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Abstract: We consider the nonlinear second-order boundary value problem

u’ + K2u = f(t,ut), te€(0,T),T>0,
u(0) = u(T), ' (0) = u/(T),

where 0 < k < 7, f : [0, T] x [0,00) — [0, 00] is continuous. We use the sets of the associated Green’s function may have
zeros at some interior points. In particular, we study the problems where the associated Green’s function may have zeros.
The proof is based on the fixed point theorem in cones.
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1. Introduction

We consider the nonlinear second-order boundary value problem

W+ KM= f(tu(t), teQ, (1)

u(0) = u(T), v (0) = u'(T), (2)

where 0 < x < %, f : [0,T] x [0,00) — [0, 00] is continuous. It’s well-known that when the Green’s function is positive, we

can always find its positive minimum A and maximum B. Define a cone as follows:

K= {u € X|u(t) > 0, min
teo,

A
002 5 i} 3

Then, Krasnosel’skii’s fixed point theorem can be used to prove the existence and multiplicity of positive solutions; see,
[1, 2, 5, 7-10, 12-15] and references therein. Boundary value problem with the associated Green’s function may have zeros
has been studied in [4, 11, 14] and references therein. In a recent paper [4], Graef, Kong and Wang establish the existence

of nonnegative solutions in the case where the associated Green’s function may have zeros. However, if kK = 1/2, then the
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Green’s function is zero at ¢t = s. The minimum value of the Green’s function is zero and the above cone cannot be used to

apply Krasnosel’skii’s theorem. Graef et al used a new cone of form

K= {ue Xlu 2 0, min JACCES hut}, (1)

te[0,27]

— — 27r —
where A is defined by A = n[%ilzi : J G(t,s)ds > 0 and B = I[I(l)igl : | G(t,s) |. Under a sub-linear condition on f and also
te(0,27] te[0,27

under a super-linear condition on f provided that f is convex. Webb [14] used fixed point theory and a new open set to
improve the main results of [1]. By bifurcation techniques Ma and Zhong [11] obtained the existence of positive solutions
of integral equations in C[0, 1] where the kernel may vanish at the interior points of [0, 1] x [0, 1]. All of these earlier results
use the cone (4) cannot be used to apply Krasnosel’skii’s theorem. In the present paper we apply Krasnosel’skii’s theorem
in a cone (3) to study the problem where the associated Green’s function may have zeros. The important tool define and
use the set of the associated Green’s function may have zeros at some interior points and by these set of zeros element in
the associated Green’s function determine the minimum and maximum value of Green’s function. It is our purpose to prove

the existence of positive solutions of (1), (2). Assuming that:

(HI) 0<k< &

(H2) f:[0,T] x [0,00) — [0, 00] is continuous.

The proof of the main results is based upon an application of the following fixed point theorem in cones [3, 9].

Theorem 1.1 ([3, 9]). Let E be a Banach space, and let K C E be a cone. Assume Q1 , Q2 are open bounded subsets of

E with0eQy, Q1 CQa. Andlet T : KN (Qg\Ql) — K be a completely continuous operator such that:
(). If | Tu |I<]|w|l,u e KNI and ||Tul|>] u],ue KNI, or
Q). If|Tu ||| u|l,ue KNI and ||[Tul|<||u],ue KNI,

Then T has a fized point in K N (Q2\Q1).
2. Main result
In this section, we present and prove our main result. Consider y € C|0, 1], the problem

'+ KPu=yt), te(0,1), (5)

where 0 < k < T is a constant. It is well known that then the Green’s function for (5) and (6) is given by

1 sink(t — s) +sink(T + s — t),
2k(1 — cos kT)

IN

<s<t
G(t,s) =
s

T,
<t T,

IN
IN

sink(s —t) +sinw(T +t — s),

We can verify that G is strictly positive, in fact, let G(z) = %,x € [0,T]. Tt easy to check that G(z) is

increasing on [0, 7] and nondecreasing on [T, T], and G(t,s) = G(t—s])

A sin kT -, T sink L 1
)= ———" < Gs)<G=)= 2 = )
0 <G(0) 2k(1 — coskT) — Glt,s) < G 2) 2k(1 —coskT)  2ksinkL
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Green’s function have zeros in s = ¢, and kK = 7, see [1]. Now, define set of the associated Green’s function may have zeros
at t = s by

T ={(t,s) € [0,T] x [0,T]|G(t,s) =0, as s = t,k € (0, %1}.

Then, define
= [0,TI\I'. (7)

Then, easy can find its positive minimum A and maximum B by

i A
0<A= min  Gls)  B= max [Cls)l, o=F. (®)

Our main result are:
We now state our main results in this work. Analogous results for the Dirichlet/Neumann boundary value problems were

established in [2].

Theorem 2.1. Assume (H1) and (H2) holds. And f(t,u(t)) # 0 on any subinterval of [0, TJ.

ftu) : < f(tu)
(a). If lim max =2* =0 and lim min =2=

Jim - max S Jim | min, = 00, then (1), (2) has a positive solution; or

f(tw)
u

(b). If lim min %% — 50 and lim  max =0, then (1), (2) has a positive solution.

u—04 t€[0, 7] u——+o00 t€[0,T]
Proof.  Superlinear case.

lim max f(tu) =0 and lim min (t, u)
u—04 te[0,T] u u——+00 te(0,T] u

= OQ.

It is clear that the problem (1) and (2) has a solution u = w(t) if and only if u solves the operator equation

) :/0 Gt 5)f(s,u(s))ds == Tu(t), e Clo,T].

Denote
K = {u € O Tu(t) > 0,minu(t) > o || u |}
where J, o defined in (7), (8) respectively above and || u ||= n%aa% |u(t] . O
teo,

Lemma 2.2. Assume (H1) and (H2) holds. Then T(K) C K and the map T : K — K is completely continuous.

Proof. 1If u € K then

min Tu(t mln/ G(t,s)f(s,u(s))ds,

teJ teJ

zAAfmmm@

T
=B 0'/ f(s,u(s))ds > osup || Tu || .
0

Thus, T(K) C K. It easy to verify that T is completely continuous.
Now, since 11%1 n%ax] @ = 0, we may choose Hy > 0, such that f(t,u) < ewu, for t € [0,1],0 < v < Hy, where € > 0
u—04 t€[0,T

satisfies B e T' < 1. Thus, if u € K and || u ||= Hi, then

Tu(t) max/ G(t,s)f(s,u(s))ds,

~ telo,T

gBAf@MW@ﬁmm
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Now if we let Q1 := {u € K :|| u ||< H1}. Then we have || Tu ||<|| u ||, v € K N9Q. Further, since 11141_1 rr[loir;] @ = 00,
u—+oo te[o,
there exist Hs > 0, such that for ¢ € [0, 7], and v > Ha, f(t,u) > p u where > 0 and Ap J;ds > 1. Take Hy = {2H:, %},

Qo :={u€ K:||u|< Hz}. Then u € K, || u ||= H2 implies rtréi?u(t) >o|ul> Hy, forteJ
A, T ~
Tu(t) :/ G(t,s)f(s,u(s)ds,
0
> A/f(s,u(s)ds
J

>a [ ululds
J

2wl

Hence, || Tu ||>|| w || for uw € K N 9N,. Therefore, by the first part of the Theorem 1.1 and Lemma 2.2, it follows that 7" has
a fixed point in K N Q2\Q1 such that Hy <|| u ||[< Hs and u(t) > 0 for ¢ € [0, 1]. This completes the superlinear part of the

theorem. Sublinear case.

lim min f(tw) =oo0 and lim max f(tu)
u—04 t€[0,T) u u—+o00 t€[0,T] u

=0.

We first choose Hi > 0 such that f(t,u) > 7 u for 0 < u < Hip, where NA fJ ds > 1 (A and J define in above of proof).

Then for u € K, || u ||= Hy and € J we have

Tu(i) = /O G(L, 5) (s, u(s))ds,
ZA/Jf(s,u(s)ds,
ZAjAHuH%7

2wl

Let Q1 := {u € K :|| u ||< Hi} such that || Tu |>| u || for u € KNdY. Now, since lim max L% — ) there exist
u—+oote[0,T]

H> > 0 so that ft,u) < u for u > H, where X > 0 satisfies A\BT < 1.
We consider two cases:
Case (i): f is bounded, f(¢,u) < N for all u € (0,00). In this case choose Hz := max{2H;, NBT'} so that for v € K with

|| u||= H2 we have
T
Tu(t) = / G(t,s)f(s,u(s))ds < NBT < Hj.
0

and therefore | Tu ||[<|| w || .

Case (ii): f is unbounded. Then choose Hy > max{2H;, H>} such that
ft,u) < f(t,H2) for 0<wu< Ha.

Then for u € K and || u ||= H2, we have

Tu(t):/o G(t,s)f(s,u(s))ds
< )\B/O f(s,u(s))ds
<AB / " (s, Ha)ds

< ANT'BH>

< Ho =[lu]l.
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Therefore in either case we may put Q2 := {u € K :|| u [|[< Hz}, and for v € K N9Q2 we have || Tu ||<|| u ||. By the second
part of the Theorem 1.1, it follows that the problem (1), (2) has a positive solution,And this completes the proof of the

theorem. O
Example 2.3. Let us consider the periodic boundary value problem (1), (2) with

(1). k= % and T = 21 then the set of Green’s function may have zeros given by
1
= {(t,s) €[0,7] x [0, T]|G(t,s) =0, as s=t, k = E,T: 27r} .
Then, define

J =0, T|\I. 9)

Then, easy can find its positive minimum A and maximum B by

0<A= min_ G(ts), B= max |G(t,s)|7a:%. (10)

t,s€[0,27]\T" t,s€[0,27]
or

(2). k=

and T = 47 then the set of Green’s function may have zeros given by

NI

r = {(t,s) €[0,7] x [0, T]|G(t,s) =0, as s =t,k = %,T:Zlﬂ'}.

Then, define

Ji = [0, T]\I's. (11)

Then, easy can find its positive minimum A and maximum B by

0<A= min G(s), B= max |G(t,s)]|, c=

A
—. (12)
t,s€[0,47]\T'1 t,s€[0,47] B

Now let f(t,u) = u®(t), a € (0,1)U(1,00). We see that (H1)(k = %, %) hold and (H2) hold. Moreover, it is easy to see that

K8 — 0 and lim min %% = oo if a € (1,00).

(a). lim max
u—+oote[0, 7]

u—04 t€[0,T]

f(tu)

u

=00 and lim max &% =0, ifa e (0,1).

b). li i s
(b). lim min Jm | max =

u—04 t€[0,T]

Then the conclusion follows from Theorem 2.1 (a) and (b).
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