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1. Introduction

The notion of cone metric space is initiated by Huang and Zhang [4] and also they discussed some properties of the conver-
gence of sequences and proved the fixed point theorems of a contraction mapping for cone metric spaces; Any mapping T’
of a complete cone metric space X into itself that satisfies, for some 0 < k < 1, the inequality d(Tz, Ty) < kd(z,y), for all

z,y € X has a unique fixed point. Some fixed theorems in cone Banach space are proved by Karapinar[3].

In this paper, some new contraction principles of CBSs are proved and investigated some fixed point theorems of CBSs using

p-Laplacian operator.

2. Preliminaries

Throughout this paper, F means a Banach algebra, E := (E, ||.||) stands for real Banach space.
Definition 2.1. A subset P of E is called a cone if and only if:

(i). P is closed, nonempty and P # 0

(it). ax + by € P for all x,y € P and nonnegative real numbers a,b

(iii). PN (P) = {0}.
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Given a cone P C E, we define a partial ordering < with respect to P by x < y if and only if y —z € P. We will write z < y
to indicate that < y but z # y, while x,y will stand for y — x € intP, where intP denotes the interior of P.
The cone P is called normal if there is a number K > 0 such that 0 < z <y implies ||z|| < K|y for all z,y € E. The least

positive number satisfying the above is called the normal constant.

Example 2.2 ([7]). Let K > 1. be given. Consider the real vector space with E = {ax +b:a,b € R;z € R[1 — +,1]} with

supremum norm and the cone P = {ax +b:a > 0,b <0} in E. The cone P is reqular and so normal.

Definition 2.3 ([5]). A Banach algebra is an algebra E that has a norm relative to E is a Banach space and such that for

all x,y e £
(i) Nzyll < llzlllyll
(ii). |lell <1
Where e is the multiplicative identity in E.

Definition 2.4. Suppose that E is a real Banach space, then P is a cone in E with intP # 0, and < 14s partial ordering
with respect to P. Let X be a nonempty set, a function d : X Xx X — E. is called a cone metric on X if it satisfies the

following conditions with
(i). d(z,y) >0, and d(z,y) = 0 if and only if v =y Vx,y € X,
(i). d(z,y) = d(y,x), Vx,y € X,

(i). d(z,y) < d(z,z) +d(z,y), Vz,y,z € X,

Then (X, d) is called a cone metric space (CMS).

Example 2.5. Let E = R*; P = {(z,y) : 2,y > 0}; X = Rand d: X x X — E such that d(z,y) = (|z — y|, alz — y|),

where a > 0 is a constant. Then (X, d) is a cone metric space.
Definition 2.6. Let X be a vector space over R. Suppose the mapping ||.|c : X — E satisfies
(i). ||z|lc >0 for allx € X,
(i). ||zllc = 0 if and only if z =0,
(ii). Iz +ylle <llzllc + lyle for all z,y € X,
(w). ||kz|c = |k|||z||c for all k € R and for all z € X,
then ||.||c is called a cone norm on X, and the pair (X, ||.||c) is called a cone normed space (CNS).

Definition 2.7. Let (X, ||.||c) be a CNS, x € X and {zn}n>0 be a sequence in X. Then {xn}n>0 converges to x whenever
for every ¢ € E with 0 < E, there is a natural number N € N such that ||zn — z||c < ¢ for alln > N. It is denoted by

limy, oo Tn = 0T Ty — T

Definition 2.8. Let (X, ||.||[c¢) be a CNS, z € X and {xn}n>0 be a sequence in X. {xn}n>0 is a Cauchy sequence whenever

for every ¢ € E with 0 < ¢, there is a natural number N € N, such that ||tn — Tm|c K ¢ for alln,m > N

Definition 2.9. Let (X, |.|lc) be a CNS, z € X and {x,}n>0 be a sequence in X. (X, ||.|lc) is a complete cone normed

space if every Cauchy sequence is convergent. Complete cone normed spaces will be called cone Banach spaces.
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Definition 2.10. Let E be Banach algebra and (E,||.||c) be a Banach space ®, : E — FE is an increasing and positive
mapping.

_ 1 1
(ie) ®p(z) = ||z||° %z, where v + i 1.

If E = R, then ®, : R — R is a p—Laplacian operator,
(ie) ®p(x) = |z|P "z, for some p > 1.
Lemma 2.11. Show that the operator ®, : E — E holds the following properties:
(i). If x <y, then Pp(z) < Dp(y), Vz,y € E
(ii). ®p is a continuous bijection and its inverse mapping is also continuous.(That is, ®p, is homeomorphism)
(i11). ®p(zy) = Pp(z)Pp(y) Va,y € E.
(). p(x +y) < Pp(x) + Pp(y) Va,y € B

Definition 2.12. Let C be a closed and conver subset of a cone Banach space with the norm ||.||c and T : C — C be a

mapping. Consider the condition ||Tx — Ty|lc < ||z — y|lc for allz,y € C, then T is called non expansive.

3. Main Result

Theorem 3.1. Let C be a closed and convez subset of a Banach space X with the norm ||.||c. Let E be a Banach algebra

and ®, : E — E and T : C — C be mappings and T satisfy the following condition:
Pp(d(z, Ty)) + p(d(y, Tx)) < kPp(d(z,y)) 1)

for all z,y € C, where 2P~ < k < 4*~! in E. Then T has at least one fized point.

Proof. Let xz¢p € C be arbitrary. Define a sequence {z,} in the following way: x,4+1 = %Tz", n=20,1,2,3,---. Then
Tn — TTn = 2(Tn — Tny1). Which yields that d(zn, Tzn) = ||zn — TZnl|lc = 2||2n — Tnt1llc = 2d(xn, Trnt1). Substitute

= 2Znp—1 and y = x, in (1). Then we have

By (A(@n1, Tn)) + Pp(d(wn, Tn1)) < k@p(d(wn, T0-1))
@y (2d(zn—1,Tnt1)) + Lp(2d(zn, 7)) < kPp(d(zn, Tn-1))

(I)P(Qd(xn*lv $n+1)) < kq)@(d(wnv $n71))

From the property of &, operator,
P (2(d(zn—1,2n) + d(Tn, Tn+1))) < kPp(d(2n, Tn-1))

from (2.10) we get,

IN

d(m'fh .’Bn+1)

<<I>q2(k) _ 1) (d(zn—1,2n))

similarly d(zn—1,%n) < ( 5~ 1) (d(zn—2,Tn-1))

= d(n,Tnt1) < ( 5 1)2(d($n27$n1))
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dlanann) < (242 < 1) (deo,a0) @)

Let m > n, them from above equation (2), we get

d(xmaxn) dwm,xm 1) -+d(mn+1,xn)
g[ ) () +...+(¢>qgk>_1>"} dor, )
q(k)
< ( q(k)) (1‘1,1‘0).

Since 277! < k < 477! {x,} is a Cauchy sequence in C. Because C is a closed and convex subset of a cone Banach space,

thus {zn} sequence converges to some z € C. That is, z,, = 2z, z € C. Regarding the inequality,

d(z,Tzn) < d(z,xn) + d(zn, Tzn)

d(z,Tzn) < d(z,2n) + 2d(xn, Tnt1)

as n — oo, then d(z,Tx,) < 0. Thus Tz, — z. Finally, we substitute z = z and y = x,, in (1). Then we can get
By (d(2, T0)) + B (d(wn, T2)) < kB(d(2,20))
from the property of ¢, mapping,
D, (d(z, Tzn) + d(zn, Tz)) < k®(d(z,xn))
when n — oo, d(2,Tz) =0. Then Tz = z. O
Theorem 3.2. Let C be a closed and convezr subset of a Banach space X with the norm ||.|c. Let E be a Banach algebra
and ®, : E — E and T : C — C be mappings and T satisfy the following condition:

Py (d(z, Tz)) + @p(d(y, Ty)) + Pp(d(z, Ty)) + p(d(y, Tx)) < k®y(d(z,y)) ®3)

for all x,y € C, where 27! < k < 4*~! in E. Then T has at least one fized point.

Proof. Let zg € C be arbitrary. Define a sequence {z,} in the following way:

:M’nzo’l’z&...

Tn+1 2

Then

Tn —Txn =2(Tn — Tnt1)

Which yields that

d(@n, Tan) = len — Taallc = 2len - 2upille = 2d(@n, @nir)

Substitute z = z,—1 and y = x,, in (3). Then we have

By (d(@n—1, Trn1)) + Bp(d(@n, Tan)) + Bp(d(@a—1,T0)) + Dp(d(n, Tan-1)) < k@y(d(@n,20-1))
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From the property of ®, operator,

®p(2d(Tn—1,7n)) + Pp(2d(zn, Tn+1)) + Pp(2d(Tn-1, Tnt1)) + Pp(2d(zn, Tn)) < kPp(d(zn, Tn-1))
O, (2(@ 01, 20)) + Cp(2d(@n 2041)) + p(2d(@n-1,20) + d(@ns2041))) < kp(d(@n, T0-1))
Op(4(d(xn—1,2n) + d(@n, Tnt1))) < kPp(d(@n, Tn-1))

from (2.10) we get,

e < (252 1) (anor. )

similarly

(@01, @n) < (q’f“) - 1) (d(@n_s2, Tn1))

= d(xn,Tni1) < (q)"ik) - 1)2 (d(zn_2,Tn_1))

dlenann) < (252 = 1) (deo, a0) (@
Let m > n, them from above equation (4) we get,
d(@m, zn) < d(Tm,Tm—1) + -+ d(Tnt1, Tn)
|: m_1+(¢)‘14(k:)—1)m_2+~'+(¢.qik) —1>n} d(z1,70)

q(k)
(<I> "
e )

Since 2P < k < 477! {z,} is a Cauchy sequence in C. Because C is a closed and convex subset of a cone Banach space,

thus {x»} sequence converges to some z € C. That is, z, — 2z, z € C. Regarding the inequality,

d(z,Tzn) < d(z,xn) + d(zn, Tzn)

d(z,Tzn) < d(z,2n) + 2d(xn, Tnt1)
as n — oo, then d(z,Tx,) < 0. Thus Tz, — z. Finally, we substitute x = z and y = x,, in (3). Then we can get
D,(d(2,T2)) + Pp(d(zn, Tzn)) + Pp(d(2z, Tzn)) + Pp(d(zn,T2)) < kP(d(2, 1))
from the property of ®, mapping,
D,(d(2,T2) + d(xn, Txn) + d(z, Txyn) + d(xn, T2)) < k®p(d(2,zx))

when n — oo, d(z,T2) =0. Then Tz = z. O

Theorem 3.3. Let C be a closed and conver subset of a Banach space X with the norm ||.||c. Let E be a Banach algebra

and ®, : E — E and T : C — C be mappings and T satisfy the following condition:
a®p(d(Tz, Ty)) + Oy (d(z, Tx)) + 7Pp(d(y, Ty)) + 6Pp(d(x, Ty)) + wPp(d(y, Tz)) < kPp(d(z,y)) (4)

for all z,y € C, where 0 < ®y(k) < Py(a) + 2(Pg(B) + Pq(7) + Pg(6) + ®4(w)). Then T has at least one fized point.
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Proof. Let zo € C be arbitrary. Define a sequence {z,} in the following way:

n TTL
Tt :H%,nzo,l,z?),m

Then

Tn —Txn =2(Tn — Tnt1)

‘Which yields that

A(@n, Txn) = ||Tn — Tnllc = 2||Tn — Znt1llc = 2d(zn, Tnt1)

Thus the triangle inequality implies

d(zn, Txn) — d(@n, Trn-1) < d(TTn-1,TTx).

2d(xn, Tnt1) — d(Tn-1,2n) < d(T2Tn-1,Txn).

By substituting £ = zn—1 and y = x, in (5). Then we have

0 (A(T0 1, T0)) + BBy (A{n—1, Titn 1)) + 7@y (d(n, Tn))
+ 5¢p(d(xn—lv Txn)) + wq)p(d(l’n: Ti”n—l)) < kq’p(d(mn—lv fn))
a®,(2d(zn, Tnt1) — d(Tn-1,70)) + BLp(d(@n-1,TTn-1)) + 1Pp(d(2n, TTn))

+ 6(I)P(d(mn*17 T‘TTL)) + w(pp(d(mna Txnfl)) < kq)?(d(xnfla mn))

From the property of @, operator,

a®p(2d(zn, Tnt1) — d(@n-1,2n)) + BPp(2d(zn-1,2n)) + YPp(2d(zn, TTn+1))
T 3 (dn 1, Tns1)) + @By (A, 2n)) < EPp(d(zn_1,70))
20P,d(Tn, Tnt1) — a®pd(Trn—1,%n) + 288, (d(Tn—-1,2n)) + 27Pp(d(2n, TTrn+1))
+ 209, (d(zn, Tnt1) + d(Tn-1,Tn)) + WPp(d(Tn, Tn)) < k®p(d(Tn-1,Txn))
2a®,d(Tn, Tnt1) — aPpd(Trn—1,Tn) + 288, (d(Tn—1,Tn)) + 2YP,(d(xn, TTnt1))

4+ 200, (d(wn, @ni1) + d@n—1,))+ < kD, (d(@n-1,7,))

from (2.10) we get,
Pq(r) + Pq(a) — 2(4(8) + 4(9))
20, (a) + 2P, (y) + 224(9)

d(xn, Tny1) < ( )d(azn,l,mn)

q)q(”")+<1>q(‘X)*2(<I>q(/3)+‘1>q(5))) <1

for all n > 1. Repeating this relation, we get d(zn,xn+1) < h"d(x0, 1), where h = ( 55, () 728, () £33, (3

Let m > n then from above equation, we have

d(xm,mn) < d(wmwrm—l) + -+ d(@ngt, mn)

IN

[hm71 +---+ h"]d(ach:co)
h’n
1—-~h

IN

d(l‘1, :L‘o)
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Thus {z,} is a Cauchy sequence in C' and thus it converges to some z € C. Since 0 < ®q(k) < Pg(a) + 2(P4(8) + P4(7) +
D,(6) + Py(w)), {zn} is a Cauchy sequence in C. Because C is a closed and convex subset of a cone Banach space, thus

{xn} sequence converges to some z € C. That is, x, — 2, z € C. Regarding the inequality,

d(z,Tzn) < d(z,2n) + d(zn, Txn)

d(z,Tzn) < d(z,2n) + 2d(Tn, Trt1)

as n — oo, then d(z,Tz,) < 0. Thus Tz, — 2. Finally, we substitute z = z and y = z,, in (5) . Then we can get

a®p(d(z, Tn)) + BPp(d(2,T2)) +7Pp(d(2n, Tan)) + 0Py (d(2, Txn)) + wPp(d(2n, T2)) < kPp(d(z,20))

from the property of &, mapping,

Op(a(d(Tz,Txyn)) + B(d(2,T2)) + y(d(zn, Txn)) + 6(d(2, Tzrn)) + w(d(zn, T2))) < kPp(d(z,zn))
p(a(d(T'2,2)) + B(d(2, T2)) +v(d(z,2)) + 6(d(2, 2)) + w(d(z,Tz2))) < kPp(d(2, 2))
Qp(a(d(T'z,2)) + B(d(2, T2)) + w(d(z,T%2))) < kdy(d(z, 2))

D,((a+ B+ w)d(z,T2)) < kdy(d(z, 2))

when n — oo, d(z,T2) =0. Then Tz = z. O

Corollary 3.4. Let C be a closed and convex subset of a Banach space X with the norm ||.||c. Let E be a Banach algebra

and ®, : E— E and T : C — C be mappings and T satisfy the following condition:

a®p(d(Tx, Ty)) + Oy (d(z, Tz)) +yPp(d(y, Ty)) + 6Pp(d(x, Ty)) < kPp(d(x, y)) (6)

for all z,y € C, where 0 < ®q(k) < Pg(a) + 2(Dy(B) + Py(7) + P4(0)). Then T has at least one fized point.
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