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Abstract: We obtained a new graph which is called Eight Sprocket graph. We proved that the Eight Sprocket graph is cordial. We
have investigated some Eight Sprocket graph related families of connected cordial graphs. We proved that path union of
Eight Sprocket graph, cycle of Eight Sprocket graph and star of Eight Sprocket graph are cordial.
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1. Introduction

The concept of cordial labeling was introduced by Cahit [2] in 1987 and for numbering in graph was defined by S. W.
Golomb [4]. It is found from Gallian [3] that many researchers have studied cordialness of several graphs. Large numbers
of papers are found with variety of applications in coding theory, radar communication, cryptography etc. A depth details
about applications of graph labeling is found in Bloom and Golomb [1] We have used all notations and terminology from

Harary [5]. First of all let us recall some basic definitions, which are used in this paper.

Definition 1.1. A function f : V — {0, 1} is called binary vertez labeling of a graph G and f(v) is called label of the vertex v
of G under f. For an edge e = (uv), the induced function f* : E — {0,1} defined as f*(e) = |f(u) — f(v)|. Let vf(0), vf(1)
be number of vertices of G having labels 0 and 1 respectively under f and let ef(0), ef(1) be number of edges of G having
labels 0 and 1 respectively under f*. A binary vertex labeling f of a graph it is called cordial labeling if | vf(0) —vf(1) | <1

and | ef(0) —ef(1) | < 1. A graph which admits cordial labeling is called cordial graph.

Definition 1.2. Let G be a graph and G1,G2,.....,Gn, n > 2 be n copies of graph G. Let v € V(G). Then the graph obtained
by joining vertex v of GD with the same vertez of GV by an edge, Vi =1,2,...,n — 1 is called a path union of n copies of
a graph G. Also if the same verter v of G™ join by an edge with v of G, then such graph is known as cycle graph of n
copies of G. These are denoted by P(n.G) and C(n.G) respectively. Obviously P(n.K1) = P, and C(n.K1) = C,,.

Definition 1.3. Let G be a graph on n vertices. The graph obtained by replacing each vertex of the star K1 n by a copy of
G is called a star of G and is denoted by G*
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Definition 1.4. Eight Sprocket graph is an union of eight copies of Cun. If Vi;(V i = 1,2,..,8 , V j = 1,2,...,4n) be
vertices of it" copy of Can then we shall combine Vi an and Va1, Vaun and Vs, Vaan and Va1, Vian and Vs1, Vs.an and
Ve,1, Vo,an and Vz 1, V7 an and Vg1, Vs an and Vi1, by a single vertex. Where n € N — 1. So, graph seems like a Sprocket
shape, and here number of Sprockets are eight, therefore, we gave name Eight Sprocket. It is denoted by Scy, of n size, where
n € N—1,| V(Scn) |= 16n — 8, | E(Scn) |= 16n. In this paper we introduced cordialness of Eight Sprocket graph, path
union of Eight Sprocket graph, cycle of Fight Sprocket graph and star of Fight Sprocket graph. For detail survey of graph

labeling, we refer Gallian [3].

2. Main Section

Theorem 2.1. An Eight Sprocket graph Scn is a cordial graph, where n € N — {1}.

Proof. Let G = Sc, be any Eight Sprocket graph of size n, where n € N — {1}. We mention each vertices of Sc, like V; ;
Vi=1,2,...,8, V j=1,2,...,4n). We see the numbers of vertices in G is | V(Sc,) |= p = 16n—8 and | E(Sc,) |= ¢ = 16n.
We define labeling function f : V(G) — {0, 1} as follows

0, ifj=1,2,5,6,9,10,...,4n — 3,4n — 2

f(v17j):

1, ifj=3,4,7,811,12, ..., 4n — 1, 4n.

0, ifj=1,2,56,9,10,..,4n — 3,4n — 2
f('UQ,j):

1, ifj=3,4,7,811,12,...4n — 1,4n.

0, ifj=2,3,6,7,10,11,...4n — 2,4n — 1
flvs,;) =

1, ifj=1,4,5,8,9,12, ..., 4n — 3, 4n.

0, ifj=2314,72811,12,...4n—1,4n
f(v47j):

1, ifj=1,2,5,6,9,10,...,4n — 3,4n — 2.

0, ifj=1,4,58,9,12, ... 4n—3,4n
f(v57j):

1, ifj=2,3,6,710,11,...,4n — 2,4n — 1.

0, ifj=1,2,5,6,9,10,...,4n — 3,4n — 2
f(v67j):

1, ifj=3,4,7,811,12, ..., 4n — 1, 4n.

0, ifj=2,3,6,7,10,11,....4n — 2,4n — 1
f(’l/'?,j):

1, ifj=1,4,5,8,9,12, ..., 4n — 3, 4n.

0, ifj=34,7,811,12,...4n —1,4n
f(vs’j):

1, ifj=1,2,5,6,9,10,...,4n — 3,4n — 2.

Above labeling pattern give rise a cordial labeling to the graph G. So G is a cordial graph.

IlNlustration 2.2. FEight Sprocket graph Sc, is shown consisting n = 8 Sprockets with cordial labeling.
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Figure 1. Cordial labeling of Eight Sprocket graph with p = 120 and ¢ = 128.

Theorem 2.3. Path union of finite copies of the Eight Sprocket graph Sc, is a cordial graph, where, n € N — {1}.

Proof. Let G = P(r.Sc,) be a path union of r copies for the Eight Sprocket graph Sc,,, where n € N — {1}. Let f be the
cordial labeling of Sc,, as we mentioned in Theorem 2.1. In graph G, we see that the vertices | V(G) |= P = r(16(n) — 8)
and the edges | E(G) |= Q = (r — 1) +r16(n). Let ur; (Vv i =1,2,..,8,V j=1,2,...,4n) be the vertices of k'™ copy of
Scn (V k=1,2,...,7) where the vertices of k" copy of Sc, is p = 16(n) — 8 and edges of k** copy of Sc,, is ¢ = 16n. Join
vertices ug,1,2n+1 With ©gy1,1,2n+1 for &k = 1,2,dots,r — 1 by an edge to form the path union of r copies of Eight Sprocket

graph. To define labeling function g : V(G) — {0,1} as follows

ulﬂ 7] = Uy a]

gluryiy) +1, ifj=1,2,56,9,10,...,4n — 3,4n — 2
’U‘Q,Zﬂ

g(uie,;)—1, if7=3,4,7,8,,...4n—1,4n

U:m 73 g U2,4i ,]

9(Uksi 55 ) {g (uk—3,,;), ifk=4,56,7,89,..,3n+1,3n+2,3n+3.

O

Above labeling pattern give rise a cordial labeling to given graph G. So path union of finite copies of the Eight Sprocket

graph is cordial graph.

INlustration 2.4. Path union of 8 copies of Scs and its cordial labeling shown in figure 2.
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Figure 2.

A Path union of 3 copies of Scz and its cordial labeling.

Theorem 2.5. Cycle of r copies of Eight Sprocket graph C(r.Scy) is a cordial graph, wheren € N—{1} andr = 0,3 (mod 4).

Proof.

Let G = C(r.Scp) be a cycle of Eight Sprocket graph Sc,, where n € N — {1}. Let f be the cordial labeling for

Secpn, as we mentioned in Theorem 2.1. In graph G, we see that the vertices | V(G) |= P = r(16(n) — 8) and the edges

=Q=r n)+1). Let ug,; ; 1 =1,2,...,8,V 7=1,2,...,4n) be the vertices o copy of Scp, =1,2,...,r),
EG Q 16 1). L i (Vi=1,2 8,V j=1,2 4n) be th i f Kt fS Vk=1,2

where the vertices of k" copy of Sc, is p = 16(n) — 8 and edges of k" copy of Sey, is ¢ = 16n. Join vertices Uk,1,2n+1 With

Uk+1,1,2n+1 for k =1,2,..

.,7—1 and up1,2n+1 With u1,1,2n4+1 by an edge to form C(r.Sc,). We define labeling function

g:V(G) — {0,1} as follows

o5~ { e

glur, ;) +1, ifj=1,2,56,9,10,..4n — 3,4n — 2
g(u27i 7j) =

gluiy,;)—1, ifj=3,4,7,8,,...,4n —1,4n.
9(us,is) = {g(uw )
9(uasij) = {g(um i)
9(Ukyiyg) = {g(uk,g,,i ), ifk=5,6,7,9,10,..,4n +1,4n + 2,4n + 3.
(ukyi ) = {g(uk_4,¢ ), if k=812,16,20,,...,4n + 4.

Above labeling pattern give rise a cordial labeling to cycle of r copies for Eight Sprocket graph.

INlustration 2.6. Cycle of r copies for Fight Sprocket graph is cordial graph.
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Figure 3. Cycle of 4 copies of Eight Sprocket graph Sc, is cordial labeling.

Theorem 2.7. Star of Eight Sprocket graph (Scn )* is cordial, where n € N — {1}.

Proof. Let G = (Scn)* be a star of Eight Sprocket graph Sc,, where n € N — {1}, let f be the cordial labeling
for Sc, as we mention in Theorem 2.1. In graph G, we see that the vertices | V(G) |= P = p(p + 1) and the edges
| E(G) |=Q = (p+1)q+p, where p = 16(n) —8 and ¢ = 16(n). Let ux,,; (V ¢ =1,2,..,8,V j =1,2,...,4n) be the vertices
of k'™ copy of Sc, (V k= 1,2,...p) where the vertices of k' copy of Sc,, is p = 16(n) — 8 and edges of k™" copy of Sc,, is
q = 16(n). We mention that central copy of (S¢,)* is (S¢,)° and other copies of (Sc,)* is (Se,)® (V k=1,2,...,p). We

define labeling function g : V(G) — {0,1} as follows

ow0.) ={ fus )

g(uoyi,;)+1, ifj=1,2,56,,...4n —3,4n — 2
u171 >J

g(uoyi ;) —1, ifj=3,4,7,8,,....,4n— 1,4n.

U3,7, ’J g(u17’t 73

ukﬂ 7J

g(uk—2,i,5), ifk=2,3,4,5,,....,4n —2,4n — 1,4n.

u2” ’J {g UOn 7]

We see that the difference of vertices for the centre copy (SC»)® of G and its other copies (SC»)*, (1 <k < p) is g.
Using this sequence we can produce required edge label by joining corresponding vertices of (Sc,,)® with its other copy

(Sen)* (1 <k < p)in G. Thus G admits cordial labeling.
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3. Concluding Remark

Present work contributes some new results. We discussed cordialness of Eight Sprocket graphs, path union of Eight Sprocket
graph, cycle of Eight Sprocket graph and star of Eight Sprocket graph. The labeling pattern is demonstrated by means of

illustrations which provide better understanding to derived results.
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