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Abstract

In this paper, the condition under which composite multiplication operators on L?(u)-space
become m-Quasi-k-Paranomal, Quasi Class Q(N) and Quasi Class Q*(N) operators have been

obtained in terms of radon-nikodym derivative fy.
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1. Introduction

Let (X, X, u) be a o-finite measure space. Then a mapping T from X into X is said to be a measurable
transformation if T~!(E) € X for every E € £. A measurable transformation T is said to be non-
singular if #(T~'(E)) = 0 whenever u(E) = 0. If T is non-singular then the measure uT~! defined as
uT YE) = u(T71(E)) for every E in %, is an absolutely continuous measure on ¥ with respect to y.
Since y is a o-finite measure, then by the Radon-Nikodym theorem, there exists a non-negative function
foin L'(p) such that uT~Y(E) = [} fodu for every E € X. The function fj is called the Radon-Nikodym
derivative of uT~! with respect to y.

Every non-singular measurable transformation T from X into itself induces a linear transformation Cr
on LP(u) defined as Crf = f o T for every fin LP(u). In case Cy is continuous from LP () into itself,
then it is called a composition operator on L (u) induced by T. We restrict our study of the composition
operators on L?(u) which has Hilbert space structure. If u is an essentially bounded complex-valued
measurable function on X, then the mapping M, on L?(u) defined by M, f = u - f, is a continuous
operator with range in L?(y). The operator M, is known as the multiplication operator induced by

u. A composite multiplication operator is linear transformation acting on a set of complex valued X
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measurable functions f of the form

My r(f) = CrtMy(f) =uoTfoT

Where u is a complex valued, X measurable function. In case u = 1 almost everywhere, M,, 1 becomes
a composition operator, denoted by Cr. In the study considered is the using conditional expectation of
composite multiplication operator on L2-spaces. For each f € LP(X, %, u), 1 < p < oo, there exists an

unique T~!(XZ)-measurable function E(f) such that

/Agfdu = /A SE(f)du

for every T~!(X)-measurable function g, for which the left integral exists. The function E(f) is called
the conditional expectation of f with respect to the subalgebra T~!(X). As an operator of L¥(u), E
is the projection onto the closure of range of T and E is the identity on L¥(u), p > 1 if and only if
T~1(X) = Z. Detailed discussion of E is found in [1-4].

Definition 1.1 (Para normal operator). Let H be a Complex Hilbert Space. An operator T on H is called

paranormal operator if | Tx||> < || T2x|| ||x|| for all x € H.

Definition 1.2 (Quasi-paranormal operator). Let H be a Complex Hilbert Space. An operator T on H is called

Quasi-paranormal operator if HTZXHZ < || T3 || | Tx|| for all x € H.

Definition 1.3 (k-Quasi paranormal operator). Let H be a Complex Hilbert Space. An operator T on H is

called Quasi-normal operator if HT"“xHZ < || T*2x]| || T*x|| for all x € H.

Definition 1.4 (m-Quasi k-paranomal operator). Let H be a Complex Hilbert Space. An operator T on H is
called m-Quasi k-paranormal operator if || T +1x|| | T"x|/* > | T’”“kaJrl for some positive integer m, k and

forall x € H.

Definition 1.5 (Class Q(N)). Let H be a Complex Hilbert Space. An operator T on H is called Class Q(N) if
N || Tx|* < ||T2x||* + || x| for all x € H ie., if T**T% — NT*T +1 > 0.

Definition 1.6 (Class Q*(N)). Let H be a Complex Hilbert Space. An operator T on H is called Class Q*(N) if
N T*x|* < ||T2x|)* + ||x||* for all x € H ie., if T*T2 — NTT* +1 > 0.

Definition 1.7 (Quasi Class Q(N)). Let H be a Complex Hilbert Space. An operator T on H is called Quasi
Class Q(N) if N HTZXHZ < HT3xH2 + || Tx||? for all x € H ie., if T T3 — NT*2T2 + T*T > 0.

Definition 1.8 (Quasi Class Q*(N)). Let H be a Complex Hilbert Space. An operator T on H is called Quasi
Class Q(N) if N HszHz < HTSXHZ + || Tx||? for all x € H ie., if T T?> — NT*2T2 + T*T > 0.
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1.1 Related Work in the Field

The study of weighted composition operators on L? spaces was initiated by R. K. Singh and D. C.
Kumar [5]. During the last thirty years, several authors have studied the properties of various classes
of weighted composition operator. Boundedness of the composition operators in L (X), (1 < p < o0)
spaces, where the measure spaces are o-finite, appeared already in [6]. Also boundedness of weighted
operators on C(X, E) has been studied in [7]. Recently S. Senthil, P. Thangaraju, M. Nithya, B. Surya
devi and D. C. Kumar, have proved several theorems on n-normal, n-quasi-normal, k-paranormal,
and (n,k) paranormal of composite multiplication operators on L? spaces [8-12]. In this paper we
investigate composite multiplication operators on L?(j)-space become Quasi-P-Normal operators and

n-Power class Q operator have been obtained in terms of radon-nikodym derivative fo.

2. Characterization on Composite Multiplication of Quasi Class Q and Quasi Class Q¥

Operators on L2-Space

Proposition 2.1. Let the composite multiplication operator M, t € B(L?*(u)). Then for u > 0
(i) M My rf = u*fof
(ii) MyrM;rf =u*oT- fooT-E(f)

(iii) ML+ (f) = (CrMy)"(f) = un(f o T"),uy =uoTauo T2uoT? .. .uo T"

(o) Mi,1f = ufy- E(f)o T

() M f = ufy-E(ufo) o T-""V . E(f) o T~", where E(ufy) o T~V = E(ufy) o T~'- E(ufy) o

u,

T-2...E(ufy) o T-("-1),

Theorem 2.2. Let the M, T be a composite multiplication operator onL?(u). Then M, r is Quasi class Q

composite multiplication operator if and only if
hu?E(hu?) o TYE(hu?) o T™% — 2hu®E(hu?) o T~ + hu? > 0
Proof. Now we consider:

MZ?TMi,Tf = MZ?TMi,T(u oTfoT)
= M;>M,uoT(uoTfoT)oT
= MZ?TMOT(uoTuoT2fo T?)oT
= M;ZhuE (uoTuoTPuoT3f o T?) o T~
= M}, phu*uo TE (hu*) o T 'fo T

= huE <hu2u oTE (hu*) o T 'f o T) oT!
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= hu*E(hu®) o T 'E(hu®) o T72f
Consider:

MM rf = MirMur(uo Tf o T)
=MZuoT(uoTfoT)oT
= M;%uoTuoT*foT?
= M}, thuE(uoTuoT?foT*) o T
=M, r(h*uoTfoT)
— huE(huuoTfoT)o T
= h”E(hu®) o T f

Assume that M,, 1 is Quasi Class Q. Then f € L?(u)
(MM r — 2MZ MG 7+ My pMur) f, f) 2 0

Let f = pyalong with p(A) < co. Then

| \/

(MM 1 = 2MZ MG 1 + M, tM7) wA,¢A>

& <(hu2E(hu2) o TE(hu?) o T™% — 2huE(hu?) o T~ + hu?)ipa, 4

~_—

o /(mﬂE(mﬂ) o TVE(hu?) o T2 — 2mE(hu?) o T~' + hu®)padp > 0

= / (WE(hu?) o TVE(hu?) o T2 — 2h®E (i) o T~1 + h)dy > 0
A

& hu?E(hu?) o TYE(hu?) o T™% — 2hu®E(hu?) o T~ + hu® > 0

O

Corollary 2.3. The composition operator Ct on B(L*(u)) is Quasi-Class Q if and only if hE(h) o T"YE(h) o
~2 —2hE(h) o T~ + h > 0 almost everywhere.

Proof. The proof is obtained from Theorem 2.2 by putting u = 1. O

Theorem 2.4. Let the M, 1 be a composite multiplication operator on L?(u). Then M, T is Quasi class Q*

composite multiplication operator if and only if

hu?E(hu?) o T YE(hu?) o T2 — 2h%u* + hu® > 0
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Proof. Now we consider:

MZ?TMi,Tf = MZ?TMﬁ,T(“ oTfoT)
= M>M,uoT(uoTfoT)oT
=M;ZuoT(uoTuo T2 foT*) o T
= M3 huE (uoTuoT*uo T foT?) o T
= M}, thu*uo TE (hu*) o T 'fo T
— huE (h?uo TE () o T~ f o T) o T~

= hu?E(hu?) o T YE(hu?) o T2f
Consider:

(MZ,TMu,T)Zf = MZ:,TMu,T(M;,TMu,T)f
= M}, tMy, M} juoTfoT
= M}, tMy tThuE(uo TfoT)o T !
= M, tM,, thu*f
= M ruoT(hu*f)oT
= huE(uoThoTu? o TfoT)o T}

= hPutf
Assume that M,, 7 is Quasi Class Q*. Then f € L?(u)
((M3M3 7 — 2(Mj p My 1) + My e M) f, f) > 0
Let f = paalong with p(A) < co. Then

<(MZ,3TM3,T - 2<MZ,TMu,T)2 + M, tMy )P, Pa) >0

& ((mPE(m?) o TUE(u?) o T2 — 20%u* 4+ i) s, a ) > 0
& / (h?E(hu®) o TYE(hu®) o T2 — 2h2u* 4 hu®)padp > 0
= /A(thE(th) o T VE(hu?) o T2 — 212u* + hu?)dp > 0
& huE(hu?) o TYE(hu?) o T~2 — 2h%u* + hu® > 0

O]

Corollary 2.5. The composition operator Ct on B(L?(u)) is Quasi-Class Q* if and only if hE(h) o T"'E(h) o

T=2 —2h? + h > 0 almost everywhere.
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Proof. The proof is obtained from Theorem 2.4 by putting u = 1. O

3. Characterization on Composite Multiplication of Quasi Class Q (N) and Quasi Class

Q* (N) Operators on L2-Space

Theorem 3.1. Let the M, 1 be a composite multiplication operator on L*(u). Then M, 1 is Quasi class Q(N)
composite multiplication operator if and only if hu?E(hu?) o TVE(hu?) o T=2 — Nhu?E(hu?) o T~ + hu? > 0

for fixed real number N > 0.

Proof. Now we consider:

MM rf = MM p(uo Tf o T)
=M MyruoT(uoTfoT)oT
=M uoT(uoTuoT* foT?*)oT
= M;3huE (uoTuo T uoT3f o T3) o T}
= M}, thu*uo TE (hu*) o T 'fo T
— huE (huo TE (hu?) o T~ f o T) o T7!

= hu*E(hu®) o T 'E(hu®) o T2
Consider:

MM o f = MMy, r(uo TfoT)
=MZuoT(uoTfoT)oT
= M;%uoTuoT*foT?
= M}, thuE(uoTuoT?foT*) o T
=M, r(h*uoTfoT)
= huE(huuoTfoT)o T}
= h”E(hu®) o T f

Assume that M,, 1 is Quasi Class Q(N). Then f € L?(u)
(MM r — NMEM ¢+ M Myr)f, f) 20
Let f = 4 along with u(A) < co. Then

(MM, 7 — NMZM;, -+ Myt Moy 1)pa, pa) > 0

& <(hu2E(hu2) o TE(hu?) o T2 — NWuPE(hu?) o T~ + hu2)¢A,¢A> >0
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& / (h?E(hu®) o T YE(hu?) o T™2 — NhuPE(hu?) o T~ + hu®)padu > 0
& / (hu?E(hu?) o TYE(hu?) o T2 — Nhu*E(hu®) o T™! + hu®)du > 0
A
& hu?E(hu?) o TYE(hu?) o T™2 — Nhu*E(hu®) o T~  + hu* > 0
for fixed real number N > 0. O

Corollary 3.2. The composition operator Ct on B(L?(u)) is Quasi-Class Q(N) if and only if hE(h) o T~ E(h) o
T~2 — NhE(h) o T~! + h > 0 almost everywhere.

Proof. The proof is obtained from Theorem 3.1 by putting u = 1. O

Theorem 3.3. Let the M, T be a composite multiplication operator on L?(u). Then M, 1 is Quasi class Q*(N)
composite multiplication operator if and only if hu?E(hu?) o T"'E(hu®) o T=2 — Nu o Tu? o T?h o T>E(hu) o
TE(f) + hu* > 0 for fixed real number N > 0.

Proof. Now we consider:

MZ?TMi,Tf = MZ?TMi,T(M oTfoT)
= M>M,uoT(uoTfoT)oT
=M uoT(uoTuoT* foT?)oT
= M;Z3huE (uoTuoT*PuoT3f o T3) o T~
= M}, thu*uo TE (hu*) o T 'fo T
— huE (h?uo TE () o T~ f o T) o T~

= hu?E(hu?) o T YE(hu?) o T72f
Consider:

M, M f = Mg pM; phuE(f) o T
= M2 thuE(huE(f) o T ') o T™?
= M2 thuE(hu) o T 'E(f) o T2
= M, ruo T(huE(hu) o T 'E(f) o T 2)oT
= M, ru? o Tho TE(hu)E(f) o T~
=uoT(u? o Tho TE(hu)E(f)oT ') oT

= u o Tu? o T*h o T?E(hu) o TE(f)
Assume that M,,  is Quasi Class Q*(N). Then f € L?(u)

<(MfTM134,T - NM%,TMZ,ZT + M, tMyr)f, f) >0
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Let f = u4 along with p(A) < co. Then

<(M;?TM3,T - NM%L,TMZ?T + M 1My, T) A, Pa) >0

& <(hu2E(hu2) o T 'E(hu?) o T2 — Nu o Tu? o T*h o T*E(hu) o TE(f) + hu®)ip 4, ¢A> >0

& /(hqu(th) o T 'E(hu?) o T™2 — Nu o Tu? o T*h o T2E(hu) o TE(f) + hu?)padu > 0
& / (hu?E(hu?) o TYE(hu?) o T™2 — Nu o Tu? o T*h o T>E(hu) o TE(f) + hu®)du > 0
A
& hu?E(hu®) o TYE(hu?) o T™2 — Nu o Tu? o T?h o T?E(hu) o TE(f) + hu® > 0
for fixed real number N > 0. O

Corollary 3.4. The composition operator Cr on B(L?>(u)) is Quasi-Class Q*(N) if and only if
hE(h) o TYE(h) o T~2 — Nho T?E(h) o TE(f) + h > 0 almost everywhere.

Proof. The proof is obtained from Theorem 3.3 by putting u = 1. O

4. Characterization on Composite Multiplication of M-quasi k-paranormal Operators on

L2-Space

In this chapter, m-Quasi k-paranormal Composite multiplication operators on a Hilbert Space are

characterized.

Theorem 4.1. Let the M, be a composite multiplication operator on L*>(u). Then M, r is m-Quasi
k-paranormal composite multiplication operator if and only if
huE(hu) o T~ HOE (1 goi1) f — (k+ 1) u*huE(hu) o T-"E (1) f + kpf T huE (hu) o T-0""DE (uy,) f >

0 almost everywhere.

Proof. Suppose M, T is a m-Quasi k-paranormal

k ppeme+1 g pme1 k+1 kA1 g gmtk+1
(k+ )M M — kMM < MM

u, TV u,

MZT'%HHMZZ#H ~(k+ 1)ykM:;f%+lMZ1,}-1 + kyk“Miif%MZfT >0
This implies that
<(len%+k+1MZ1/JTrk+1 ~(k+ 1)‘uklen%+le1ﬂ—&:l +kyk+1M;n% T,T)fff> >0V fel2(n)
Since

MZ%HHMZZ,#HJF = huE(hu) o Tﬁ(m+k)E(“m+k+1)f

MM F = huE (hu) o T™™E (1) f
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MM f = huE(hu) o T-""DE(u,,) f

[ E () o T 9Bty 40)f = (k-4 ) hu () o T-"E(1ts1)

+ k" huE(hu) o T~ VE (u,,) f)du > 0
for every E € X.

& huE(hu) o T~ RE (uyq) f — (k+ 1) huE(hu) o T™"E(ups1) f

+ ki E () o T~ "VE (1) f > 0

almost everywhere. O

Corollary 4.2. The composition operator Ct on B(L*(u)) is m-Quasi k-paranormal if and only if
hE(h) o T~ — (k+ 1)p*hE(h) o T~ + k" hE () o T ("1 > 0

almost everywhere.
Proof. The proof is obtained from Theorem 4.1 by putting u = 1. O

Theorem 4.3. Let the M, be a composite multiplication operator on L?(u). Then M, is m-Quasi
k-paranormal composite multiplication operator if and only if u, i1 (hu) o T" T 1E(hu) o TE(f) — (k +
1) gty 1 (hu) o T"HE(hu) o TE(f) + k" u,, (hu) o T"E(hu) o TE(f) > 0 almost everywhere.

Proof. Suppose Mj, 1 is a m-Quasi k-paranormal

kagm+1p gxm+1 k+1am *m m—+k+1  rxm—+k+1
(k+ 1)}{ Mu,T Mu,T - k.u Mu,T u,T < Mu,T Mu,T

Mumﬂ-l_-k—&-lM;:t?%-i-k-&-l — (k+ 1)ykMLTJTr1M:/n%+1 + k‘uk—&-lMZq’T Z% >0
This implies that

(MM — (e 1) MO M K UMM, f) > 0% f € L2 (p)
Since

MZ1,¥k+1MZ7%+k+1f = Uprkr1 (hu) o Tm+k+1E(hu) o TE(f)
My M f = g (hu) o T" U E(hut) o TE(f)

wrMyTf = uy (hu) o T"E(hu) o TE(f)
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/E (pagsr () o T"HLE(hu) o TE(f) — (k4 1) p*upyq () o T"YE(hu) o TE(f)

+ k" (hu) o T"E(hu) o TE(f))du > 0
for every E € X.

& typppr (hu) o T"FUE(hu) o TE(f) — (k + 1)ty g1 (hu) o T"TE(hu) o TE(f)
+ k', () o T"E(hu) o TE(f) > 0
almost everywhere. O

Corollary 4.4. The composition operator Ci on B(L*(u)) is m-Quasi k-paranormal if and only if
(h) o T"*1E(h) o TE(f) — (k + 1)p*(h) o T"YE(h) o TE(f) + ku**1(h) o T™E(h) o TE(f) > 0 almost

everywhere.

Proof. The proof is obtained from Theorem 4.3 by putting u = 1. O
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