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Abstract: A ring R is called strongly symmetric, if whenever polynomials f(z), g(z), h(z) in R[z] satisfy f(z)g(z)h(z) = 0, then
f(z)h(xz)g(z) = 0. It is proved that a ring R is strongly symmetric if and only if its polynomial ring R[z] is strongly
symmetric if and only if its Laurent polynomial ring R[z,xz~!] is strongly symmetric. We also show that for a right Ore
ring R with @ its classical right quotient ring, R is strongly symmetric if and only if @ is strongly symmetric. Finally we
proved that, let R be an algebra over a commutative ring S, and D be the Dorroh extension of R by S. If R is strongly
symmetric and S is a domain, then D is strongly symmetric.
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1. Introduction

Throughout this note all rings are associative with identity unless otherwise stated. According to Lambek [6], a ring R
is called symmetric if rst = 0 implies rts = 0 for all r,s,t € R; while Anderson and Camillo [3] took the term ZCj5 for
this notion. Lambek proved that a ring R is symmetric if and only if r172---r, = 0, with n any positive integer, implies
To(1)To(2) - - - To(n) = 0 for any permutation o of the set {1,2,...,n} and r; € R [6, Proposition 1], Anderson and Camillo
obtained this result independently in [3, Theorem I.1]. Given a ring R, 7r(—)(lr(—)) is used for the right (left) annihilator in
R. According to Cohn [8], aring R is called reversible if ab = 0 implies ba = 0 for a,b € R. Anderson and Camillo [3], observing
the rings whose zero products commute, used the term ZC> for what is called reversible, and Krempa-Niewieczerzal [5] took
the term C for it. It is obvious that commutative rings are symmetric and symmetric rings are reversible; but reversible rings
need not be symmetric and symmetric rings need not be commutative by the results of Anderson and Camillo [3, Examples
I.5 and IL.5] and Marks [4, Examples 5 and 7]. A ring is called reduced if it has no nonzero nilpotent elements. Reduced
rings are symmetric by the result of Anderson and Camillo [3, Theorem 1.3] , but there are many nonreduced commutative
(so symmetric) rings. Another generalization of a reduced ring is an Armendariz ring. Rege and Chhawchharia [7] called a
ring R Armendariz if whenever any polynomials f(z) = ao + a1z + -+ + ama™, g(z) = bo + b1z + - - - + bpz™ € R[z] satisfy
f(z)g(xz) = 0, then a;b; = 0 for each ¢ and j. Huh and et al. [1, Example 3.1], showed that polynomial rings over symmetric
rings need not be symmetric. In the paper, we consider these symmetric rings over which polynomial rings are symmetric
and call them be strongly symmetric, i.e., a ring R is called strongly symmetric, if whenever polynomials f(x), g(z), h(z) in

R[z] satisfy f(z)g(xz)h(xz) =0, then f(z)h(z)g(z) = 0.
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2. Strongly Symmetric Rings

Definition 2.1. A ring R is called strongly symmetric, if whenever polynomials f(x),g(z),h(z) in R[z] satisfy

F(@)g(@)h(x) = 0, then f(z)h(z)g(x) = 0.

Clearly, every strongly symmetric ring is symmetric. but the converse is not true [1, Example 3.1]. It is obvious that any

reduced rings are strongly symmetric and symmetric.

Lemma 2.2. The class of strongly symmetric rings is closed under subrings (not necessarily with identity) and direct

products.

Recall that an element u of a ring R is right regular if ur = 0 implies » = 0 for r € R. Similarly, left regular elements can

be defined. An element is regular if it is both left and right regular (and hence not a zero divisor).

Proposition 2.3. Let A be a multiplicatively closed subset of a ring R consisting of central reqular elements. Then R is

strongly symmetric ring if and only if so is A" R.

Proof. It is enouph to show that the necessity. Suppose that R is strongly symmetric. Let ¢t = 0, with ¢ = v f(z), o =
v lg(x), Y = w h(x), u,v,w € A and f(z), g(z), h(z) € R[z]. Since A is contained in the center of R, we have 0 = ¢pptp =
W (@) gl h(e) = (e o ) fe)g()h(z) = (wow) " f(z)g(@)h(z) and so f(2)g(x)h(z) = 0. But R is strongly
symmetric by the condition, so f(z)h(z)g(z) = 0 and ¢ = v f(2)w ™ h(z)v ' g(z) = (uwv) ™' f(x)h(x)g(x) = 0. Hence

AR is strongly symmetric. O

n .

The ring of Laurent polynomials in x, with coefficients in a ring R, consists of all formal sum > m;z* with obvious addition
i=k

and multiplication, where m; € R and k,n are (possibly negative) integers; denote it by R[z;z™'].

Corollary 2.4. Let R be a ring. Then R[x] is strongly symmetric rings if and only if R[x;x™ '] is strongly symmetric.

Proof. Let A = {1,z,2%,...}. Then clearly A is a multiplicatively closed subset of R[z]. Since R[z;x~'] = AT R[z], it

follows that R[z;x '] is strongly symmetric by the Proposition 2.3. O
Theorem 2.5. A ring R is strongly symmetric if and only if R[x] is strongly symmetric.

Proof. (<) By Lemma 2.2.

(=) Let f(y) = fot+ fiy+ - +Fy”,9(y) = go+gry+ - +9qy", h(y) = ho+hay+ - +hy' € Rlz][y] satisfy f(y)g(y)h(y) =
0, where f; = %agi)xs,gj = %biﬂmt,hk = % Pz e R[z] for ¢ = 0,1,...,p,7 = 0,1,...,¢,k = 0,1,...,1. Let
w = deg(fo) +deg(2) + -+ deg(fy) + deg(go) + deg(gr) + -+ deg(gy) + deg(ho) + deg(hr) + -+ deg(h), where degree is
as polynomials in z and the degree of the zero polynomial is taken to be 0. Then f(z%) = fo + fiz"¥ + -+ fpzP¥, g(z¥) =
go + g1z 4+ -+ gzt h(z™) = ho + h1z® + --- + lyz' € R[z] and the set of coefficients of fis,g;s (vesp. hjs) equals
the set of coefficients of f(z"), g(z™) (resp. h(z™)). Since f(y)g(y)h(y) = 0 and = commutes with elements of R, we have
that f(z")g(z*)h(z™) = 0, thus f(z*)h(z")g(z") =0 = f(y)h(y)g(y) since R is strongly symmetric, which implies R[z] is

strongly symmetric. O

Corollary 2.6. Let R be a strongly symmetric ring and {xo} any set of commuting indeterminates over R. Then any

subring of R[{xa}] is strongly symmetric

Proof.  Let f(y),9(y), h(y) € R[{za}] with f(y)g(y)h(y) = 0. Then

T, 9(y), h(y) € R[{xal yLag, -« Lay }] [y}
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for some finite subset {Za,,Zag, .-, Tan} C {Za}. The ring R[{Za,,Tay,- -, Ta, Y], by induction, is strongly symmetric,

so we have that f(y)h(y)g(y) = 0. Hence R[{z.}] is strongly symmetric and thus so is any subring of R[{zq}]. O

Let R be aring. Suppose that Z(R) contains an infinite subring whose nonzero element are regular in R, where Z(R) denotes
the set of all central elements of R, if R is symmetric, then R is strongly symmetric by [1, Proposition 3.3]. Another example
of a strongly symmetric ring is given in the following which also shows that strongly symmetric rings are not reduced in

general.

Proposition 2.7. Let R be a ring and n any positive integer. If R is reduced, then R[x]/(z") is a strongly symmetric ring,

where (z™) is the ideal generated by x™.

Proof. 1t is obvious that R[z]|/(z™) is strongly symmetric since R[z]/(z") is both symmetric [1, Theorem 2.3] and Armen-
dariz [2, Theorem 5] O

Given a ring R and a bimodule g Mg, the trivial extension of R by M, write T'(R, M) is the ring R@ M with the usual

addition and the following multiplication:

(ri,m1)(rz,m2) = (rire,rima + mirz).

r m
Note that T(R, M) is isomorphic to the ring of all matrices , where r € R and m € M and the usual matrix

0 r

operations are used.

Corollary 2.8. Let R be a ring and T = RE M be the trivial extension of R by R. If R is reduced, then T is strongly

symmetric.
Proof. T = R[z]/(x?) is strongly symmetric by Proposition 2.7. O
Proposition 2.9. Let R be a subdirect sum of strongly symmetric rings. Then R is strongly symmetric.

Proof. Let I(A € A) be ideals of R such that R/I is strongly symmetric and Nxealn = 0. Suppose that f(z) =
Saixt,g(x) = Y bjad  h(x) = 3 apx” € R[z] satisfy f(x)g(x)h(z) = 0. Then f(x)h(z)g(x) = 0 in (R/I,)[z] for each
i=0 j=0 k=0
X € Asince R/I is strongly symmetric. So >, asexb; € In for I =0,1,...,n+m+r and any A € A which implies that
itjth=l

> aicgb; =0for 1 =0,1,...,n+m+r since Nxealr = 0, and we obtain f(z)h(z)g(z) = 0. O
i =l
Proposition 2.10. Let R be a ring and I be a proper ideal of R. If R/I is strongly symmetric and I is reduced (as a ring

without identity) then R is strongly symmetric.

Proof. Let f(z),g(x),h(x) IS Rlz] satisfy f(z)g(z)h(x) = 0. Then g(z)h(z)f(z) = 0 and
(F(@)h(@)g(x)) (h(@) f@)h(x)g(x) = 0 = (h(2)f(@)h(2)g(@))(f(@)h(x)g(x) = 0; 0 = h(z)f(@)h(z)g(x)f(@)h(x)g(z) =
(h(2) f(@)h(2)g(@) f (@)h(2)g(@)) f(x) = h(@)(f(@)h(@)g(@) f(@)h(@)g(@) f(@)) = (F@)h(@)g(@)f(@)h()g(x)f(x))h(z) = 0
and so we have 0 = (f(x)h(z)g(x)f(2)h(z)g(@)f(@)h(x)g(z) = (f(@)h(x)g(z))®. Thus f(x)h(z)g(x) = O since
f(z)h(z)g(z) € I|z] and I[z] is reduced. Therefore R is strongly symmetric. O

Theorem 2.11. Let R be a right Ore ring and Q be the classical right quotient ring of R. Then R is strongly symmetric if

and only if so is Q.
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Proof. 1t suffices to obtain the necessity by Lemma 2.2. Suppose that R is strongly symmetric and let @i = 0 for
¢ = fl@)u™ o = gx)v™" and ¢ = h(x)w™' in Q. There exist g1(x),u1 € R[z] with u; regular such that gi(z)u; =
ugi(z) and utg(x) = gi(z)u™t, so we have 0 = dpyp = f(x)u tg(z)v ' h(z)w™ = f(@)gi(z)uy v h(z)w . Next
there exist hi(z),v1 € R with vy regular such that h(z)vi = vhi(x) and v h(z) = hi(z)v]" so we have 0 = ¢pip =
f@)gr(@yuy " ha(z)vr tw

Also there exist ha(z),us € R[z] with ui regular such that hi(z)uz = uiha(z) and ul ' hi(z) = h2(z)u; *. So we have
0 = ¢ppyp = flx)utg(x)v th(z)w™ = f(2)g1(x)he(z)uy vy w™. Hence we get f(z)gi(x)ha(x) = 0. In the follow-
ing computation we use the condition that R is strongly symmetric; f(z)g1(z)ha(z) = 0, f(z)g1(x)he(z)u = 0 and
0 = f(x)ugi(x)ha(z) = f(2)g(x)urha(z) = 0 = f(x)g(x)h2(x)ur implies f(z)g(z)ha(z) = 0 = 0 = f(x)g(x)h2(z)ur =
f@)g(@)uihsa(z) = f(@)g(x)hi(z)ue = f(2)g(@)hi(z) = 0,0 = fz)g(@)hi(x)v = f(x)g(z)vhi(z) = f(z)g(z)h(z)vr =
f(@)g(x)h(z) = 0 and we getf(z)h(x)g(x) = 0.

Similarly ~there exist hs(x),us,gs(x), ws, ga(x),us € R with wugz,ws,us regular such that h(z)us =
uhs(x), g(x)ws = wgs(z), gs(@)us = wusga(w) and dpyp = f(x)u 'h(z)w 'g(zx)v™" = f(a)hs(@)uz'w  g(x)o™" =
F@)hs(@)uz ' gs(x)ws o™t = f(@)hs(x)ga(@)uy 'wy v

Consequently we obtain the following computation f(z)h(z)g(z) = 0, 0 = f(x)h(z)g(x)us = f(x)h(z)usg(z) =
f@)uhs(z)g(z) = f(x)hs(@)g(x)u = f(x)hs(x)g(z) = 0, 0 = f(x)hs(z)g(x) = f(x)hs(@)g(x)ws = f(z)hs(z)wgs(z) =
f@hs(x)gs(x)w = f(z)hs(z)gs(z) = 0, 0 = [fl2)hs(z)gs(z) = [f(@)hs(x)gs(x)us = [f(z)hs(x)usga(z) =
f(@)hs(x)ga(x)us = f(x)hs(x)ga(z) = 0. Therefore b = f(x)hs(x)ga(z)uy wy v~ = 0, proving that Q is strongly

symmetric. O
Proposition 2.12. For an abelian ring R. The following statements are equivalent:

(1). R is strongly symmetric rings.

(2). eR and (1 — e)R are strongly symmetric rings.

Proof. (1)&(2) is straightforward since subrings and direct products of strongly symmetric rings are strongly symmetric.

O

Let R be an algebra over a commutative ring S. The Dorroh extension of R by S is the ring R x S with operations

(r1,81) + (r2,s2) = (r1 + 72,81 + s2) and (r1,s1)(r2, s2) = (rir2 + sir2 + sa2r1, $152), where 7; € R and s; € S

Proposition 2.13. Let R be an algebra over a commutative ring S, and D be the Dorroh extension of R by S. If R is

strongly symmetric and S is a domain, then D is strongly symmetric.

Proof.  Let (fi(z),g1(x)), (f2(2), g2(2)), (fs(x),g3(x)) € D with (fi(z),g1(x))(f2(2), g2(2))(f3(2),g3(x)) = O.
Then (fi(z)f2(z)f3(x) + g1(z)f2(2) fa(x) + g2(z) fi(@) f3(z) + gs(@) fi(z)fe(z) + gr(m)g2(2)f3(x) + g1(z)gs()f2(z) +

(f

(
), 91(x)g2(x)gs(x)) = 0, so we have fi(z)fo(z)f3(x) + g1 () fo(2) f3(x) + g2(2) f1(2) f3(2) + g3(x) f1(2) f2(2) +
)

92(x)g3(x) f1(

91(2)g2(x) f3(x) + g1(x)gs(x) f2(x) + g2(x)g3(x) f1 () = 0 and g1(x)g2(2)gs(z) = 0. Since S is a domain, gi(z) = 0,g2(x) =0
or gs(z) =0.

In the following computations we use freely the condition that R is strongly symmetric. Say gi(z) = 0 then
fi(@) () fs(z) + g2(2) f1(2) f3(x) + g3(@)fi(2)f2(2) + g2(2)gs(2) fi(z) = O and so we have 0 = fi(z)fa(z)fs(x) +
92(x) f1(2) f3(x) + g3 (@) f1(@) f2(2) + g2(2)gs(2) fr(2) = fr(z)(fa(2) + g2(2))(f3(2) + g3(2)) = fr(2)(fs(z) + gs(@))(fa(z) +
92(x)) = fi(@)fs(z)f2(z) + fi(z)fs(x)g2(2) + fr(2)gs(@)fa(x) + fr(@)gs(x)g2(x) = fi(z)fs(x)fa(@) + fr(z)fs(2)g2(x) +
f1(@)gs(@) f2(x) + f1(x)gs(2)g2(x) + g1 () fs(2) fa (@) + g1(x) f3(x)g2(2) + g2(2)g3 () f2(x).



Eltiyeb Ali and Ayoub Elshokry

Say g2(z) = 0, then fi(z)f2(z)fs(z) + g1(z)f2(2) fs(z) + fi(z)f2(2)gs(z) + g1(x)f2(z)gs(z) = 0 and so we have 0 =
fi(@) f2(2) fs(z) + g1(2) f2(2) f3(2) + [1(2) fa(2)g3(x) + g1(2) f2(2)gs(2) = (fi(z) + g1(2))fa(@)(f3(2) + g3(x)) = (fr(z) +
91())(f3(z) + gs(@)) fa(@) = fi(2)fs(z) fa(@) + fr(z)gs(2) f2(2) + g1(2) f3(2) fo(@) + g1 () gs(2) fa(x) = fi(z)fs(z)fa(@) +
fi(z)gs(@) fa(z) + g1(2) f3(x) f2(2) + g1(2)gs () f2(@) + f1(x) f3(2)g2(2) + f1(x)g3(w)g2(x) + g1(2) fs(x)g2().

Say gs(z) = 0, then fi(z)f2(z)f3(2) + g1(z)f2(2) fs(z) + fi(z)g2(z)f3(z) + g1(x)g2(x) fs(x) = O and so we have 0 =
fi(@) f2(2) fs () + g1(2) f2() f3(2) + f1(@)g2(2) f3(x) + g1(2)g2(x) fa(x) = (fi(x) + g1(2))(fa(2) + g2(2)) f3(x) = (fr(z) +
91(x)) f3(x)(f2(2) + g2(x)) = fr(z) fs(x) fa(@) + fi(z)fs()g2(2) + g1(2) fs(2) fa(@) + g1(2) fa(2)g2(x) = fi(z)fs(z)falx) +
fr(@) fs(x)g2(x) + g1(2) fs (@) f2(2) + g1(2) fa(2)g2(2) + f1(2)g3(®) f2(x) + g1(z)gs(x) f2(x) + f1(z)gs(x)g2(x). Therefore we

obtain (f1(z),g1(x))(f3(x), gs(x))(f2(),g2(x)) = 0 in any case, proving that D is strongly symmetric. O
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