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1. Introduction

We begin with simple, finite, undirected graph G = (V(G), E(G)) where V(G) and E(G) denotes the vertex set and the
edge set respectively. For a finite set A, |A| denotes the number of elements of A. For all other terminology we follow Gross

[5]. We provide some useful definitions for the present work.

Definition 1.1. The graph labeling is an assignment of numbers to the vertices or edges or both subject to certain condi-

tion(s).
A detailed survey of various graph labeling is explained in Gallian [4].

Definition 1.2. For a graph G = (V(G), E(Q)), a mapping f : V(G) — {0,1} is called a binary vertezx labeling of G and
f(v) is called the label of the vertex v of G under f. For an edge e = uv, the induced edge labeling f* : E(G) — {0,1}
defined as f*(uwv) = |f(u) — f(v)|. Let vy(0),vs(1) be the number of vertices of G having labels 0 and 1 respectively under f

and let ef(0),ez(1) be the number of edges having labels 0 and 1 respectively under f*.

Definition 1.3. A binary vertex labeling f of a graph G is called a cordial labeling if |vs(1)—vs(0)| < 1 and |ef(1)—es(0)] < 1.

A graph G is said to be cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by Cahit [1]. Lee and Liu [6] proved that all complete bipartite graphs and
all fans are cordial. Further, they proved that, the cycle Cy, is cordial if and only if n # 2 (mod 4), the wheel W, is cordial
if and only if n # 3 (mod 4), n > 3. Prajapati and Gajjar [13] proved that complement of wheel graph and complement of
cycle graph are cordial if n # 4 (mod 8) or n # 7 (mod 8). Prajapati and Gajjar [14] proved that cordial labeling in the

context of duplication of cycle graph and path graph.
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Definition 1.4. Let G be a graph with vertez set V(G) and edge set E(G) and let f : E(G) — {0,1}. Define f* on V(G)
by f* =Y {f(w)/uv € E(G)} (mod 2). The function f is called an E- cordial labeling of G if |vs(1) —vs(0)| < 1 and
ler(1) —ef(0)| < 1. A graph is called E-cordial if it admits E-cordial labeling.

In 1997 Yilmaz and Cahit [19] introduced E-cordial labeling as a weaker version of edge-graceful labeling and with the blend
of cordial labeling. They proved that the trees with n vertices, K,, Cn are E-cordial if and only if n # 2 (mod 4) while
K., n admits E-cordial labeling if and only if m 4+ n # 2 (mod 4).

Definition 1.5. A prime labeling of a graph G is an injective function f: V(G) — {1,2,...,|V|} such that for every pair of

adjacent vertices u and v, ged(f(u), f(v)) = 1. The graph which admits a prime labeling is called a prime graph.

The notion of a prime labeling was originated by Roger Entringer and was discussed in a paper by Tout et al. [16] . Many
researchers have studied prime graphs. For e.g. Fu and Huang [3] have proved that P, and K, are prime graphs. Lee et
al. [7] have proved that W, is a prime graph if and only if n is even. Vaidya and Prajapati [17] has proved that if n; > 4 is
an even integer and ng is a natural number, then the graph obtained by identifying any of the rim vertices of a wheel W,
with an end vertex of a path graph P,, is a prime graph. Vaidya and Prajapati [18] have proved that switching the apex
vertex in W,, is a prime graph and switching a rim vertex in W, is a prime graph if n+ 1 is prime. In the same paper it has

been proved that W,, is switching invariant if n is even.

Definition 1.6. G is called a vertex prime graph if there is a bijection f : E(G) — {1,2,...,|E|} such that for any vertex v,

ged {f(uv)} = 1. The bijection f is called a vertex prime labeling of G.
uveE

Definition 1.7. Let G = (V, E) be a graph with p verhtices and q edges. A bijection f : V(G) — {1,2,...,|V|+ |E|} is said
to be a total prime labeling if for each edge e = wv, the labels assigned to u and v are relatively prime and for each vertex
of degree at least 2, the greatest common divisor of the labels on the incident edges is 1. A graph which admits Total Prime

Labeling is called total prime graph.

Prime labeling and vertex prime labeling are introduced in [16] and [2]. Combining these two, The notion of a total prime
labeling was originated by Ramasubramanian and Kala [15] have proved that paths P,, star K1 ., bistar, comb, cycles C,,

where n is even, helm H,,, K5, and fan graph are total prime graph.

Definition 1.8. Let G = (V, E) be a (p,q) graph, and f be a map from V(QG) to {1,2,...,p}. For each edge uv assign the
label |f(v) — f(u)] < 1 ; f is called a difference cordial labeling if f is a one-to-one map and |ef(1) — ef(0)] < 1 where
es(1) denotes the number of edges labeled with 1 while ef(0) denotes the number of edges not labeled with 1. A graph with a

difference cordial labeling is called a difference cordial graph.

Ponraj et al. [10] first introduced the concept of difference cordial labeling in 2013. After that, they introduced many concepts
and studied some types of graphs that have this kind of labeling, such as path, cycle, complete graph, complete bipartite
graph, bistar, wheel, web, sun ower graph, lotus inside a circle, pyramid, permutation graph, book with n pentagonal pages,
t -fold wheel, and double fan, and some more standard graphs were investigated in [8-12]. In this paper, for every natural
number n the set {1,2,...,n} will be denoted by [n]. Origami is an ancient Japanese art of folding paper. The word origami
comes from two Japanese words: “ori”, which means to fold, and “kami”, which means paper. Usually origami models are
made strictly by folding paper. There is no cutting or gluing involved. Even if origami is mainly an artistic product, it has

received a great deal of attention from mathematicians, because of its interesting algebraic and geometrical properties. We

present a new graph inspired from a model of origami namely Braided Star.
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Definition 1.9. Let ag be the apex vertex and ai,az, ...,an—1,an be consecutive n rim vertices of wheel graph W, n > 3; let
b1, b2,b3, ..., ban—1, b2n be consecutive 2n vertices of cycle Cay; let c1,c2,c3, ..., Can—1, Can be consecutive 2n vertices of cycle
Con. Join each a; to bai—1 by an edge and ba; to c2; by an edge. Take a new vertex d;; Join each d; to cei—1 and caix1 by an
edge, for each i € [n], subscript are taken modulo n. The resulting graph is called braided star graph BRS,. which shown in

Figure 1.

Figure 1. The Braided Star Graph BRSs.

2. Main Results

Theorem 2.1. BRS,, is cordial.

Proof. For the graph BRS,, V(BRS,) = {ao,ai,di/1 < i < n} U {b,c/1 < i < 2n} and E(BRS,)
{aoai, aibai—1,b2ic2:, c2i—1d; /1 < i < n} U{bibit1,ciciv1/1 <i < 2n— 1} U{anai, banbi, canci,dncr} U{aiait1,dicoiv1/1 <

i <n —1}. Therefore |V(BRSy)| =6n+ 1 and |E(BRS,)| = 10n. Define f : V(BRS,) — {0,1} as follows:

0, if x = ao;
fx) =9 1, ifz € {ai,byu1,di}, i € [n];

0, if x € {bai, c2i,c2i-1}, 1 € [n].

Thus v (1) = 3n and v;(0) = 3n+ 1. The induced edge labeling f* : E(BRS,) — {0,1} is f*(uv) = |f(u) — f(v)|, for every
edge e = uwv € E. Therefore

1 if e = bibit1, © € [2n — 1];

0 if e=cicit1, 7 € [2n—1];

1 if e € {aoai,dic2i—1}, i € [n];

0 if e € {asbai—1,b2c2:}, i € [n];

0 ife=asait1, it € [n—1];

1 if e =dicoit1, 1 € [n—1];

1 if e € {banb1,dnc1};

0 if e € {anai,conci}.

w
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Thus e;(1) = 5n and ef(0) = 5n. Therefore f satisfies the conditions |vy(1) — vs(0)] <1 and |ef(1) — ef(0)| < 1 for cordial

labeing . So, f admits cordial labeling of BRS,,. Hence BRS,, is cordial. O
Theorem 2.2. BRS,, is E-cordial.

Proof. For the graph BRS,, V(BRS,) = {ao,ai,di/1 < i < n} U {by,ci/1 < i < 2n} and E(BRS,)

{aoai, aibi—1,baicai, c2i—1di/1 < i <n} U {bibiy1,ciciy1/1 < i < 2n — 1} U {ana1, banbi, canci,dnci} U{aiairr, dic2ip1/1 <

it <n — 1}. Therefore |V(BRSy)| = 6n+ 1 and |E(BRS,)| = 10n. Define f : E(BRSy,) — {0, 1} as follows:

0 if e € {ai@it1, baib2it1, c2icoit1, C2iy1di}, © € [n—1];
0 if e = agas, i € [n];
1 if e € {aibai—1, bai—1b2i, baicai, c2i—1¢2i, c2i—1di }, © € [n];

0 ifec {ana1,b2nb1,02ncl,cldn}.

Thus ef(1) = 5n and ef(0) = 5n. The induced vertex labeling f* : V(BRS,) — {0,1} is f*(v) = > {f(wv)/uv €
E(BRS,)}(mod2). Therefore
0 if x = aop;
fflz)=4q1 if z € {ai,ds, c2i—1}, @ € [n];
0 if z € {ba,b2i—1,c2:}, © € [n].
Thus vf(1) = 3n and vf(0) = 3n 4+ 1. Therefore f satisfies the conditions |vs(1) — v#(0)] < 1 and |ef(1) — ef(0)| < 1 for
E-cordial labeing. So, f admits E-cordial labeling of BRS,,. Hence BRS,, is E-cordial. O

Theorem 2.3. BRS,, is prime graph.

Proof. For the graph BRS,, V(BRS,) = {ao,a;,di/1 < i < n} U {b,c;/1 < i < 2n} and E(BRS,)

{aoai, aibzi—1,b2icai, c2i—1di /1 < @ < n}U{bibiy1,ciciy1/1 <i < 2n— 1} U{ana1,banbi,canci,dnci} U {aiait1,dicaiy1/1 <

i <n —1}. Therefore |V(BRS,)| =6n+ 1 and |E(BRS,)| = 10n. Define f : V(BRS,) — [6n + 1] as follows:

1 if x = ao;
6i—(1+3(%_1)i)) if = as, i €[n];
6i — (1+3(%)) if @ = bai1, i € [n];

f@)=14 6i—3 if & = by, i €[n];
6i ifx=d;, i€ [n];
6i — 2 if £ =co, i €[n];
6t +1 if £ = coi-1, 1 € [n].

Clearly f is an injective function. Let e be an arbitrary edge of BRS, . To prove f is a prime labeling of BRS,, we have

the following cases:

If e = aoas, ged(f(ao), f(ai)) = ged(1,6i — (1 + 3(@))) =1, ien.

If e = aiboi_1, ged(f(ai), f(baio1)) = ged(6i — (1 + 3(%*”1)) 6 — (1 + 3(%))) =1, i€[n]

If e = aiaisr, ged(f(ai), flaipr)) = ged(6i — (1 + 3(%—1*')) L6(i+1) — (1 + 3(%))) =1, ien—1
If € = bascai, ged(f(bai), f(cai)) = ged(6i — 3,6i —2) =1, i € [n).

Ife= CQifldi, ng(f(C%fl), f(dz)) = ng(6i +1, 67,) =1,1€ [n]
If e = dicaita, gcd(f(di), f(021‘+1)) = ng(Gi7 67 + 7) =1, 7€ [TL - 1].
Ife= C2i—1C2i, ng(f(CQi_l),f(CQi)) = ng(Gi + 1,60 — 2) =1,1€ [’I’L}

364



U. M. Prajapati and R. M. Gajjar

If e = coicait1, ged(f(cai), f(cait1)) = ged(6i —2,6i4+7) =1, ¢ € [n—1].

If € = boi_1bai, ged(f(bai1), f(ba:)) = ged(6i — (1 + 3(%)) 6i—3)=1, i € [n].

If € = baibais1, ged(f(bss), f(baisr)) = ged(6i — 3,60 +2 + (3(%))) =1, ien—1].

If e = cancy, ged(f(can), fer)) = ged(6n —2,7) = 1.

If e = dner, ged(f(dy), f(c1)) = ged(6n,7) = 1.

If e = banb1, ged(f(ban), f(b1)) = ged(6n — 3,2) = 1.

If e = ana1, ged(f(an), f(ar)) = ged(6n — (1 + 3(%)) ,b)=1.

So, f is an injection and ged(f(v), f(u)) = 1 for every pair of adjacent vertices v and v of BRS,. Then f admits prime
labeling of BRS,,. Hence BRS,, is a prime graph. O

Theorem 2.4. BRS,, is vertex prime graph.

Proof. For the graph BRS,, V(BRS,) = {ao,ai,di/1 < i < n} U {b,ci/1 < i < 2n} and E(BRS,)

{aoai, aibai—1, baicai, c2i—1di /1 < i < n}U{bibit1,cicit1/1 <i < 2n — 1} U{ana1, banbi, canci,dnei} U{aiaiyr, dic2ig1/1 <

i <n —1}. Therefore |V(BRSy)| = 6n+ 1 and |[E(BRS,)| = 10n. Define f : E(BRSy) — [10n] as follows:

106 — 9 if z = aoas, @ € [n];

100 — 7 if ¢ = asbai—1, @ € [n];

10 — 4 if © = byicai, @ € [n];

107 if £ = coi—1ds, 1 € [n];
10 — 8 if z = a;a;41, i € [n— 1];
106 — 1 if z = dic2iy1, 1 € [n—1];
10 — 6 if @ = bai—1bai, @ € [n];

10i =5 if @ = baibaisr, i € [n—1];
10i — 3 if ¢ = coi—102, @ € [n];
10 — 2 if z = coic2it1, 1 € [n—1];
10n — 8 if z = apau;

10n — 5 if & = banby;

10n — 2 if x = canca;

10n —1 if z = dnes.

Clearly f is an bijection. Let v be an arbitrary vertex of BRS,, . To prove f is a vertex prime labeling of BR.S,, we have
the following cases:

If v = ao, ged(f(aoai), f(aoaz), ..., f(aoan)) = ged(1,11,...,10n — 9) = 1.

If v = a;, ged(f(asao), f(aiait1), f(aibai-1), f(aia;—1)) = ged(10i — 9,10¢ — 8,10 — 7,10¢ — 18) = 1, i € [n — 1] — {1}.

If v = a1, ged(f(arao), f(araz), f(a1b1), f(aras)) = ged(1,2,3,10n — 8) = 1.

If v = an, ged(f(anao), f(anar), f(anban—1), f(anan-1)) = ged(10n — 9,10n — 8,10n — 7,10n — 18) = 1.

If v = bas, ged(f(baib2it1), f(baibai—1), f(baica:)) = ged(10i — 5,100 — 6,10 —4) =1, i € [n — 1].

If v = ban, ged(f(banbr), f(banban—1), f(bancan)) = ged(10n — 5,10n — 6,10n — 4) = 1.

If v = boi_1, ged(f(bai—1ba:), f(bai—1bai—s), f(bai—rai)) = ged(10i — 6,100 — 15,10i — 7) = 1, i € [n] — {1}.

If v = b1, ged(f(bib2), f(biban), f(b1a1)) = ged(4,10n — 5,3) = 1.

If v = coi-1, ged(f(cai—1c2i—2), f(cai—1c2i), f(c2i—1di—1), f(c2i—1d;)) = ged(10i —12,10i —3,10¢ —11,10¢) =1, i € [n] —{1}.
If v = c1, ged(f(cic2), f(cican), f(cidr), f(cidn)) = ged(7,10n — 2,10,10n — 1) = 1.

w
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If vV = C2i, ng(f(C2iC2i71)7 f(CQiU2i+1), f(CQz‘bQi)) = ng(lO’i — 3, 107 — 2, 107 — 4) = 1, 1 E [n - 1].

If v = con, ged(f(cancan—1), f(canci), f(canb2n)) = ged(10n — 3,10n — 2,10n — 4) = 1.

Ifv= di, ng(f(diCQi—l),f(dic2i+1)) = ng(lOZ, 107 — ) = 1, 7 S
If v = dn, gcd(f(dnct), f(dncan—1)) = gcd(10n,10n — 1) = 1.

[n—1].

So, f is an bijection and ged {f(uv)} = 1. The edges are labeled such that for any vertex v;, the g.c.d of all the edges

uveE

incident with v; is 1. Then f admits vertex prime labeling of BRS,,. Hence BR.S,, is a vertex prime graph.

Theorem 2.5. BRS, is Total prime graph

Proof. For the graph BRS,, V(BRS,) = {ao,ai,di/1 < i < n} U {b,ci/1 < i < 2n} and E(BRS,)
{aoai, aibai—1, baicai, c2i—1di /1 < i < n}U{bibit1,cicit1/1 < i <2n — 1} U{ana1, banbi, canci,dnci} U {aiaiy1, dicaiy1/1

it <n —1}. Therefore |V(CS,)| =6n+1 and |E(CS,)| = 10n. Define f : V(BRS,)U E(BRS,) — [16n + 1] as follows:

1
6i — (1+3(=51)
6i — (1+3(%))
6i—3

6i

6i —2

6i+ 1

6n +10i — 8

6n + 10i — 6

6n +10i — 3

f@) =9 6n+10i+1

6n+10¢ -7
6n + 10¢
6n+10i — 5
6n 4+ 10¢ — 4
6n + 10¢ — 2
6n +10: —1
16n —7
16n —4
16n —1
16n

if z = ao;

if £ = ai, i € [n];

if £ =0bai—1, i €[n];

if & =bo; i € [n];
ifx=d; i€ n];

if z = ¢ i € [n];

if & =coi—1, 1 € [n];

if & = aoas, i € [n];

if £ = aibai1, i € [n];

if & = baicai, i € [n];

if & =coi_1ds, @ € [n];

if £ = asaip1, i € [n—1];
if © = dicait1, @ € [n—1];
if & = bai—1b2s, i € [n];

if = baib2iy1, © € [n—1];
if & = cai—1c2i, 7 € [n];

if & = caicaitr, 1 € [n—1];
if x = apas;

if © = banb;

if £ = coner;

if T = dncl‘

O

Clearly f is a bijection. Let e and v be an arbitrary edge and vertex of BRS,,. To prove f is a total prime labeling of BR.S,,

we have the following cases: Then for any edge,

If e = aoas, ged(f(ao), f(a)) = ged(1,6i — (1 + 3(@))) =1, i€ [n).

If e = aiboi_1, ged(f(ai), f(bai1)) = ged(6i — (1 + 3(%—”1')) ,6i — (1 + 3(%))) =1, i€ n.
If e = aiais, ged(f(ai), fais)) = ged(6i — (14+3(G)) 66 +1) — (143(HF))) = 1 i€ [n—1)

If e = bajcos, ng(f(bQi), f(CQZ)) = gcd(Gi — 3,61 — 2) =1, i€ [n]
Ife= c2i—1d;, gcd(f(02¢71)7f(di)) = gcd(6i + 176i) =11€ [n]

If e = dicoit1, ged(f(di), f(c2it1)) = ged(6i,6i+7) =1, i € [n - 1].
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If e = co;—1c2i, ged(f(c2izt), f(coi 6i+ 1,60 —2)=1, i€ [n].

(f( cd(

If e = coicait1, ged(f(c2i), flc2itr ged(6i —2,6i+7) =1, i € [n—1].

If € = bai_1bai, ged(f(bai1), f(b:)) = ged(6i — (1+3(%)) 6i—3)=1, ic[n].

If € = baibaiya, ged(f(bai), f(bais1)) = ged(6i — 3,60 + 2 + (3(%))) =1, i€n—1l.

If e = cancr, ged(f(can), fer)) = ged(6n —2,7) = 1.

) =
) =
)) = ged
) =

If e =dner, ged(f(dn), f(c1)) = ged(6n,7) = 1.

If e = banb1, ged(f(ban), f(b1)) = ged(6n — 3,2) = 1.

If e = anar, ged(f(an), f(a1)) = ged(6n — (1 + 3(%)) ,5) = 1.

Then for any vertex,

If v = ao, ged(f(aoar), f(avaz), ..., f(aoan)) = ged(6n +2,6n + 12, ...,16n — 9) = 1.

If v = ai, ged(f(aiao), flaiaiti), f(aibai—1), f(a;vi—1)) = ged(6n+ 10i — 8,6n + 10i — 17,6n+ 10 — 6,6n+10i —7) =1, ¢ €
[n—1] —{1}.

If v = a1, ged(f(arao), f(araz), f(aib1), f(aran)) = ged(6n + 2,6n + 3,6n +4,6n + 10n — 7) = 1.

If v = an, ged(f(anao), f(anar), f(anban—1), f(anan—1)) = ged(16n — 8,16n — 7,16n — 6,16n — 17) =1

If v = bas, ged(f(baib2it1), f(baibai—1), f(baica;)) = ged(6n + 10i — 5,6n + 10i — 4,6n 4+ 10i —3) =1, i € [n — 1].

If v = ban, ged(f(banbr), f(banban—1), f(bancan)) = ged(16n — 5,16n — 4,16n — 3) = 1.

If v = bai_1, ged(f(bai—1bai), f(bai—1baiz), f(bai1ai)) = ged(6n + 10i — 5, 6n + 10i — 14,6n + 10i — 6) = 1, i € [n] — {1}.
If v = b1, ged(f(bibz2), f(biban), f(bra1)) = ged(6n + 5,16n —4,6n +4) = 1.

If v = coi—1, ged(f(cai1c2i—2), f(cai—1¢2i), f(c2i—1di—1), f(c2i-1d;)) = ged(6n + 10i — 11,6n + 10i — 2,6n + 10i — 10, 6n +
10i+1)=1, i € [n] — {1}.

If v =c1, ged(f(cic2), f(cican), f(c1dr), f(c1dn)) = ged(6n + 8,16n — 1,6n 4+ 11,16n) =1

If v = cos, ged(f(c2ic2i—1), f(c2iv2i41), f(c2ib2i)) = ged(6n + 100 — 2,6n + 10i — 1,6n+ 10i —3) =1, i € [n — 1].

If v = can, ged(f(cancan—1), f(canc1), f(canban)) = ged(16n — 2,16n — 1,16n — 3) = 1.

If v =d;, ged(f(dic2i—1), f(dic2i+1)) = ged(6bn + 10i 4+ 1,6n + 10i) =1, i € [n — 1].

If v =dn, ged(f(dnct), f(dncan—1)) = ged(16n + 1,16n) = 1.

So, f is a bijection. According to this pattern, the vertices are labeled such that for any edge e = uv € BRS,,
ged(f(u), f(v)) = 1. Also the edges are labeled such that for any vertex v;, the g.c.d of all the edges incident with v;

is 1. So, f admits total labeling of BRS,,. Hence BR.S,, is total prime graph. O
Theorem 2.6. BRS,, is difference cordial graph.

Proof. For the graph BRS,, V(BRS,) = {ao,ai,di/1 < i < n} U {b,c/l < i < 2n} and E(BRS,)

{aoa;, a;ibai—1,b2c2i, c2i-1di /1 < i < n} U {bibit1,cicit1/1 <i < 2n — 1} U{ana1, banbi, conci,dnei} U{asaiyt, dicaiv1/1 <

i <n —1}. Therefore |V(BRSy)| = 6n+ 1 and |[E(BRSy)| = 10n. Define f : V(BRS,) — [6n + 1] as follows:

1 if z = ao;

6i+1 if z =ai, i € [n];
61 if x =bai_1, i € [n];
fl@) =79 6i—1 if & =boy, i€ [n];
60 —2 if © = co, @ € [n];

61— 3 if:L’:CQi_l, ie[n];

61 —4 ifx=d;, i€ [n].

w
[=2]
|
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The induced edge labeling f* : E(BRS,) — {0,1} is f*(uv) = |f(u) — f(v)], for every edge e = uv € E. Therefore

0 if e € {aiait1, baibaiy1, c2iCoiy1, c2i41di}, © € [n —1];
0 if e = apas, @ € [n];
1 if e € {aib2i—1, bai—1b2s, baicoi, c2i—1C2i, C2i—1di }, @ € [n];

0 if e € {ana1, banb1, canci, crdn}.

Since ef(0) = es(1) = bn. Therefore f satisfies the conditions |es(1) —es(0)| < 1 for difference cordial labeing. So, f admits

difference cordial labeling of BRS,,. Hence BR.S,, is difference cordial. O

3. Conclusion

we have derived six new results by investigating some labeling techniques in Braided star graph. More exploration is possible

for other graph families and in the context of different graph labeling problems.
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