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1. Introduction

Fixed point theory plays a basic role in application of many branches of mathematics. Finding a fixed point of contractive
mapping becomes the center of strong research activity. There are many works about the fixed point of contractive maps (see,
for example, [1, 2]). In [2] Polish Mathematician Banach proved a very important result regarding a contraction mapping,
known as the Banach contraction principle, in 1922. In [3], Bakhtin introduced b-metric spaces as a generalized of metric
spaces. He proved the contraction mapping principle in b-metric spaces that generalized the famous Banach contraction
principle in metric spaces. A lucid survey shows that there are many generalizations of metric spaces. One of them is
b-metric space. The concept of b-metric space was introduced by Czerwik [11, 12]. Using this idea, he proved Banach’fixed
point theorem in b-metric spaces. Later on, many researchers including Aydi [8], Bota [9], Chug [10], Shi [20], Du [13],
Kir [19], Huang and Zhang [4] introduced cone metric spaces as generalized of metric spaces, replacing the real number by
an ordered Banach spaces and define cone metric spaces. Moreover, they proved some fixed point theorems for contraction
mapping that expanded certain results of fixed point in metric spaces. In [5], Hussain and Shah introduced cone b-metric
spaces as a generalized of b-metric spaces and cone metric spaces. We prove some fixed point theorems in cone b-metric
spaces on contraction mapping.

Before going to the main results, we define some definition, example and lemma required in sequel.

2. Preliminaries

Let E be real Banach space and P be a subset of E. Then P is called a cone if
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(1). P is closed, nonempty, and satisfies P # {0},
(2). az + by € P for all z,y € P and non-negative real number a, b,
(3). ze Pandx € P=xz =0, 1ie., PN (—P) =0, where 6 denote the zero elements of E and by int P the interior of P.

Given a cone P C E, we define a partial ordering < with respect to P by « < y if and only if y — x € P. We shall write
z < y to indicate that x < y butz # y, while x < y will stand for y — x € int P. A cone P is a solid cone if int P # (.
We write ||.|| as the norm on E. The cone P is called normal if there is a number k£ > 0 such that V z,y € E, § <z <y
implies ||z|| = k ||y||- The least positive number k satisfying the above is called the normal constant of P. It is well known
that £ > 1.

In the following, we always suppose that E is a Banach space, P is cone in E with int P # @ and < is a partial ordering

with respect to P.

Definition 2.1 ([4]). Let X be a nonempty set. Suppose that the mapping d : X x X — E Satisfies:
(CM1) 6 < d(z,y) for all z,y € X and d(z,y) =0 if and only if x =y,

(CM2) d(z,y) =d(y,x) for all z,y € X,

(CM3) d(z,y) =d(z,z) +d(z,y) for alz,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.2 ([5]). Let X be a nonempty set and s > 1 be a real number. Suppose that the mapping d : X x X — E

Satisfies:

(CBM1) 0 <d(z,y) for allz,y € X and d(x,y) = 0 if and only if x =y,
(CBM2) d(z,y) =d(y,z) for allz,y € X,

(CBM3) d(z,y) =s[d(z,2) +d(z,y)] for all x,y,z € X.

Then d is called a cone b-metric on X and (X, d) is called a cone b-metric space.

Remark 2.3. The class of cone b-metric spaces is larger than the class of cone metric spaces since any cone metric space
must be a cone b-metric space. Therefore, it is obvious that cone b-metric space generalized b-metric spaces and cone metric

spaces.
Following is an example which shows that a cone b-metric spaces which are not cone metric spaces:

Example 2.4 ([7]). E = R*>, P = {(2,9)€E:2,y>0} C E, X = Randd : X x X — FE such that d(z,y) =
(|l —y|?, alx — y|*) where @ > 0 and p > 1 are two constant. Then (X, d) is a cone b-metric space but not a cone metric
space. In fact, we only need to prove (iii) in Definition 2.2 as follows: Let x,y,z € X. Setu =2 —z, v =z —y, S0

T —y=u+v from the inequality (a + b)’ = (2max{a,b})? < 2P (a® + V) for all a,b > 0, we have

P
[z —yl” = Ju+of" < (lul + o))" =27 (jul” + o) = 2" (Jo — 2" + |z = y|") ,

=d(z,y) = s[d(z,z) +d(z,y)]
with s =27 > 1. But |z —y|P = |z — 2|” + |z — y|* is impossible for all x > z >y, indeed, taking account of the inequality.

(a+b)P >a? +b" for all a,b> 0,
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We arrive at

2 —yl" =lutovff =@u+v)’ >uP+0" = (@ —-2)" +(z-y)’ =z — 2"+ |z —y|",
for all x > z > y. Thus, (CM8) in Definition 2.1 is not satisfied, ie., (X, d) is not a cone metric space.

Example 2.5 ([7]). Let X =1° with0 <p < 1, where I’ = {{z,} CR: 3 |zn|’ < oo}. Letd: X x X — RT,
n=1

1
o0 v
d(z,y) = (Z |y — yn|p> , where x = {zn}, y = {yn} € ".

n=1

Than (z, d) is a b-metric space (see [5]). Put E = 1", P = {{zn} € E: x, >0, for alln > 1}. Letting the mapping
d: X x X — E be defined by d (z,y) = {%} , we conclude that (X, d) is a cone b-metric with coefficient s = 2% > 1,
n>1

but it is not a cone metric space.

Example 2.6 ([7]). Let X ={1,2,3,4}, E=R?>, P={(v,y) € E:2 >0,y >0}. Defined: X x X — E by

(|iE - y‘71 ’ |iE - y‘il) ) fo 75 Y;

0, ife=y.

d(xvy) =

Then (X, d) is a cone b-metric space with the coefficient s = g. But it is not a cone metric space since the triangle inequality

is not satisfied. Indeed, d(1,2) > d(1,4) + d(4,2) and d(3,4) > d(3,1) +d(1,4).
Definition 2.7 ([5]). Let (X, d) be a cone b-metric space, © € X and {zn} be a sequence in X. Than

1. {xn} converges to x whenever, for every ¢ € E with 0 < ¢, there is a natural number N such that d (zn,z) < c for all

n > N. We denote this by lim x, =z or zn, = = (n — o).
n—oo

2. {zn} is a Cauchy sequence whenever,for every ¢ € E with 8 < ¢, there is a natural number N such that d (Tn,Tm) < ¢

for alln,m > N.
3. (X,d) is a complete cone b-metric space if every Cauchy sequence is convergent.

Lemma 2.8 ([6]). Let P be a cone and {z,} be a sequence in E. If c € int P and 0 < x, — 6 (as n — c0) , then there exist

N such that for all n > N, we have z,, < c.

Lemma 2.9 ([6]). Let z,y,z € E, ifc <y andy < z, then z < z.

Lemma 2.10 ([5]). Let P be a cone and 0 < u < ¢ for each ¢ € int P, then u = 0.
Lemma 2.11 ([21]). Let P be a cone. If u € P and u < ku for some 0 < k < 1, then u=0.

Lemma 2.12 ([6]). Let P be a cone and a = b+ c for each c € int P, then a < b.

3. Main Results

In 2013, Huaping Huang and Shaoyuan Xu [7] proved the following theorem: Let (X,d) be a complete cone b-metric space
with the coefficient s > 1. Suppose the mapping T : X x X — X satisfies the condition d(Tz,Ty) < ad(zx,y), for all
z,y € X. Where « € [0,1) is a constant. Then T has a unique fixed point in X. Furthermore, the iterative sequence {7"z}

converges to the fixed point. Now we expand this theorem in cone b-metric space as.
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Theorem 3.1. Let (X,d) be a complete cone b-metric space with the coefficient s > 1. Suppose the mappingT : X x X — X

satisfies the contractive condition.
d(Tz,Ty) < aad(z,y) + azd (z,Tx) + asd (y, Ty) + oud (x,Ty) + asd (y, Tx) (1)

where the constant o; € [0,1); 1 =1,2,3,4,5 and aq + a2 + sz + s (a4 + a5) < min{1, %} Then T has a unique fized point

in X. Moreover, the iterative sequence {T"x} converges to the fized point.

Proof. Fix zo € X and set x1 = Txo and zpy1 = Tz = T”on. Firstly, we see

d(xnt1,2n) = d(Txn, TTn-1)

d(Tn+1,Tn) < c1d(Tn, Tn-1) + a2d(Tn, TTn) + asd(@n-1, TTn-1) + @4d(Tn, TTn-1) + asd(xn-1,TTx)
< a1d(Zn, Tn-1) + @2d(Tn, Tnt1) + a3d(Tn—1,Tn) + cad(Tn, Tn) + asd(Tn-1, Tnt1)
< a1d(Zn, Tn-1) + @2d(Tn, Tnt1) + asd(Tn—1,2n) + sas[d(Tn-1,2n) + d(Tn, Tnt1)]
< a1d(@n, Tn-1) + @2d(Tn, Tnt1) + asd(Tn—1,%n) + sasd(Tn—_1,Tn) + sasd(Tn, Tni1)

< (02 + sas)d(Tny1, o) + (01 + az + sas)d(Tn, Tn-1)

It follows that

(1= a2 — sas)d(Tnt1,7n) < (@1 + a3 + sas)d(Tn, Tn—1) (2)

Secondly,

d(xnt1,2n) =dTzn, Ten-1) = d(Txn-1,Tzn)

d(Tn+1,Tn) < 1d(Tn—1,%n) + a2d(Xn—1,Txn-1) + a3d(Tn, TTpn) + @ad(Tn-1,Tzn) + asd(xn, TTn_1)
< a1d(n-1,2n) + @2d(Tn-1,2n) + @3d(Tn, Tnt1) + 0ad(Tn—1, Tnt1) + asd(Tn, Tn)
< a1d(Tn-1,2n) + @2d(Tn-1,2n) + @3d(Tn, Tnt1) + saa[d(Tn-1,2n) + d(Tn, Tnt1)]
< a1d(Tn-1,2n) + @2d(Tn-1,2n) + a3d(Tn, Tnt1) + s@ad(Tn—_1,Tn) + saad(Tn, Tni1)

= (a3 + sou)d(Tnt1,Tn) + (1 + a2 + s04)d(Tn, Trn-1)

This establishes that

(1 — s — saa)d(nt1,2n) < (a1 + a2 + sa4)d(Tn, Tn-1) (3)

Adding up (2) and (3)
201 + a2 + as + s(aa + as)

d(Tnt1,Tn) <
(@nt1, ) 2—az—az — s(aa + as)

d(zn, Tn-1)

Put o = 2ataztasts(astas)

T—a3 03 —s(astos) it is easy to see that 0 < a < 1. Now, proceeding in the same manner up to n iterations, we

have: d(n+1,2n) < ad(Tn, Tn-1) < oz2d(zzcn,17 Tn—2) < --- < ad(z1,z0) for n > 1 and letting m > n, we have:

A(@ntm, Tn) < s[d(Tntm, Tnpm—1) + d(Tntm—1, Tn)]
= $d(Tntms Tntm—1) + $Ad(Tntm—1,Tn)
< 8d(Tntm; Tntm—1) + 5 [d(@ntm—1, Tntm—2) + d(Tntm—2, Tn)]
< sd(Tn+tms Tntm—1) + <92Li(xn+m,17 Tntm—2) + s2d(a:n+m,2, Zn)

S Sd(xn+m, l’nw‘»mfl) + SZd(er»mfl, xn+m72) + 33 [d(xn+m72, xn+m73) + d(xn+m737 xn)
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A(Tntm, Tn) < 8A(Trntm, Tntm—1) + SQd(ﬂCn-q-m—l7 $n+m—2) + -+ Sm_ld($n+2, $n+1) + Sm_ld(l‘n-H, Tn)

< sa"“"*ld(xl, xo) + 5204"+m72d(w1,x0) + :;?’(Jz”Jr"Fsd(acl7 xo) + -+ smflanﬂd(xl, To) + smfloc"d(ml, o)

— (sa"+m71 482 smflanﬂ) d(z1,x0) + smfla"d(m, o)
[(sail)mfl — 1] d(z1, o)
= sa™t™ + smfland(ml,mo)
s—a
m __n+1
<2 d(x1,x0) + s™ " d(x1, o)
s—a
m_ n+1

Let 6 < ¢ be given, notice that 2 d(z1,0) + s™ ta"d(z1, o) — 6 as m — oo for any k. Making full use of Lemma

S—

2.8, we find ng € N such that

Sman+1 1
T d(z1,x0) + s a"d(z1,70) K €
d(Zntm, Tn) < sms‘inﬁd(m,wo) + s™ 1a™d (z1,2z0) @ < ¢ for all n > no and any m. So by Lemma 2.9. Therefore {z,}

is a Cauchy sequence in (X, d). Since (X,d) is a complete cone-b metric space, there exists * € X such that z, — z* as

n — oo for some z* € X. Now we prove that * is the unique fixed point of T. Actually, on the one hand.

d(Tz",z") < sld(Tz*,Tzy,) + d(Tzn,x")]
< sd(Tz*,Txy) + sd (Tzn,x")
< sd(Tz",Txy) + sd (Tnt1,2")
< sland(z™,zn) + aod (27, T2") + asd (Tn, Txn) + aad (2%, Tzy) + asd (Tn, Tx™)] + 8 (Tnt1,7")
<slond(z",zn) + aod (27, Tz") + asd (T + Tnt1) + aad (¥, Tnt1) + asd (T, TT")] + sd (Tnt1,27)
<sland(z",zn) + aod (2", Tz") + sasd (Tn,z") + sasd (", Tnt1) + ad (2, Tny1)
+ sasd (Tn, ") +sasd (z*, Tz")] + sd (Tnt1,2")
= sard (", zp) + saod (z*, Tx") + s2asd (Tn, ") + s2asd (", Tnt1) + sauad (7, Tpt1) + s2asd (Tn, T")
+ s%asd (%, Tx™) + sd (zni1,z") d (Tz", ")

< (sa2 + s2a5) d(z", Tx") + (sal + s2as + s2a5) d(xn,z") + (52a3 + sau + s) d(z*, Tny1)
Such implies that

(1-saz —s’as) d(z",Tz") < (sa1 + s°as + s’as) d (xn, 2") + (sas + sas + 8) d (2", 2nt1) (4)
On the other hand

d(z",Tz") < sld(z", Txn) + d(Tzn, Tx")]
< sd(x",Tnt1) + sd (Tzn, Tx™)
< sd(x",Tnt1) + slord (Tn, ") + a2d (Tn, TTs) + azd (2, Tx™) + cad (T0, Tx") + asd (x*, Txzy) |
=sd (2", Tnt1) + s[ard (Tn, ") + a2d (Tn, Tni1) + asd (27, Tx") +aud (zn, T2™) + asd (2", Tni1)]
< sd(x*,Tnt1) + slond (Tn, ") + sard (T, 7)) + saod (2, Tni1) + asd (z*, Tx™)
+ saud (T, *) + saud (2", Tz") + asd (*, Tnt1) |

d(z*,Tx") < sd (x*, zns1) + sand (zn, %) + s2aad (zn, ©°) + s°ad (%, Tpy1) + sazd (2%, Tx*) + s°aad (zn, )
+ saud (¥, Tx™) + sasd (z*, 2ni1)

d(z",Tz") < (sa3 + 82a4) d(z",Tz") + (sal + s2ag + s2a4) d(zn,x") + (s + s2ag + sa5) d (2", Tni1)
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(1 — Ssaz — a452) d(z",Tz") < (sal +s%as + 52a4) d(zn,x") + (s +s%as + sa5) d(z", Tnt1) (5)

Adding (4) and (5), we get

(25a1 + s%ap + s2as + s2au + 52(15) . (25 + s2ag + s2as + sas)
d(xn,x") +

d(z",Ta") < 2 2 2 2
2 — Sag — Sz — S%u4 — S%as 2 — Sy — Sz — S%auy — S2as

d(z", Tny1)

Since {z,} is a Cauchy sequence, there for every ¢ € int P, we select an n; € N for all n > n;. Such that

(25 + %2 + s%a3 + sas) ¢
2 — sag — sz — S2a4 — S2as

2 2 2 2
(25a1+s oo+ s“as + s“ag + s as)c

2 — sag — sz — S2oy — S2as

d(m’*,l’n+1) <

d(zn,2") K

This for any ¢ € int P d(z*,Tz*) < ¢ ¥V n > n;. By Lemma 2.10 that d (z*,Tz") = 60 i.e. z” is fixed point of T i.e.

2* = Tz”. Finally, we show the uniqueness of the fixed point. Indeed if there is another fixed point y* then.

d(z",y") = d(Tz", Ty")

< ard(z"y") + ond (2"T2") + asd (y", Ty") + aad (27, Ty") + asd (y*, Tz")

<ad(z",y") + saad (27, y") + soud (y", Ty") + sasd (y", 27) + sasd (27, Ta")

< aid(z",y") + saud (x"y") + sas d (y*, ™)

<H{on +s(a+as)}d (", y")
Owing t0 0 < a1 + s (s + as) < 1. We deduce from Lemma 2.11 that z* = y*. O
Corollary 3.2. Let (X,d) be complete cone b- metric space with the coefficient s > 1. Suppose the mapping T : X — X
satisfies the contractive condition.

d(Tz,Ty) < c1d (z,y) + a2d (z,Tx) + asd (y, Ty) + as[d(z, Ty) +d (y, Ty)] forz,y € X.

Where the constants a; € [0,1) and o1 + a2 + a2 + 2sa4 < min {1, %}, i=1,2,3,4. Then T has a unique fized point in X.

Corollary 3.3. Let (X,d) be complete cone b- metric space with the coefficient s > 1. Suppose the mapping T : X — X

satisfies the contractive condition.

d(Tz, Ty) < and(z,y) forz,ye X.
Where a1 € [0,1) is a constant. Then T has an unique fized point.
Proof. Taking as = a3 = ay = a5 = 0 in (1) we get the required result. O
Corollary 3.4. Let (X,d) be complete cone b- metric space with the coefficient s > 1. Suppose the mapping T : X — X
satisfies the contractive condition.

d(Tz,Ty) < ard (z,y) + a2d (z,Tx) + asd (y, Ty) -

Where the constants «; € [0,1) and a1 + a2 + a3 < min (1, %), 1 =1,2,3,. Then T has a unique fized point.

Proof. Taking asa = a5 = 0 in (1) we get the required result. O
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Corollary 3.5. Let (X,d) be complete cone b- metric space with the coefficient s > 1. Suppose the mapping T : X — X

satisfies the contractive condition.
d(Tz,Ty) < and (2, y) + az[d(z, Tz) + d(y, Ty)] .

Where the constants «; € [0,1) and aq + 2a2 < min (1, %), 1=1,2,. Then T has a unique fized point.
Proof. Taking au = a5 = 0, a3 = a2 in (1) we get the required result. O

Corollary 3.6. Let (X,d) be complete cone b- metric space with the coefficient s > 1. Suppose the mapping T : X — X
satisfies the contractive condition.

d(Tz,Ty) < as[d(y, Tx) + d(z,Ty)] .
Where the constants as € [07 %) Then T has a unique fized point.
Proof. Taking a1 = a2 = a3 =0, a4 = a5 in (1) we get the required result. O

Corollary 3.7. Let (X,d) be complete cone b- metric space with the coefficient s > 1. Suppose the mapping T : X — X
satisfies the contractive condition.

Where the constants as € [O, é) Then T has a unique fized point.

Proof. Taking a = as = a5 = 0, az = a2 in (1) we get the required result. O

Corollary 3.8. Let (X,d) be complete cone b-metric space with the coefficient s > 1. Suppose the mapping T : X — X

satisfies the contractive condition.
d(Tz,Ty) < ard (x,y) + oz [d (2, Tx) + d(y, Ty)] + as [d (z, Ty) + d (y, Tz)]

Where the constants «; € [0,1) and a1 + 2 (a2 + ass) < min {1, %}, 1=1,2,3. Then T has a unique fized point.
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