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1. Introduction

Let H be a real Hilbert space. Let C be asubset of H and F(T) denote the set of fixed points of mapping T. We recall here

some basic definitions:

Definition 1.1. Let C be a nonempty closed convex subset of E.A mapping f : C — C' is said to be a strict contraction if

there exists a constant X € (0,1) satisfying || f(z) — f(y)|| < M|z — y|| for all z,y € C.

Definition 1.2. A mapping T : C — C is said to be an asymptotically non-expansive if there exists a sequence {k,}
with kn — 1 such that |T"z — T"y|| < knllz —yll, ¥V 2,y € C. An asymptotically nonexpansive mapping contains strict

contraction, nonexpansive mapping as a special case.

Definition 1.3. A mapping T : C — C is said to be an asymptotically pseudocontractive mapping in Banach spaces if there

exists a sequence {kn} with kn, — 1 and j(z —y) € J(z —y) for which the following inequality holds

(T"z =Ty, j(x —y) <knllz—ylI>, Va,yeC, n>1

Definition 1.4. A mapping T : C — C' is said to be uniform L-Lipschitzian if there exists some L > 0 such that

Tz —T"y|| < L|lz—y|,Vz,yeC, Vn>1
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It is easy to see that if T is an asymptotically nonexpansive mapping, then it is both asymptotically pseudocontractive and

uniformly L-Lipschitzian but the converse is not true in general.

A lot of research has been done by many authors in order to investigated the viscosity iterative algorithms to find the
common element of the set of fixed point of pseudocontractive mappings and the set of solution of variational inequality
problem. In 2000, Moudafi [1] introduced the viscosity iterative algorithm for strong convergence of nonexpansive mappings
in real Hilbert space. Later, in 2004, Xu [2] extended results of Moudafi [1] and introduced the following viscosity technique

for nonexpansive mapping in a uniformly smooth Banach Space :
Tn+1 = anf(xn) + (1 — an)Txn, n>0

Where f is a contraction and {an} is a sequence in {0,1}. The implicit midpoint rule is a powerful method for solving
ordinary differential equations; see [8,9] and the references therein. Recently in 2015, Xu [4] applied the viscosity technique

to the implicit midpoint rule for a nonexpansive mapping. They introduced the following viscosity implicit midpoint rule:

M)ynzo (1)

Tnt1 = anf(zn) + (1 — an)T ( 3

They proved that the sequence generated by Equation (1) converges strongly to a fixed point of T, which also solves the

following variational inequality in Hilbert space:

In 2017, Luo [7] proved strong convergence for strict pseudocontractive mapping with some appropriate conditions on
parameters by using the above Equation (1), the implicit midpoint rule of nonexpansive mappings in uniformly smooth

Banach spaces which also solves the following variational inequality problem
(U= fg,x—q) >0, z€ F(T)

Recently, Yan [10] extended the result of Luo [7] from nonexpansive mapping to asymptotically nonexpansive mapping and

introduced the following generalized viscosity implicit rule for asymptotically nonexpansive mapping in Hilbert space

n>0

Tp41 = Oénf(xn) + (]_ — Oén)Tn (M) ,

2

which is also the solution of the variational inequality

(I-flay—q) >0, forallye F(T)

In this paper, we propose an iterative algorithm and prove strong convergence of an asymptotically pseudocontractive
mapping in a reflexive smooth Banach space F which also solves a certain variational inequality. Our algorithm improves
some conditions of above iterative algorithm and extends result of Yan [10] from asymptotically nonexpansive mapping
to asymptotically pseudocontractive mapping in a real Hilbert space. Also, our result improves and extends many recent

results.
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2. Preliminaries

Let C be a nonempty closed convex subset of H.We shall make use of the following Lemmas.

Lemma 2.1 ([11]). Assume {an} is a sequence of nonnegative real numbers such that

An+41 < (1 - an)an +5na n > 0

Where {an} is a sequence in (0,1) and 6, is a sequence in R such that

8

Q= 005

n=0

o0
2. lim sup 2= <0 or 3 [0a] < 0.
" n=1

n—r00

Then, lim a, = 0.
n—o0

Lemma 2.2 ([3]). Let T be an asymptotically nonexpansive mapping defined on a nonempty bounded closed convex subset

C of a Hilbert space H. If {zn} is a sequence in C such that x,, — z weakly and Tz, — x, — 0, then z € F(T).

Lemma 2.3 ([9]). Let E be a reflexive smooth Banach space with a weakly sequential continuous duality mapping J. Let
C be a nonempty bounded and closed convex subset of E and T : C — C be a uniformly L-Lipschitzian and asymptotical
pseudocontraction. Then I-T is demiclosed at zero, where I is the identical mapping, i.e., if £, — x weakly and x, — Tz, — 0

strongly, then x € F(T).

3. Main Result

Theorem 3.1. Let H be a real Hilbert space .Let C be a nonempty bounded and closed convez subset of H and T : C' — C
be a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping with a sequence {kn} such that F(T) # ¢ and
f:C — C be a contraction with coefficient o € (0,1). Pick any xo € C. Let {zn} be a sequence generated by

ot init) 3)

Tnt1 = an f(zn) + (1 — an)T" ( 5

Where {an} is a real sequence in [0,1] satisfying the following conditions:
(’L) lim Qp = 0, E Op = OO,
n—co n=0

(i3). nhﬁngoﬁ =0;

o0
(Z’LZ) Z |an+1 — Oén| < ooy
n=0
e
(w). > sup }T"'Hx — T”ﬂc‘ < oo, where C’ s a closed convex subset of C that contains sequence {zy}.
n=0zeC’
Then {xn} converges strongly to a fized point q of the asymptotically pseudocontractive mapping T, which is also the solution

of the variational inequality (I — f)q,y —q) > 0, for ally € F(T).

Proof. We divide the proof into five steps:

Step 1: First, we show that {z,} is bounded. Indeed, take p € F(T) arbitrarily, since lim fii = 0, then there exists

n—00

N € N such that for all n > N, s—z < (1_7“) Choose a constant M; > 0 sufficiently large such that

1—«
len —pll < M, [1f(p) = pll < —5—M:
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We proceed by induction to show that ||z, —p|| < M1, ¥V n > 1. Assume ||z, — p|| < My, for some n > N. We show that

|zn+1 — pl| < Mi. We observe

an f(@n) + (1 — an)T" (M) —p”

a1 — ol =| -

Sanl[f(zn) = @) +an[f(p) =Pl + (1 = an)

() = pl 4+ (1= an) [T (L) |
[ (=) =]

In +xn+1) 7 H
-5 p

<analzn = pll +an [[f(p) =Pl + (1 — an)L H(

< anarlfzn — il + an 1) —pll + L0 i —p ¢ BEZ00) gy
It follows that
(1= 252 s — i < e EEZ 2 o, — 500 —
fowes = pll < 25 EO=C) ol 4+ 22— 1)
— (1 - 20O RO S e Z B o 4 s 1)

an(l - a) an(l—a) |[If(p) —pl
S{l‘m]”“‘p“w_ul_an) 1 —a

< Maz {Hwn _pll, 1) —pl\}

l1—«

<M (4)

This implies that {z,} is bounded. It turns out that f(x,), T" (%) are also bounded.

Step 2: Next, we prove that lim ||[znp4+1 — x| = 0. It follows from Equation (3) that
n—oo

anf(zn) + (1 — an)T" (73:” T Tnt1 Tn-1+2n ZEn)H

2 2

@ (£(20) = S (@1)) + (@ = 1) f@n-) + (1= a) [T () - e (En i )]

) = an-tf(@n1) + (1= an-)T"

Jenss = 2a = |

(1= a7 () (1 gy (T

2 2
+(1 = an_) [T" (w) _ et (w)} H
2 2
n [ Tn + Tniyl n [ Tn—1+ Tn
o~ o 0 [ () e ()
Tn—1+ Tn Tn-1+ Tn _ Tno1 4 Tn
oo [ (B 1o i (2 (22 )
= [ = zn-a | + (1= o) D | RS - 2T g, g (o) - 7 (PR |
+ sup ||[T"z — T" 'z
zec!
200, + (1 — an)L 1—ay)L . .
S ( ) ||$n_:L’n—1||+u||xn+1_an_*_‘an_an_ﬂMQ_’_Sup T —T 11‘”
2 2 zec!
where M> is a constant such that
M, = sup Hf(xn_l) -7 (17) H
n>0 2
It follows that
2—(1—an)L 2aapn + (1 —an)L B
% Hxn+1 - xn” < n (2 n) ||xn _ CL’n71|| + |an _ Olnfl‘ Ms + sup Trg — T™ le
zEc!
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This implies

200 + (1 — an)

2—(1—an)L
2[1 — aan — (1 —an)L 2M,

<({1- n — Tn— a5 /1 N7

—< 2—(1—an)L >”m el s =a = ant

L 2M>
o =zl + 5=

n - 4n < _—
HZE +1 T H = (1 —Oén)L

2
lon = an—af + 5 — (1— an)L oocr

|O¢n - Oén—1|

+ 2 sup HT":U—T"AJ:H

2 — (1 — Oén)L zeC’
Let ~y,, = 2li=een=0=an)L] e pote

2—(1—apn)L

2[(1 — a)an + (1 — an)(1 — L))

= 2—(1—an)L
o 2[(1 = a)an + (1 = an)(1 = L)]
= 2L

=[(1—-a)an + anl]

>an(l—a)+L> 1"

Qn

By condition (i), we have Y77 v = 0o. Apply Lemma 2.1 to Equation (5), we get
lim ||zne1 —zn] =0
n— oo

Step 3: Next, we prove that lim ||z, — Tx,| = 0. In fact, we have
n—oo

)xnﬂ _m (%)H = an || flzn) —T" (%)H 50 as m— oo
Moreover, we get
T — T 20| = |0 — Tng1 + Tngr — T Tn + Tnt1 + 7" ZTn + Tnt1 — Tz,
2 2
< Ntngs — znl| + Han _qm (%) H T HTn (%) — T,
n [ Tn +xn+1
< Nlznss = nll + ||onss = 7% () |+ Lllonss — 2l
= (L+ 1) ons1 = zal + [wnss = 77 (B2 |
Combining Equation (6) and Equation (7), we can obtain
nhﬁngo |zn — T x| =0
We notice
|zn — Txn| = Ha:n — T 2y + T 2y — T gy, + T 2, — Ta:n”

<lwn = T || + | T 20 — T"HmnH + LT "zn — xn|

< l@n — T"an|| + sup | T"zn — T"Han + LT "xn — zn||
zeC’

By condition (iv) and Equation (??), we have

lim ||z, — Tzn|| =0
n— o0

sup HT"J: - T"_lﬂcH
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Step 4: Next, we claim that

lim sup (¢ — f(q),qg —zn) <0 9)

n— oo

where ¢ = Pp(7)f(q). Indeed, there exists a subsequence {zn:} of {x,} such that

lim sup (¢ = f(q),j(q —xn)) = lim (g = f(),q = Tni)

n—oo —+o0

Since {zy} is bounded , there exists a subsequence of {z,} which converges weakly to p. Without loss of generality, we may
assume that x,; — p weakly. From Equation (8) and Lemma 2.2, we have p € F(T). This together with the property of the

metric projection implies that

lim sup (¢ — f(¢),q — zn) = lim (¢ — f(q),q — 2ni) = (¢ — f(q),q—p) < 0.

n—oo 1—00

Then Equation (9) holds.

Step 5: Finally, we show that xz,, — ¢ as n — co. In fact, we have

n (Tn + Tn
lensr = all” = (nflwn) + (1= an)T" (P57 ) — g anis —a)

2
= (an(fl@n) = a) + (1= an) (@ () — ) wis — g)
= an (f(2n) = ¢ Tnt1 = ¢) + @ (f(9) = ¢, Tns1 — @) + (1 — an) <T" (%) = ¢, Tnt1 — q>
< aaflan —all- fonrs = all + (1= ) | 2 4 L o — a4 a0 (£(0) — g.200 )
< 00 gy — gl o+ 222 g = gl + S0 o g Ll e g
P O e gl (@) — i — )

which implies

4—2aan, —3(1 —an)L 20, + (1 —an)L

lzn41 = gll* < lzn = gll* + an (f(@) = ¢, @nt1 —q)

4 4
That is
9 2ccan + (1 — an)L 9 4o,
n - < n - - Yydn -
H{E +1 q” = 4200, — 3(1 — Oén)L ||$ q“ + 4~ 200, — 3(1 — an)L <f(q) 4, Tn+1 q>
4(anL+1—aa, — L) 5 4oy,
=1- n— — ¢, Tg1 — 10
4—2aan — 3(1—an)L lzn = all” + g5 0 — 3(1—an)L (@) = @201 =) (10)
Put v, = —fﬁ‘ggﬁﬁgﬁ"axﬁ, we have
_ 4l(an (A= L) + an(l - )]
" 1 —2aan + 3(an — 1)L + 3an
S 4(an — 1)(1 = L) 4+ an(1l — )]
- 1+ 3an
> (1= L)(an — 1) + an(l - a)
>an(l—a)—L> kTaan
Apply Lemma 2.1 to Equation (10), we obtain x,, — ¢ as n — oco. This completes the proof. O
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Since nonexpansive mapping are asymptotically nonexpansive and also asymptotically nonexpansive mapping are asymp-

totically pseudocontractive ,we obtain the results of Xu [4] and Yan [10]. We obtain the result as:

Theorem 3.2 ([10]). Let H be a Hilbert space, C a nonempty closed convez subset of H. Let T : C — C' be an asymptotically
nonezpansive mapping with a sequence {0, } such that F(T) # ¢ and f : C — C a strict contraction with coefficient o € [0, 1].

Pick any xo € C. Let {xn} be a sequence generated by

n>0

P = o (@) + (1= a7 (T2 0ty

2
Where {an} is a real sequence in [0,1] satisfying the conditions:

o0
(t). Im an =0; > an =o0;
n—oo n—=0

(ii). lim % =0;

n—oo &n

(ii). Y o™t —a™| < oo;
n=1
(). > sup HT”Hx - T"a:” < oo, where C’ s a closed convex subset of C that contains sequence {x,}.
n=0zeC’
Then {xn} converges strongly to a fized point q of the asymptotically nonexpansive mapping T, which is also the solution of

the variational inequality

(I=Pa,y—q) >0, forallye F(T)
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