pg—2
=1 Iy a

Q=
x

Case 2 (g = o0)
7Ol 0, = O (ﬁ) + 0((n) (W)

n ke 12
4. Additional Notations and Lemmas

We need the following additional notations

Gatrt(u) — o (u), 0<a<l1
Grtt(u) + Pzt(u) — 2¢2(u), 1 <a <2

¢(x7 t? u) =

For k = [a] 4+ 1, we have for p > 1

wi(f,t)p, 0<a<1
wk(,ﬂt)p =
w2 (fit)p, 1<a<?2
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Let

Tn(z +t) — Tn(z), 0<ax<l
Tn(z,t) =
To(z+t)+Th(x—t) —2Th(z), 1 <a <2

Using above equation and definition of w(f,t),, we have
wi(Tn, t)p = [T (5 1)l

We require the following lemmas for the proof of the theorem.

Lemma 4.1. Let 1 <p<oo and 0 < a < 2. If f € L,[0,27], then for 0 < t,u <=
(1) [l¢Cst,w)llp < 4wi(f, 1)y

(). leCs b, w)llp < dwi(f,u)p

(iii). |- (u)llp < 2wk (f, u)p,

where k = [a] + 1.

Proof. Case 0 < a < 1.

Clearly k = [a] + 1 = 1. By virtue of (3), ¢(z,t,u) = ¢att(u) — ¢pz(u), can be written as

b t) = { {flatttu) = fle+u)}+{flz+t-u) - flz—w)} -2{f(z+1) - f(x)} (32)

{fatttu) = fle+)i +{fle—utt) - flz+ )} = {f(z+u) - f(2)} - {f(z —u) - f(2)}

Applying Minkowski’s inequality to (32), we get for p > 1

ot u)llpy < [IfC+t+u) = fCF+Wllp +FC+E—u) = f—w)llp +20FC+1) = FO)lp

dwi(f,t)p, 0<a<1

IN

Similarly applying Minkowski’s inequality to (32), we get for p > 1

eCs b, w)lly < dwi(f; u)p.

Case 1 < a<?2.

Clearly k = [a] + 1 = 2. By virtue of (3), ¢(x,t,u) = att(u) + dz—t(u) — 2¢2(u), can be written as

{flea+t+u)+ fle+t—u)—2f(zr+t)}+{fle—t+u)+ flz —t—u)

oot = —2f(x =)} =2{f(z +u) + f(z —u) = 2f(2)} (33)
{fle+t+u)+ flz—t+u)—2f(zr+u)}+{flr+t—u)+ flz —t—u)

—2f(z —w)} = 2{f(z + 1) + f(x —t) = 2f(z)}

Applying Minkowski’s inequality to (33), we obtain for p > 1

ot ully < [IFC+t+u)+ f(+t—u)=2f(+ )l
+ fC—t+u)+fC—t—u) =2f( =Dl
+ 2 C+u) +FC—uw) = 2Ol

dws (f7 u)P

IN
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Using (33) and proceeding as above, we get

llo(,t, u)llp < 4wa(f,t)p
this completes the proof of part (i) and (ii). We omit the proof of (iii) as it is trivial.
Lemma 4.2. Let 0 < a < 2. Suppose that 0 < f < a. If f € By (Ly),p>1, 1 < q < o0, then
1 1
o u lleCtw)lld g @ (o an FEoa A
(i) [ Kn(u)l ( . T%) du:O(l){fo (uoP | Ko ()]) 7 1du} ‘
« AT w [, a—ptd e
(i 7 1wl (7 ) = o) {7 (w7 (w0l) ™ )
where Ky (u) is defined as in (5).

Proof.  Applying Lemma 4.1(i), we have

/OW | K () (/Ou Wdt) o /0" | ()| (/O" (W)qtm—ﬁ)q‘ff

1
q
)du

— o) [ 1wl Pau ([ Wf)

=0(1) /0” | Ko () u'® ™) du

by Second Mean value theorem and by the definition of Besov space. Applying Holders inequality

—ow{ [" (iruwpue) ™ du}l_}l ([ 1%)5
=0(1) {/07r (|Kn(u)|u(a—ﬁ))# du}l_l

For the second part, applying Lemma 4.1(ii), we get
1
T 7 ||¢(7t7u)”q a T Todt
/0 [ Ko ()l </u Tlpdt = 0(1)/0 | K (w) | wi (f, w)pdu /u 1Batt
= 0() [ Kawluwn (. w)yu~du
0
uta

Applying Hélder’s inequality

by definition of Besov space.

Lemma 4.3. Let 0 < a < 2. Suppose that 0 < f < a. If f € Bf(Lyp), p>1 and g = oo, then

sup 216 (t w)llp = O(u )
o<t,u<sm

)é

=0(1) /Oﬁ (M> WP | K (u) | du
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Proof. For 0 <t <wu < m, applying Lemma 4.1(i), we have

Sltlp tiﬂ||¢(7t’u)||P Stlp taiﬁ(tiaud)('?t? u)”P)
o<t<u<n o<t<u<m

< 4u® P sup(t wi(f, 1))
¢
= O(u*™?), by the hypothesis.
Next for 0 < u <t < 7, applying Lemma 4.1(ii), we get
sup PNt w)llp < dwi(fiu)y sup 77

0<uét§7‘r 0<u§7t§7r

IN

4u~P sup(u™ “wi (f,uw)p)

= O@w*™"), by the hypothesis
and this completes the proof. |
Lemma 4.4.

(a) Let Ky (u) be defined as in (6). Let there exist a positive non-decreasing sequence (pn) with 1 =1, then for 0 <u <7

(b) Let p(n) = supz |@n,k — @n k1| Then for 0 < u <,
k=0

Kn(u) = O(u""9(n)).

Proof.

(a) From (4), we have

k
1
|Di(u)] = |§+§_:Ocosvu|
1 k
< §+§_:O|cosvu|
< k+1 (34)
Then
|Kn(w)| <> |ankDi(u)|
k=0
Hn oo
< > ankl(k+1)+ D lankl(k+1) (by using (34))
k=0 k=pn+1
Hn (oS}
< pn ) lankl+ Y lansl(k+1)
k=0 k=pn+1
Hn
< i 3 lan] 4 O(sn)

k=0

= O (pn) + O (pn)

= O(pn), (by hypothesis (iii))



Madhusmita Mohanty, Gokulananda Das and Sanghamitra Beuria

(b) Applying Abel’s transformation, we have

[e'e] ) 1 _ o0
;Oan,k sin(k + §)u = o™ Z |an,k — Gn k1

k=0

from which it follows that

O
5. Proof of Theorem
Case 1 (1 < ¢ < o0)
Since t,(x) denote the transformations of the Fourier series f, we have
tn(z) = Zan,ksk(x) (35)
k=0
oo 1 -
= S|+ [T oDt 1) 0w 2)
k=0 0
1 oo T oo
= *Zan,k/ d)z(u)Dk(u)du—i—Zan,kf(x)
ez 0 —
= / (Zanka > d'LL+f Zank
Now, T, (z) = / b (u) K ( (36)
where we write T, (z) = — f(=). (37)

We first consider the case 1 < ¢ < co. We have for p > 1 and 0 < 8 < a < 2, by use of Besov norm defined in (26) for

Bi(Ly) is
A Bg £y = [1f1lp + 1wk (f, e (38)
1Tl ge 2,y = 1T Ollp + [wi(Ta, 15,4 (39)

Applying Lemma 4.1(iii) in equation (39), we have

IN

IOl < 5 [l Kl

L[ 2wyl )

0

IA

-2 / " Ko () [ f )

™

Applying Hélder’s inequality, we have

170 < 2{ [ (1Kt )qqldu}lé{/j (“’:ﬁ“))du}
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By definition of Besov Space, we have

o { [ (o) ™
" {{/0 (lKn(um%)ﬁld“}lé*{/; (1Kt 4) ™ }

= OW)[[+J), (say)

T (Il

IN

By using Lemma 4.4(a) in I of (40), we have

1—-1

{/O (1K (u)uaﬂ)qqldu} '

~
Il

x 1-1
= O(un) /M"uq retn-1g, L "
0
_ O(L)
M
Applying Lemma 4.4(b) in J of (40), we have
T -3
J = {/ (IKa(e) ) a }
o
- s 1-3
— 0(¥(n) / (wt572)""a
I
n—1 . q 1_%
= 0 (W(n) /“ q*l du
k=1" hpt1
1—1
ML (a+1 !
— 0(u(n)) T1du
:1 “k+1
11
n q
o Mk+1 — Kk
= O (¥(n)) {;lﬁuq Tl (et —2)
k
i AN
Mk+1 — Mk q
= 0@m) Y | ——F—
k=1 ;aif)
Using (41) and (42) and we have from (40),
a 1-1
n 1—1 q-T1 4
17,00l =0 (2 ) + 0w § 3 Lt
:un b—1 ](Ca_*)

By using Besov space, we have

ot = { (-t )

(42)

(43)
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From definition of wy(Tr,t)p, we have

(T, O)p = |[Tu(5 )]l

I Il IN
ﬁ c\}‘

By repeated application of generalized Minkowski’s inequality, we have

! [/OW {/Oﬂ (/Oﬂ |¢(x7t,u)|p|Kn(u)\pdm> » du}q t;jil} '

IN

[wr (T, ).

- H/{/ |Kn<u>||¢<-,t,u>|pdu}qt;ji1f’
< L[ o [ 166 tuwdt)
() )

IN
\

1 “||¢ ,t,u||gdt
7r t

1
1 ettt
L / |Kn<u>|du{ [l

{/0“ (|Kn(U)\ua75>ﬁ alu}1 ‘ {/Oﬂ (IKn(u)|u°‘ B+t )qfql du}l

= O[I'+J, (say) (44)

1
q

= 0(1) :| (using Lemma 4.2)

1

o [ oy
([ ]) (o))
{/OH” (|Kn(U)|u""B)# du}lé + {/#fr (IKn(u)\ua*B>ﬁ du}l‘ll

n

I+ 1, (say) (45)

IN

Applying Lemma 4.4(a) in I{, we have

I = {/ (|Kn<u)|ua-6)ﬁ du} B
- omn){ / J"ua—ﬂ<&>du} '

1
q

0 (;ﬁ) (46)
Hn
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Applying Lemma 4.4(b) in I3, we have

_1
I, = {/ﬁ (Kn(u)|uaﬁ)qqldu}l '
Bn
[ eyral

Il
2
=
S
—

1—1
n—1 o q
= o@wm) Y [ uTPP
k=17 mT
11
n v S q
= 0@mN > [ WP A
k=1" it
Let h(u) = (ua_ﬁ)# and H(u) be a primitive of h(u), then
- (ua_ﬁ_Q)qjdu = /Mk h(u)du
) iy
=) ()
223 HE+1
= (£, u )h(c)7 for some <e< =
KUk HEk+1 Hk+1 HEk
A
= 0(1) (Bk+1 — p) 1 o
I pe P2
L\ o1
1—-1\ 97
~ 0(1) (Mk+1a_ﬁu_kg) a
Hy,
4 17%
n 1—1 a—
B=0@m) 3 [Pt (47)
S\
From (46), (47) and (45), we have
qil 17%
1 S — )T
I/ -0 —— +0 (w(n)) (:u‘k-'rl _ ,Likg) (48)
a—pB—5 (a=B-2)
Hn k=1 k
J = .
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Applying Lemma 4.4(a) in J{, we have

I _q_
i= 3 ()
0
I q
[ e
0

Il
o

Applying Lemma 4.4(b) in J3, we have

5 = {/ (15 ()l —ﬂﬂ)qqldu}l

Il
Q
=
2
—
I
A3
/N

e (=Bt

Proceeding as in 12, we have

n 1—1 q-T a
Jh =0 (w(n) { (W“k)q>
k=1
S ((Mk+1 —p )1é> o
afﬁfé
=1 s

g = o( al_ﬁ) + 0 (¢(n))

From (44), (48) and (52), we have

lwi (T,

ga = O (I'+J)

1
a—ﬁ—a

My

>

k

=0 (2) +0 ((n)) (
Ln 4 k=1

-0 (;ﬁ_) +0 () (
n 4 k=1

From (53), (43) and (39), we have

n

HTn(')HBf;(LP) =0 (aﬁé) + O (¥(n)) (
o =1

3

1—1
q
du}

1—1

1

1—1
q
_1du}

_1
(1 — o)’

(a=B-2)
k

(w1 — pw)' @

(a=B-2)
k

1

(a1 — px)' "

(a—B—2
k

|

Q=

(50)

(51)

(52)

(54)
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This complete the proof of Case 1.
Case 2 (g = )

Now, we consider the case ¢ = oo

1T (:

We know Ty, (z) = L [% ¢ (u) Kn (u)du.

Applying Lemma 4.1(iii), we have

T O)lle

IN

IN

Applying Lemma 4.4(a) in I'! we have

Applying Lemma 4.4(b) in J, we have

k‘
~
=

Il

Proceeding as in I3, we have

From (56), (57) and (58), we have

e,y = ITnOllp + [[we(Tn, )00

1 ™
= ol ()

2 / " Ko o) [ (f )

™

O(l)/ | K (w)|u®du  (by the hypothesis)
0

/ﬁ |Kn(u)|uadu+/ |Kn(u)|uadu:|
0 .

Hn

o)

O(l)[[H + JH], (say)

- }f“"\A;(unuadu
0

= O(,un)/mL u®du
0

(5

/i | K (u)|u™du

= 0wm) [
o

= 0w [ i
k=171

= owm)Y [ u2du
k=1 T

3

= 0Gum) Y (M)

I Tn()lly = O (;%g) + O (¢(n)) Y (ML;*_M)

Again,

[wi (T, )ll.q

I

k=1

= sup
t>0

= sup— {/
t>0 T

1 Tn ()]
18

/ oz, t,u)Kpn(u)du

1
P
d:c}

(56)

(57)

(60)
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Applying generalised Minkowski’s inequality, we have

[wi (T 15,4

IN

Using Lemma 4.3, we have

llwr (T, g0 <
Using Lemma, 4.4(a) in I'*!| we have
Using Lemma 4.4(b) in J'! we have
gl

From (62), (63) and (64), we have

fwi (T )l ,00 =

From (55),(59) and (65), we have

1Tl s (1) =

This completes the Case 2.
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(/ /)a"w w)ldu

Iin
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o™ + 7™M, (say)

Combining the Case 1 and Case 2, we obtain the proof of the theorem.
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