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a b

Abstract: Let G = {( e d

) ta,b,c,d € Zp,ad — be # 0}, Then G is a group under matrix multiplication modulo p. Let G =

{( Z Z ) €G:ad—bc= 1}. Then G is a subgroup of G. We have, o(G) = p(p? — 1)(p — 1) and o(G) = p(p?> — 1). Let

L(G) denotes the lattice of subgroups of G, where G is the group of 2 x 2 matrices over Z, having determinant value 1
under matrix multiplication modulo p, where p is a prime number. In this paper, we give the structure of the subgroups
of order 42 and 48 of L(G) in the case when p = 7.
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1. Introduction

Let

a b
g= ta,b,c,d € Zp,ad —bc# 0
c d

Then G is a group under matrix multiplication modulo p. Let

b
G = €G:ad—bc=1
c d

Then G is a subgroup of G. We have, o(G) = p(p® — 1)(p — 1) [6] and o(G) = p(p®> — 1) [6]. In this paper, we give the

structure of the subgroups of order 42 and 48 of L(G) in the case when p = 7.

2. Preliminaries

In this section we give the definition needed for the development of the paper.
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Definition 2.1. A partial order on a non-empty set P is a binary relation < on P that is reflerive, anti-symmetric and
transitive. The pair (P, <) is called a partially ordered set or poset. A poset (P, <) is totally ordered if every x,y € P

are comparable, that is either v <y ory < xz. A non-empty subset S of P is a chain in P if S is totally ordered by <.

Definition 2.2. Let (P, <) be a poset and let S C P. An upper bound of S is an element x € P for which s < z for all
s € S. The least upper bound of S is called the supremum or join of S. A lower bound for S is an element x € P for which

x < s for all s € S. The greatest lower bound of S is called the infimum or meet of S.

Definition 2.3. Poset (P, <) is called a lattice if every pair z, y elements of P has a supremum and an infimum, which

are denoted by x Vy and x Ny respectively.

Definition 2.4. For two elements a and b in P, a is said to cover b or b is said to be covered by a (in notation, a = b or

b < a) if and only if b < a and, for nox € P, b< z < a.

Definition 2.5. An element a € P is called an atom, if a > 0 and it is a dual atom, if a < 1.

Theorem 2.6. If G is a finite group and H is a subgroup of G, then the order of H is a divisor of the order of G.
Theorem 2.7. If G is a finite group and a € G, then the order of ‘a’ is a divisor of the order of G.

Theorem 2.8. Let G be a finite group and let p be any prime number that divides the order of G. Then G contains an

element of order p.

Theorem 2.9. If p is a prime number and p* | o(G), p*** 1 o(G), then G has a subgroup of order p*, called a p-sylow

subgroup.

Theorem 2.10. The number of p-sylow subgroups in G, for a given prime p, is of the form 1+ kp.

3. Arrangement of Elements of G According to their Orders

The number of element of order 2 is 1. The number of elements of order 3 is 56. The number of elements of order 4 is 42.
The number of elements of order 6 is 56. The number of elements of order 7 is 48. The number of elements of order 8 is 84.

The number of elements of order 14 is 48.

4. Subgroups of G of Different Orders

The number of subgroups of order 2 is 1. The number of subgroups of order 3 is 27. The number of subgroups of order 4 is
21. The number of subgroups of order 6 is 28. The number of subgroups of order 7 is 8. The number of subgroups of order
8 is 21. The number of subgroups of order 12 is 18. The number of subgroups of order 14 is 8. The number of subgroups
of order 16 is 21. The number of subgroups of order 21 is 8. The number of subgroups of order 42 is 8. The number of

subgroups of order 48 is 14.

5. Lattice Structure of Some Lower Intervals of Subgroups of Order
42 in L(G) Over Zy

Let U be an arbitrary subgroup of order 42. Then the elements of U must have orders 1,3,6,7 or 14. We tabulate the

subgroups of order 42 in L(G).
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Table 1.

Intervals [{e}, U;] in L(G), i =1,2,...,8

Order Subgroups Order Subgroups

42 U, 42 Us

21 T 21 Ts

14 Ry 14 |Ro

7 M 7 |N2

6 | My, Mi2, Mig, Mis, M7, Ma1, Mas 6 |Mi, My, Mag, Mis, Mig, Mag, Moy

3 | K1, Ki2, K14, K16, K17, K21, Ko3 3 |Ki, K11, K13, K15, K1s, Ka22, Ko4
Order Subgroups Order Subgroups

42 |Us 42 Uy

21 T3 21 Ty

14 |Rs3 14 |R4

7 N3 7 Ny

6  |My, Mg, Mg, Ma7, Mao, M2g, Mag 6 |My, Ms, Mig, Mys, Mig, Mz3, Mas

3 | K4, K¢, K9, K17, K20, K24, K26 3 |K4, K5, Ki0, Ki8, K19, K23, K25
Order Subgroups Order Subgroups

42 Us 42 Us

21 Ts 21 Te

14 Rs5 14 Rg

7 N5 7 Ng

6 |Ms, Mg, Mg, Mis, M19, Maz, Mag 6 |Ms, M5, M7, My5, Mao, Ma1, Maz

3 |Ks, K¢, Ks, K16, K19, Ka2, Kos 3 |Ks, K5, K7, K15, K20, K21, Ko7
Order Subgroups Order Subgroups

42 Uy 42 |Usg

21 |Ty 21 |Ty

14 |R7 14 |Rs

7 N7 7 NS

6 |Ma, Mg, Mio, M2, Mi3, Maze, Ma7 6  |Ma2, M7, My, M1, M4, Mas, Mag

3 | K2, Kg, K10, K12, K13, K26, Ko7 3 |Ka, K7, K9, K11, K14, K25, Kas

We display one typical interval [{e} , U1] of L(G) in the following diagram.

Figure 1.

Ry

The Interval [{e}, U]
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6.

48 in L(G) Over Zy

Let V be an arbitrary subgroup of order 42. Then the elements of V must have orders 1,3,4,6 or 8. We tabulate the

subgroups of order 48 in L(G).

Table 2.
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Lattice Structure of Some Lower Intervals of Subgroups of Order

Intervals [{e}, V;] in L(G), t=1,2,...,14

Order Subgroups Order Subgroups
48 |V 48 |V,
16 |S12, Si6, S17 16 [S13, S18, S19
12 1Q1, Q4, Q7, Qs 12 |Q1, @3, Q9, Q10
8 | P12, Pig, P17 8 | Pi3, Pis, Pio
4 |Li, Lo, L3, Lio, L11, Li2, L14, L1s, Li7 4 |Li, Lo, Ls, Ls, Lo, L13, L1s, L1s, L1g
3 K1, Ka, K7, Kg 3 Ky, K3, Kg, K19

Order Subgroups Order Subgroups
48 | V3 48 |Vy
16 S4, S5, S15 16 Se, S7, S14
12 1Q2, Q4, Q15, Q16 12 1Q2, Q3, Qi7, Qs
8 |Pu4, P5, P15 8 | Ps, Pr, P1y
6 | M2, My, Mis, Mig 6 |Ma, M3, Mi7, Mg
4 |Li, L4, Ls, Lio, L11, L13, L15, Lao, L21 4 |Li, Le, L7, Ls, Ly, L12, L14, L2o, L21
3 | Ky, Ky, Ki5, K16 3 |Kq, K3, Ki7, Kis

Order Subgroups Order Subgroups
48 | V5 48 | Vg
16 |Ss, S10, S21 16 |S4, S11, S20
12 1Qs5, Qo, Qi2, Q22 12 |Qs, Q1o0, Q11, Q21
8 | Ps, Pio, P21 8 | P4, P11, Pxo
6 | Ms, My, Mia, Mao2 6 |Ms, Mig, M11, M2y
4 |Ls, L4, Ls, L7, Ls, L1o, L1s, Lis, L21 4 |Lg, La, Ls, L, Lo, L11, L1s, L17, L2o
3 | K5, Ko, K12, K22 3 |Ks, Kio, K11, K21

Order Subgroups Order Subgroups
48 | V7 48 |y
16 Se, So, Sa20 16 S7, Ss, S21
12 |Qs5, Qs, Q1a, Q24 12 |Qs, Q7, Q13, Q23
6 | Ms, Mg, Mg, Moy 6 |Ms, M7, M3, Mag
4 |Ls, L4, Le, L7, Ly, L11, L14, L1g, L2o 4 |Lg, Ls, Le, L7, Lg, L1o, L14, L1s, Lo
3 |Ks, Ks, K14, K24 3  |Ks, K7, K13, K23

Order Subgroups Order Subgroups
48 |V 48 |Vio
16 | S3, S10, S16 16 |S2, S11, S17
12 |Q11, Q17, Q19, Q27 12 |Q12, Q1s, Q20, Q28
8 | Ps, Pio, Pis 8 |P2, P11, P17
6 | My, My7, Mg, Ma7 6 |Mi2, Mg, Mag, Mog
4 L3, Ls, Lo, L1o, L12, L1s, L17, L19, La1 4 Lo, Ly, Lg, L11, L12, Lie, L17, L1s, Lao
3 K1, K17, K19, Kot 3 Ki2, K18, Kog, Kog

Order Subgroups Order Subgroups
48 | Va1 48 Va2
12 |Q14, Q15, Q19, Q26 12 |@Q13, Q16, Q20, Q25
8 | P2, Ps, Pig 8 | P3, Py, Pig
6 | Mia, Mis, Mg, Mg 6 |Miz, Migs, Mao, Mas
4 |Le, L7, Lg, L11, L13, Li7, Lis, L19, L21 4 |Ls, Le, Lo, L10, L13, Lis, L1s, L19, L2o
3 | K4, Kis, Kig, Kag 3 | Kz, Kie, K20, Kos
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Order Subgroups Order Subgroups
48 Vis 48 Via
16 |51, Si2, S1a 16 |51, S13, S15
12 |Q21, Q22, Q25, Q26 12 |Q23, Q24, Q27, Q28
8 |1, Pig, P1a 8 |1, P13, Pis
6 | M1, Mag, Mas, Mag 6 | Mag, Mag, Ma7, Mas
4 |Li, Le, L7, L12, L13, L14, L1s, L1s, L17 4 |Li, L4, Ls, L12, L3, L1a, L1, L1s, L1g
3 | K21, Koz, Kas, Kag 3 |Kas, K24, Ko, Kog

We display one typical interval [{e}, V1] of L(G) in the following diagram.

Vi

Pz

Figure 2. The Interval [{e}, V1]

7. Conclusion

In this paper, we produced the lattice structure of subgroups of order 42 and 48 in the subgroup lattices of 2 x 2 matrices

over Z7.
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