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Abstract: In this paper, we defined the generalized BR—recurrent space which characterized by the following condition
B Ry = AmBRipy, + wm (S5gkn — Skg5n) » Rl #0,

where By, is Berwald’s covariant differential operator with respect to ™, A, and pm, are known as recurrence vectors.
The purpose of the present paper to obtain the necessary and sufficient condition for (i) Berwald curvature tensor HJz kho
its associative Hjpkp and Cartan’s fourth curvature tensor to be generalized recurrent, (ii) the tensor (Hpy — Hyp) and
H—Ricci tensor Hyp, are to be non-vanishing and (iii) the torsion tensor K;k, the deviation tensor K}, K—Ricci tensor
K, the curvature vectors K}, R; and the curvature scalar H to behave as recurrent. Also to study the covariant vectors

Am and pm.
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1. Introduction

For the first time, the idea of recurrent of curvature tensor was study in Finsler space by A.Moor [1]. Due to different
connections of Finsler space, the recurrent of Cartan’s third curvature tensor R;kh have been discussed by R.Verma
[9]. P.N.Pandey, S.Saxena and A.Goswami [8] introduced a generalized H-recurrent Finsler space, F.Y.A.Qasem and
A.M.A.Al-qashbari ([2, 4]) introduced a generalized H h_recurrent space and studied some types of this space, also they
defined a generalized R"-recurrent space and obtained some identities satisfied in such space [3]. F.Y.A. Qasem and A.A.A.

Abdallah [5] studied certain types of generalized BR-recurrent space.

Let F,, be an n-dimensional Finsler space equipped with the metric function F(x, y) satisfying the request conditions [6].

The vector y; is defined by

a) yi =gi; (z,y)y’ and b) yiy' = F>. (1)

The two sets of quantities g;; and its associative g/, which are components of a metric tensor connected by

l. 1, ifj =k,
919" =6 = (2)
0, if j # k.
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In view of (1) and (2), we have

a) Shyi =k, b) Sy" =19, ¢) 9y’ = 8%, d) Sigir = gir, €) Diy; = gij, [) 0.8°" =g, g) 6. =nand h) 6.5] = Gy
(3)

The tensor C;ji is defined by

1.
Cije = 50k9ii (4)

which is positively homogeneous of degree -1 in y* and symmetric in all its indices and called (h)hv-torsion tensor [7] and
its associative C; % is positively homogeneous of degree -1 in y* and symmetric in its lower indices and called (v)hv-torsion

tensor. According to Euler’s theorem on homogeneous functions, these tensors satisfy the following:

a) Cijny' = Crijy' = Cirey’ =0, b) Chy* =0=Ci*, ¢) Cj.g" =C",

d) Cj.0r =Cl, €) Ci.=C, and f) C'y; =0. (5)

Berwald connected parameter G;-k, the functions G and G* are homogeneous of degree zero, one and two, respectively [6]

and satisfy the following :

a) Girn = 0;0,G", b) Gipy) =G and ¢) 9;G} = Gy (6)

The tensor G}, is positively homogeneous of degree -1 in y* and symmetric in all its lower indices. In view of (4) and (6a)

and due to Euler’s theorem, we have
Giiny’ = Gijny’ = Gingy’ = 0. (7)
Berwald covariant derivative BT ji of an arbitrary tensor field T ji with respect to z* is given by

ByT} = 0T} — (&Tj.) PTG — TG,

The processes of Berwald covariant differentiation with respect toz” and the partial differentiation with respect to y*
commute according to

(3k3h - Bkah) T} = T] Gy — Ty Gin, (8)

for an arbitrary tensor field T; In most of existing literature, Berwald covariant derivative Biji appears as Tji(k). Berwald

covariant derivative of the vector y° vanish identically, i.e.
By’ = 0. 9)
But, in general, Berwald covariant derivative of the metric tensor g,; does not vanish and given by
Brgi; = —2Cumy" = —2y"BrCij. (10)
The h-curvature tensor (Cartan’s third curvature tensor) is defined by
Rl = 0nT + (alr;f,i) Gl +Cl (akcm _ Gz;Glh) ST — /R "
The curvature tensor R;-kh and the h(v)-torsion tensor Hj, are related by

Riwny’ = Hip = Kjpny' (11)
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The h(v)-torsion tensor satisfies the relation
Hipy" = Hj, = —Hpy". (12)
Berwald curvature tensor H J’ wn and the h(v)-torsion tensor Hj}, are skew-symmetric in the lower indices k and h and they

are positively homogenous of degree zero and one in y°, respectively. They are satisfy the following:
a) OrHjy, = H}yp, b) Hjyp = Hjk, ¢) Hijen = gjrHipn, d) Hi; = Hy and ) OpHy = Hgn. (13)

The deviation tensor Hj. is positively homogeneous of degree two in ;. In view of Euler’s theorem on homogeneous functions

we have the following relations

a) H= L TH, 0 Hyy® = (n—1)H and ¢) Hpp, = Hin — Hug. (14)
p—

where H is the curvature scalar. The tensor K ; xn 1s called Cartan’s is fourth curvature tensor defined as follows:
K = 0T + (OT31) Gl + ThnTiy = h/k.

This curvature tensor is positively homogeneous of degree zero in y; and skew-symmetric in its last two lower indices. The

curvature tensor K J’ »n satisfies the following relation
Ricci tensor K, the curvature vector and the curvature scalar of the curvature tensor K ; 1 are given by

a) Kjgi = Kk, b) Ki, = K and ¢) K| =K. (16)

2. A Generalized BR— Recurrent Space

Let us consider a Finsler space F), in which Cartan’s third curvature tensor R; »n satisfies the generalized recurrence property

with respect to Berwald’s connection parameters G%,,, i.e. characterized by the following condition
BunRjkn = Am Rjgn + i (5§gkh - Jigjh) . R #0, (17)

where B,, is Berwald’s covariant differential operator with respect to ™, A, and u., are called recurrence vectors.

Definition 2.1. A Finsler space Fy, in which Cartan’s third curvature tensor R}kh satisfies the condition (17), where Am and
Um are non-zero covariant vectors field. Such space and the tensor which satisfy the condition (17) will celled a generalized
BR-recurrent space and a generalized B—recurrenttensor, respectively and denoted them briefly by G (BR)— RF,, and GB—R,

respectively.

Let us consider a G(BR) — RF,, which characterized by the condition (17). Transvecting the condition (17) by ¥, using
(11), (9), (3b) and (1a), we get
BmH}ih = )‘mHIih + (yigkh - (%yh) . (18)

Further, transvecting the condition (18) by y*, using (12), (9), (1a) and (3b), we get
BmHj = AnHj. (19)
Contracting the indices i and h in the condition (18), using (13d), (1a) and (3a), we get

B Hy = A Hy. (20)
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3. Necessary and Sufficient Condition

In this section, we shall obtain the necessary and sufficient condition for some tensors to be generalized recurrent in a
G(BR) — RF, which characterized by the condition (17). Let us consider a G(BR) — RF, which characterized by the

condition (17). Differentiating (18) partially with respect to y?, using (13a), (3c), (4) and (3e), we get
3j (BmH,ih) = (6j/\m) Hi, + AmH;kh + (5jﬂm) (yigkh - 5iyh) + pm (6;'Qkh + Qyickhj - 5ligjh) . (21)
Using the commutation formula exhibited by (8) for (H},) in (21) and using (13a), we get

BmH;kh + HIZhGinj'r - HihG:njk: — Hj, mih = (a.j/\m) Hip + /\mH;:kh * (6j'um) (yigkh ; 52%)
+ fim (6§gkh - 5Zgjh) + 25" pn Cien- (22)
Thus, shows that
BmH;kh = )\mH;kh + Hm (5ﬂlgkh - (%gjh)
if and only if

HinGrnjr — Hy G — Hiy G — (3j>\m) Hiyp, — (3jﬂm) (yigkh - 5iyh) — 2y’ ttm Cin, = 0. (23)

Thus, we conclude

Theorem 3.1. In G(BR) — RF,, Berwald curvature tensor H;kh is a generalized recurrent tensor if and only if (23) holds

good.

Transvecting (22) by gip, using (13c), (10), (3d) and (1a), we get

By Hjpkn = AmHjpn + tm (gipgkn — Grpgin)

if and only if

Gip [H;hGinjr - HihG:njk - Hlir ijh] = Gip [(éﬁ\m) Hlih + (ajﬂm) (yigkh - 52%)}
+ 2yp i Cikn + 2H i,y BiCipm. (24)
Thus, we conclude

Theorem 3.2. In G(BR) — RF4y, the associate curvature tensor Hjprn s generalized recurrent if and only if (24) holds

good.

The curvature tensor R}y, and K}, are connected by the formula [6]
;’kh = K;kh + O;SK:khyr' (25)

Using (11) in (25), we get
on = K + CjrHip,. (26)
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Taking the covariant derivative for (26) with respect to 27 in the sense of Berwald, we get

T

Bun Ry = B3 + (Bl ) Hin + Clo (B H,).

Using the conditions (17) and (18) in (27), we get

)‘mR;'kh + pm ((ﬁ‘gkh - 5licg]'h) = BmK;‘kh + (BmC;r) Hypp, + C;r A Hign + pom (" grn — Oyn)] -

Using (26) in (28), we get
BmKé-kh = )\mK;kh + m (5;'gkh — (5licgjh) — (BmC;T) Hyy, — umC;T (y"grn — dnyn) -
This shows that
B K = Am K, + fim (5;'9% - 5igjh)

if and only if

(BmCﬁ) Hip + p1mC5, (Y grn — dxyn) = 0.

Thus, we conclude

(27)

(28)

(29)

(30)

Theorem 3.3. In G(BR) — RF,, Cartan’s fourth curvature tensor K}kh is a generalized recurrent if and only if (30) holds.

Contracting the indices i and j in (22), using (14c), (3g), (3d) and (5a), we get
B (Hih — Hui) = A (Hen — Huk) + (0 — 1) i gieh-

if and only if

HI:hGini'r - HihG;uk - Hlir mih — (a'i)\m) Hlih - (6iﬂm) (yigkh - 6}iyh) =0.
Thus, we conclude
Theorem 3.4. In G(BR) — RF,, the tensor (Hin — Hpi) is non vanishing if and only if (31) holds good.
Contracting the indices i and j in (22), Putting (HZ,, = Hxs) and using (3g), (3d) and (5a), we get

BmHin = AmHin + (0 — 1) tm g

if and only if

HinGrir — HinGrie — Hir Giin, — (8i)\m) Hip, — (éiUm) (yigkh - 511%) =0.
Thus, we conclude
Theorem 3.5. In G(BR) — RF,, H-Ricci tensor Hyp is non-vanishing if and only if (33) holds good.
Transvecting (29) by y", using (15a), (9), (1a), (12), (5b), (1b) and (5d), we get

B K = Am Kl + pim (5;% - 5,iyj) + (Bmc;ir) Hf — g F2.
This shows that
B K, = A Kig
if and only if
i i i r i 2
Lom, (6jyk — (5kyj) + (BijT> H;, — uijkF =0.

Thus, we conclude

(31)

(32)

(33)

(35)
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Theorem 3.6. In G(BR) — RF,, the torsion tensor K;k behaves as recurrent if and only if (35) holds.

Transvecting (29) by ¢?* and using (15b), (3f), (3g), (3h), (5¢) and (5b), we get
B, = An K + (B G5, ) Hing™ = fmynC' + K (Brg”™): (36)
This shows that
BnKj, = AmKj},
if and only if
(Bmc;T) Hing™ — tmyn €'+ Ky, (Bmgjk) —0. (37)
Thus, we conclude

Theorem 3.7. In G(BR) — RF,, the deviation tensor K}, behaves as recurrent if and only if (37) holds.
Contracting the indices i and h in (29) and using (16a), (3d), (5b) and (5d), we get
B = AmE i
if and only if
(Bmc;;) HE; + pnC oy, = 0. (38)
Thus, we conclude

Theorem 3.8. In G(BR) — RF,,, K-Ricci tensor Kji, behaves as recurrent if and only if (38) holds.

Contracting the indices i and j in (34), using (16b), (3g), (3a) and (5e), we get
BuKi = AnKi + (n— 1) p, yi + (BmCy) Hi, — pim Cr F>.
This shows that

B Ky = Am Ky (39)

if and only if

(n —1) myr + (BmCr) Hf, — pmCr F? = 0. (40)
Thus, we conclude
Theorem 3.9. In G(BR) — RF,, The curvature vector Ky, behaves as recurrent if and only if (40) holds.

Contracting the indices i and h in (36), using (16¢), (5f) and (16a), we get
Bk = AnkK + (BuCj, ) Hiig™ + Kin(B,,9™).
This shows that

B K = A K
if and only if
(BuC52) Hiag™ + Ksu(B,,.97) = 0. (41)
Thus, we conclude
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Theorem 3.10. In G(BR) — RF,,, The curvature scalar K behaves as recurrent if and only if (41) holds.

We know that [6]

R; = K; +C}.H]. (42)

Taking the covariant derivative for (42) with respect to 2™ in the sense of Berwald, we get
BmR; = BuK; + (BnCj)H 4 Ch(Bm HY). (43)

Using (39) and (19) in (43), we get

k3

Using (42) in (44), we get

BmR; = AmR; + (BnCj, ) HY.

This shows that

if and only if

(BmCj,)H} = 0. (45)
Thus, we conclude

Theorem 3.11. In G(BR) — RF,,, The curvature vector R; behaves as recurrent if and only if (45) holds [provided (40)
holds].

Differentiating the condition (20) partially with respect to y™, we get

On (B Hie) = (9nAnm ) Hic+ A (O H ). (46)
Using the commutation formula exhibited by (8) for (Hy) in (46), in view of (13e), we get

BunHi = Hy Grane = (90Am ) Hic + A Hin. (47)
Using (32) in (47), we get

(n — 1) UmGkh — H,.G e = (3h)\m) Hy,. (48)

Transvecting (48) by ¢*, using (1a), (7) and (14b), we get
MmYn = (6h)\m) H

or ‘
Hm = W (49)

Thus, we conclude

Theorem 3.12. In G(BR) — RF,,, The covariant vector ., is independent of y* if and only if the covariant vector A\, is
independent y' [provided (33) holds].
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Using (49) in (48), we get

(6h)\m) [(n—:lu# — Hk:| = H,.G k- (50)

Transvecting (50) by y™ and using (7), we get

or

o[ ]

(éh)\ - ,\h) {(”_2% - Hk] =0, (51)

where A = Apy™. The equation (51) implies at least one of the following condition

(n — 1) Hgkh

a) An=0n\, b) Hp=
Yn

(52)

Thus, we conclude

Theorem 3.13. In G(BR) — RE,,, for which the covariant vector A\, is not independent of y*, at least one of the conditions

(52a) or (52b) holds [provided (33) holds].

Suppose (52b) holds, then (50) implies

H,.Grpe =0

Since n # 1 and H # 0, we get

yTG:nhk =0.

Therefore the space is a Landsberg space. Thus, we conclude

Theorem 3.14. The G(BR) — RF,, is aLandsberg space if the condition (52b) holds [provided (33) holds].

4.

(1).
(2).
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Conclusion

The space whose defined by the condition (17) is called generalized BR— recurrent Finsler space.

In generalized BR—recurrent Finsler space Berwald curvature tensor Hjy,, the associate curvature tensor Hjprn and

Cartan’s fourth curvature tensor K}, are generalized recurrent if and only if (23), (24) and (30) hold, respectively.

. In generalized BR—recurrent Finsler space, the tensor (Hy, — Hpi) and H—Ricci tensor Hgp, are non-vanishing if and

only if (31) and (33) hold, respectively.

. In generalized BR—recurrent Finsler space, the torsion tensor K ; &, the deviation tensor K¢, K—Ricci tensor K ik, the

curvature vector K and the curvature scalar K behave as recurrent if and only if (35), (37), (38), (40) and (41) hold,

respectively.

. In generalized BR—recurrent Finsler space, the curvature vector R; behaves as recurrent if and only if (45) holds

[provided (40) holds].

. In generalized BR—recurrent Finsler space The covariant vector ji,, is independent of y° if and only if the covariant

vector A\, is independent y* [provided (33) holds].

. In generalized BR—recurrent Finsler space the covariant vector A, is not independent of 3/, at least one of the conditions

(52a) or (52 b) holds [provided (33) holds].

. The generalized BR—recurrent Finsler space is a Landsberg space if the condition (52b) holds [provided (33) holds].
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