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1. Introduction and Preliminaries

The stability problem of functional equations originated from a question of S.M. Ulam [40] concerning the stability of group
homomorphisms. D.H. Hyers [15] gave a first affirmative partial answer to the question of Ulam for Banach spaces.

Hyers’ theorem was generalized by T. Aoki [2] for additive mappings and by Th.M. Rassias [35] for linear mappings by
considering an unbounded Cauchy difference. The paper of Th.M. Rassias [35] has provided a lot of influence in the
development of what we call generalized Hyers-Ulam stability of functional equations. A generalization of the Th.M. Rassias
theorem was obtained by P. Gavruta [14] by replacing the unbounded Cauchy difference by a general control function in the
spirit of Rassias approach. In 1982, J.M. Rassias [32] followed the innovative approach of the Th.M. Rassias theorem [35]
in which he replaced the factor ||z||” + ||y||” by ||z||”||y||? for p,q € R with p+ ¢ = 1.

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was obtained by Ravi etal., [37] by
considering the summation of both the sum and the product of two p— norms in the sprit of Rassias approach. The stability
problems of several functional equations have been extensively investigated by a number of authors and there are many
interesting results concerning this problem (see [1, 12, 16, 20]).

A K. Katsaras [22] defined a fuzzy norm on a vector space to construct a fuzzy vector topological structure on the space.
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Some mathematicians have defined fuzzy norms on a vector space from various points of view [13, 24, 41]. In particular,
T. Bag and S.K. Samanta [8], following S.C. Cheng and J.N. Mordeson [10], gave an idea of fuzzy norm in such a manner
that the corresponding fuzzy metric is of Kramosil and Michalek type [23]. They established a decomposition theorem of a
fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [9]. We use the definition

of fuzzy normed spaces given in [8] and [27-30].

Definition 1.1. Let X be a real linear space. A function N : X x R — [0, 1] (the so-called fuzzy subset) is said to be a fuzzy

norm on X if for all z,y € X and all s,t € R,

(F1) N(z,c) =0 for c<0;

(F2) z =0 if and only if N(z,c) =1 for all ¢ > 0;

(F'3) N(cx,t):N(:c,ﬁ) if ¢ # 0;

(F4) N(z+y,s+1t) >min{N(z,s), N(y,t)};

(F5) N(z,-) is a non-decreasing function on R and limi—eN(z,) = 1;
(F6)

F6) forx #0,N(x,-) is (upper semi) continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N(X,t) as the truth-value of the statement the norm

of x is less than or equal to the real number t’.

Example 1.2. Let (X, || -]|) be a normed linear space. Then

%, t>0, z€X,
N (z,t) = + [zl

0, t<0, ze X
s a fuzzy morm on X.

Definition 1.3. Let (X, N) be a fuzzy normed linear space. Let x, be a sequence in X. Then x, is said to be convergent
if there exists x € X such that lim N(z, — x,t) =1 for all t > 0. In that case, x is called the limit of the sequence x, and
n—o0

we denote it by N — lim x, = x.
n—oo

Definition 1.4. A sequence x,, in X is called Cauchy if for each € > 0 and each t > 0 there exists no such that for all

n > ng and all p > 0, we have N(Tptp — Tn,t) > 1 — €.

Definition 1.5. Every convergent sequence in a fuzzy normed space is Cauchy. If each Cauchy sequence is convergent, then

the fuzzy morm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

The stability of various functional equations in fuzzy normed spaces was investigated in [3, 4, 6, 17, 26-30, 38]. In this

paper, the authors investigate the generalized Hyers-Ulam-Aoki-Rassias stability AQCQ functional equation

flx+2y)+ f(z —2y) =4f(x+y) —4f(x —y) — 6f(x) + f(2y) + f(—2y) — 4f(y) — 4f(~y) 1)

in the fuzzy normed vector space by direct method.

2. Fuzzy Stability Results: Direct Method

Throughout this section, assume that X, (Z, N’) and (Y, N’) are linear space, fuzzy normed space and fuzzy Banach space,

respectively. Now use the following notation for a given mapping f: X - Y

D f(z,y) = f(z +2y) + f(x = 2y) —4f(x +y) +4f(z —y) + 6f(x) — f(2y) — f(—2y) +4f(y) +4f(—y)
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for all z,y € X. Now, we investigate the generalized Ulam-Hyers stability of AQCQ functional equation (1).

Theorem 2.1. Let 8 € {—1,1} be fized and let o : X — Z be a mapping such that for some d with 0 < (g)ﬁ <1
N’ (a(2’8y72ﬁy),r) >N’ (dﬁa(y7y)7r> (2)
forally € X and allr >0, d > 0, and
khﬁnolo N’ (a (2“:0,2“@/) ,QBkr) =1 (3)
forall x,y € X and all r > 0. Suppose that a function f : X — Y satisfies the inequality
N (D f(z,y),r) =2 N' (ez,y),7) (4)
for allr >0 and all x,y € X. Then the limit
Aw) = N - tim 120 5)
exists for all y € X and the mapping A : X — 'Y is a unique additive mapping such that
N (7@0) = 870) = A ) = min {8 (o, ED0) 7 (a2, B0} ©
forally € X and all r > 0.
Proof. First assume 3 = 1. Replacing (z,y) by (y,y) in (4), we get
N (f(3y) — 4f(2y) +5f(y),7) = N’ (a(y, ). 7) )
for all y € X and all » > 0. Replacing by 2y in (4), we obtain
N (f(4y) — 4f(3y) + 6f(2y) — 4f(y),7) = N' (a(2y,9),7) (8)

for all y € X and all 7 > 0. Now, from (7) and (8), we have

N (f(4y) = 104(2y) +16(y), ) = min { N (4(/(3y) — 4/ (29) + 5/ (1)), 5 ) s N (f(4y) = 47 (3y) + 61(29) = 47(»), 5 ) }
Zmin{N’ (a(y,y)yg) N (a(wwé)} )

[\V]

for all y € X and all » > 0. Let a : X — Y be a mapping defined by a(y) = f(2y) — 8f(y). Then we conclude that
N (a(2y) = 2a(y).7) = min {N' (a(y, ), £ ), N (a(2y.). 7) } (10)
for all y € X and all » > 0. Thus, we have

N (62 —at.5) = min (' (0. ) (ot )} "
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for all y € X and all » > 0. Replace y by 2¥y in (11), we get

k+1 k
N <a(§k+1y) 12, %) > min {N' (a(29,2%9), £ ) . N (a(2*1y,2"), 1) } (12)

for all y € X and all r > 0. Using (2), (F'3) in (12), we arrive

(P, ) i s ) o ) o

for all y € X and all r > 0. Replacing r by d*r in (13), we get

N (a(;:j:y) — a(g:y) , %) > min {Nl (a(y,y), g) N’ (a(Qy, Y), Z)} (14)

for all y € X and all » > 0. It is easy to see that

a(2%y) = a(2y) _ a(2'y) (15)
2k 2it1 2i
=0
for all y € X. From equations (14) and (15), we have
k—1 . k—1 ; : kE—1
a(2%y) d'r . a(2y)  a(2%) d'r
_ > _
N ( 2 “(y)’; 2ig | =" L:J N e 2 ;) 212
r
> -
mmiL:J {N (a(y,y),g),N ( (2y,y) 4)}
> mi / r / T
> min {N (oz(y7y), 8) , N (a(?y,y), 4)} (16)
for all y € X and all » > 0. Replacing = by 2™z in (16) and using (2), (¥'3), we obtain
N a(2" ") — (2m z_: : > min {N (a(y y) L) N’ ( (2y,v), ! )} (17)
2(k+m) 2“”"2 1Y 8dm ) 4dm™
for all y € X and all » > 0 and all m,k > 0. Replacing r by d™r in (17), we get
a(2¥T™y)  a(2™y) IR gitm oy r , r
N e R s T

for all y € X and all » > 0 and all m,k > 0. Using (F'3) in (18), we obtain

a(2Ftmy a(2™y . r r
N( (2(k+m)) — (2m ),7"> > min{ N’ a(y,y)ym N a(2y7y)am (19)

i=m 22 i=m 22

k i
for all y € X and all » > 0 and all m,k > 0. Since 0 < d < 2 and Z (g) < o0, the cauchy criterion for convergence and
i=0

k
(F'5) implies that {a(gky)} is a Cauchy sequence in (Y, N). Since (Y, N) is a fuzzy Banach space, this sequence converges

to some point A(y) € Y. So one can define the mapping A: X — Y by A(y) = N — limg— o ‘Z(z:y) for all y € X. Letting
m = 0 in (19), we get

a(2* ; ! l :
N< (Qky) _ a(y),?“) > min {N <a(y,y) 8y k- 01 2(1172> NV <a(2y,y) W>} 0

i=0 292
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for all y € X and all > 0. Letting k — oo in (20) and using (F'6), we arrive

for all y € X and all > 0. To prove A satisfies the (1), replacing (z,y) by (2", 2%y) in (4), respectively , we obtain
1
N (Q—kDf(ka,2ky),r) > N’ (a(?kx, 2ky),2kr) (21)
for all » > 0 and all z,y € X. Now,

(x —2y) — 4A(z +y) + 4A(z — y) + 6A(x) — A(2y) — A(—2y) +4A(y) +4A(~y),7)

A
> min{N <A( +2y) — —f(ac + 2y), 1T0> N (A(ar —2y) — zikf(:v - 2y), 1%) ,
0

(- ) o (14 =) 15006 -0 ).
N (GA(x) - G%f(x), %) N (fA(2y) + %f@y), 1%) ,
(

r

1A@+y) + 4 (@ + 1), 75

N (A2 + o255 ) N (4400 = 4570055 )
N (14(00) ~ g -0 35 ) o (s +20) + gof(o = 20) = 347 +)
e (@ = 9) + 507(0) = 3o F20) = 3o (=20 + o4 @) + e f (). 15 ) | (22)

for all z,y € X and all » > 0. Using (21) and (F'5) in (22), we arrive

N (A(z + 2y) + A(z — 2y) — 4A(z +y) + 4A(z — y) + 6A(z) — A(2y) — A(—2y) + 4A(y) + 4A(—y), )
>m {17 1,1,1,1,1,1,1,1, {N (a(Qky, 2%y), %) N <a(2.2ky7 2*y), %) }}

> min {N’ (a(2ky, 25y), %) N (a(2.2ky, 2Fy), (24_2,?)’) } (23)

for all z,y € X and all » > 0. Letting kK — oo in (23) and using (3), we see that
N (A(z +2y) + Az — 2y) — 4A(z +y) + 4A(z —y) + 6A(z) — A(2y) — A(=2y) +4A(y) +4A(=y),r) =1 (24)
for all z,y € X and all r > 0. Using (F'2) in the above inequality gives
Az +2y) + Az — 2y) = 4A(z +y) — 4A(z —y) — 6A(z) + A(2y) + A(—2y) — 4A(y) — 4A(-y)

for all z,y € X. Hence A satisfies the cubic functional equation (1). In order to prove A(y) is unique, let A’(y) be another

additive functional equation satisfying (1) and (6). Hence,

) > min{N (A(2’“y) _ f(2%) f) N (M 3 A(ZZ:y)é) }
2

=
N
S
|
B
S
=

ok 2 2 oF
kro kro
> min {N’ a(2by,2%y), M) N (a(2k2y, 2"y), M) }

(
> min {N’ (a(y7 Y), M) N <a(2y,y), Qk(i%)}
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for all y € X and all » > 0. Since

we obtain

ko kg _
lim N’ (a(y,y), M) =1 and lim N’ (a(Qy, Y), M) =1

for all y € X and all » > 0. Thus

N(A(y) = A'(y),r) =1

for all y € X and all r > 0, hence A(y) = A’(y). Therefore A(y) is unique. For 8 = —1, we can prove the result by a similar
method. O

From Theorem 2.1, we obtain the following corollaries concerning the Hyers-Ulam-Rassias and JMRassias stabilities for the

functional equation (1).

Corollary 2.2. Suppose that a function f: X — 'Y satisfies the inequality

N (e,7),

(e {Illl” +1lyll°} ), s#1;
N (e{lllI*[lyll"} ) s # 55
N’ (e (2 l1*[lyll* + lll* + lyl*) 7). s # 5

Nl

N (D f(z,y),r) > (25)

for all z,y € X and all r > 0, where €,s are constants with € > 0. Then there exists a unique additive mapping A: X —Y

such that
2|r |2|r
(.20
min &3 SN (e, 1
mind{N' [ £ N’ 1+2
5= IWIl” 4|25— ’ 2\25— |
N (f(2y) —8f(y) — A(y),r) = (26)
. ’ ’ T
min { N (o5 Il 4|223 N (S, s
. 3¢, , 1+2S 1 ) r
Nl s N s
min { N (S0P et ). b ) I =) }

for ally € X and all v > 0.

B
Theorem 2.3. Let B € {—1,1} be fived and let o : X* — Z be a mapping such that for some d with 0 < < d ) <1

23
N’ (a (26y,2’6y>,r) >N’ (dﬂa(y,y),r> (27)
forally e X and allr >0, d >0, and
Jlim N’ (a (2"%,2’%) ,2‘3’%) -1 (28)

for all z,y € X and all r > 0. Suppose that a function f: X — Y satisfies the inequality

N (Df(z,y),r) = N' (a(z,y),7) (29)
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for allr >0 and all x,y € X. Then the limit

a(2”*y)

C(y)=N — klgr()lo 3% (30)
exists for all y € X and the mapping C : X — Y is a unique cubic mapping such that
N (72 20— C)r) 2 min { N (at). S5 ) N (atz, ET00) | (1)
for ally € X and all v > 0.
Proof. 1t is easy to see from (9) that
N (f(4y) — 2/ (2y) = 8/ 2y),7) = min { N (4(/(3y) — 4/ (2) + 5/ (1)), 5 ) . N (f(4y) = 4£(3y) + 6(29) — 4 (), 5 ) }
> min {N ( a(y,y), 8) N’ (a(2yvy)’g)} (32)
forally € X and all 7 > 0. Let h: X — Y be a mapping defined by h(y) = f(2y) — 2f(y). Then we conclude that
N (h(2y) = 8h(y),7) = min {N' (a(y,9), £ ) V' (a(2y,9), 7 ) } (33)
for all y € X and all » > 0. The rest of the proof is similar to that of Theorem 2.1. O

The following corollary is an immediate consequence of Theorem 2.3 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.4. Suppose that a function f: X — Y satisfies the inequality

N'(e,r),
N (e{llz .
N (Df(z,y),r) > (e{llll* +1lyllI*} ), £3 o
N (eIl Myl1°} ) s#32
N’ (e (= l1*[lyl]* + [ll* + [lyl*) . 7) s s # 35

for all x,y € X and all v > 0, where €, s are constants with € > 0. Then there exists a unique Cubic mapping C : X — Y

such that
r 2r
min{ N’ e,—) N’ (e —)}
17l 17| )
/ ’ T
min N (Sl g ) N (S5 g ) |
N (f(2y) = 2f(y) = C(y),r) = o / , (35)
min y N 22S\Iyll 225_23‘ N (5 Iyl m)}
. / 3e 2s / 1+25 1 2s 2r
min {8 ( S, g ) N ( vt g ) Il e ) |

for ally € X and all r > 0.

Theorem 2.5. Let 8 € {—1,1} be fizred and let o : X* — Z be a mapping such that for some d with the condition given (2)

B B
and (27) and 0 < (g) <1,0< (;) < 1. Suppose that a function f: X — Y satisfies the inequality

N (Df(z,y),r) = N' (a(z,y),7) (36)
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for all v > 0 and all x,y € X. Then there exists a additive mapping A : X — Y and unique cubic mapping C : X — Y

satisfying the functional equation (1) and

N (7(0) = A) - € 2 min { V" (al, C50) N (a2, E527) o (), E50T).

, 2% —d)r
N (o). 500} (37)
for ally € X and all r > 0.

Proof. By Theorems 2.1 and 2.3, there exists a unique additive function 4; : X — Y and a unique cubic function

C1: X — Y such that

N(f(2y)—8f(y)—A1(y),r)Zmin{N’ (a(y7y)7w)7N ( (2y,9), M)} (38)

for all y € X and all » > 0 and

N (7(20) ~ 210 = Gl 2 min {8 (), D) v (aun, 520 ) (39)

for all y € X and all » > 0. Now from (38) and (39), one can see that

N (10 + g - serwer) zmin{ v (L8 Lp) - Lann ) o (122 - 25 - s 5 ) |

= min {N (f(2y) = 8f(y) — Ai(y),7), N (f(2y) — 2f(y) — Ci(y),7)}

> min {8 (a(n). E500) 8 (aema). E500) v (at, S50,
@ —a)

N (atw. E00) )

for all y € X and all 7 > 0. Thus we obtain (37) by defining A(y) = % A1(y) and C(y) = £Ci(y) for all y € X and all

r > 0. O

The following corollary is an immediate consequence of Theorem 2.5 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.6. Suppose that a function f: X — Y satisfies the inequality

N (1),
N’ x s#1,3;
N sy 5 | Nl B, / o
N (e{ll=["|lylI*},7) SF 5,55
N’ (e (Ilell*Iyll® + 2l +1lyl1**) s7) s s # 5,55

for all xz,y € X and all v > 0, where €, s are constants with ¢ > 0. Then there exists a unique additive mapping A : X —Y

and a unique Cubic mapping C : X — Y such that

min {N' (&, 57 ) N (e B ) N (e 57 ) N (e 1) }

min {N' (£l 32 ) » N (52 1yl*, 727
N (S lllls 2 ) N (52001 22 ) }

N (f(z) — A(z) = C(x),r) > min{N’(ggsHyHZ s T 2|) (%H [ 2‘) (41)
N’ (5 Iyl stgen ) o N (5= 10112 ey ) }

min {N' (Z5 1yl s ) N (e (B2 + ) 1>, )

N’ (225||y‘|257|225 23‘) ( (1+2 225)||y”25 W)}

for ally € X and all r > 0.
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B
Theorem 2.7. Let B € {—1,1} be fived and let o : X* — Z be a mapping such that for some d with 0 < (%) <1
N'(a(2%9.2%) .r) = N (¢a(y.y) . r) (42)

forally € X and allr >0, d >0, and

lim N’ (a (2‘3%,25’“@/) ,2‘*’%) =1 (43)
k— o0
forall x,y € X and all r > 0. Suppose that a function f : X — Y satisfies the inequality

N (Df(z,y),r) = N' (a(z,y),7) (44)

for allr >0 and all xz,y € X. Then the limit

. q(2°Fy
Q) = N — Jim 1200) (45)
ezists for all y € X and the mapping Q2 : X — Y is a unique quadratic mapping such that
. 22 —d)r 22 —d)r
N (F20) = 167) = Qa(o).r) = min { " (aty), T ) (a2, B 00) | (16)
for ally € X and all v > 0.
Proof. 1t is easy to see from (9) that
N (f(3y) — 6f(2y) + 15f(y),r) > N' (a (y,y) ,7) (47)
for all y € X and all » > 0. Replacing x by 2y in (9), we obtain
N (f(4y) — 4f(3y) +4f(2y) +4f(y),r) = N' (@ (2y,y) ,7) (48)

for all y € X and all » > 0. It follows from (47) and (48) that

N (f(4y) — 201 (2y) + 641 2y),7) = min { N (4(f(3y) — 24/ (2) + 60/ (), 5 ) , N (f(4y) = 47(3y) +4£(29) + 4/ (v), 5 ) }

r
, =

> min {N/ (a(y,y) 8) N’ (a(2y7y)é)} (49)

for all y € X and all » > 0. Let g2 : X — Y be a mapping defined by g2(y) = f(2y) — 16 f(y). Then we conclude that

N (2(2y) — 42(y). ) = min {N' (a(y.9). £) . N' (29,9, 5 ) } (50)

for all y € X and all » > 0. The rest of the proof is similar to that of Theorem 2.1.
O

The following corollary is an immediate consequence of Theorem 2.7 concerning the Ulam-Hyers stability of the functional

equation(1).
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Corollary 2.8. Suppose that a function f: X — 'Y satisfies the inequality

N (e,1),
N’ z||? s #2;
N s s 4V Al ). + o
N (e{ll=z|I*[lylI"},7), s#1;
N (e (l=l° 11yl + ll=l1* + llyl1*) s 7) s # 15

forallz,y € X and all v > 0, where €, s are constants with e > 0. Then there exists a unique quadratic mapping Q2 : X — Y

and a such that

T T
min{ N’ 5,7) N’ (e
3] S
min { V" %Ilyll g ) N (el ) )
N (f(2y) —16f(y) — Q2(y), ) = (52)
min 3 N’ ( S5l oz —ga ) N (55101 oy
225 2|225 _ ‘ |225 _ 22'
s 36 2s T i 1+25 1 2s T
N’ —_—— | N _
min {8 (01 555 ) ( 2t g ) Il ) |

for ally € X and all r > 0.

B
Theorem 2.9. Let 8 € {—1,1} be fired and let o : X> — Z be a mapping such that for some d with 0 < ( d ) <1

o4
N’ (a (25y,26y),r) >N’ (dﬁa(y,y)m) (53)

for ally € X and allr >0, d >0, and
lim N (a (2Bkm,25ky) ,25’%) -1 (54)

for all z,y € X and all v > 0. Suppose that a function f: X —Y satisfies the inequality

N (Df(z,y),r) = N' (a(z,y),7) (55)

for allr >0 and all x,y € X. Then the limit

Quly) = N — Jim B2 (56)
exists for all y € X and the mapping Q4 : X — Y is a unique quartic mapping such that
N (72 = 470) = Qutur) 2 min { " (aty), EGD) 8 (ateun, E500) ) 67)
for ally € X and all r > 0.
Proof. 1t is easy to see from (49)
N (f(4y) - 4f(2y) = 16f(2y).7) = min {N" (a(y,9). T ) . N (20,9, 5 ) | (58)
for all y € X and all » > 0. Let g4 : X — Y be a mapping defined by q4(y) = f(2y) — 4f(y). Then we conclude that
N (03(20) ~ 1604(0).7) = min { N’ (aly.1). T} . N (a2, )} (59)
for all y € X and all » > 0. The rest of the proof is similar to that of Theorem 2.1. O
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The following corollary is an immediate consequence of Theorem 2.9 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.10. Suppose that a function f: X — Y satisfies the inequality

N’ (1),
N’ x s#£4;
N Dy r) > (e{llll® + llyll*} ), # (60)
N (e{ll=|I*llylI*} ), s#2;
N’ (e (llzlI*Ilyll® + =l + [lyl1>*) s 7) » s #2;

for all z,y € X and all r > 0, where €, s are constants with e > 0. Then there exists a unique quartic mapping Q4 : X —Y

such that
2r 4r
- N/ et N/
e E’|1s|) ( \15\)}
. / 4r
min { N (51" g 24|) (B 55 ) |
N (f(zy) - 4f(y) - Q4(y),7") 2 ) , o , 4r (61)
min {8 (G5l gy ) (el ) |
. , [ 3¢ 2 2r , 1+ 2° 1 2s 47
min { N (S, g ) N ( vt g ) I

for ally € X and all r > 0.
Theorem 2.11. Let B € {—1,1} be fizred and let o : X* — Z be a mapping such that for some d with the condition given

B B
(42) and (58) and 0 < (2%) <1l,0< (%) < 1. Suppose that a function f: X — Y satisfies the inequality

N (Df(z,y),r) = N' (a(z,y),7) (62)

forallT > 0 and all x,y € X. Then there exists a quadratic mapping Q2 : X — Y and unique quartic mapping Q4 : X —Y

satisfying the functional equation (1) and

N (70) = @20 = Qo)) 2 min { " (atw), EGD0) N (atenn, ),

4 4
N’ (a(y,y), W) N (a(Qy,yL %)} (63)
for ally € X and all r > 0.

Proof. By Theorems (?7?) and (?7), there exists a unique quadratic function @2, : X — Y and a unique quartic function

R4, : X — Y such that

N (7(2) = 160) = Q@ )r) 2 min { V' (aly). ESD0) 7 (alza, B0 | ay
for all y € X and all » > 0 and
N (7@ = 150 - Qu ):7) 2 min {3 (atw), E5 D) v (a2, E00) (65)

for all y € X and all » > 0. Now from (64) and (65), one can see that

N () + 150 0) - 5Qu (0. 2)

> min v (F20 - 810 - o g ) (P52 - s - eat )}

> min {N (f(2y) = 16f(y) — Q2,(y),7), N (f(2y) — 4f(y) — Q. (y),7)}
> min { (o), 50 v (0, L) N (0, E) . (e, E0) )
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for all y € X and all » > 0. Thus we obtain (37) by defining Q2(y) = %le (y) and Qa(y) = 11—2Q41 (y) for all y € X and
all » > 0. O

The following corollary is an immediate consequence of Theorem 2.11 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.12. Suppose that a function f: X — Y satisfies the inequality

N'(e,r),
N’ €T S 2,4,’
N(Dfeyr) > (e{llll® +[lyll*}, 7)), # (66)
N (e{llzPllylI*}r) s#1,2;
N (e (Pl + 1l + lyl*) ,7), s # 1,2

forallz,y € X and allr > 0, where €, s are constants with € > 0. Then there exists a unique quadratic mapping Q2 : X =Y

and a unique quartic mapping Q4 : X — Y such that

min{N’ (e,ﬁ),N’(,%‘) N’ (e,%) N’(e, \15\)}
min {N" (511", gz 22) N (B2, et )

N (£l 255w ) N (B2l ) }

N () = Q2(v) = Qu(w),7) = § min {N' (5= lyl**, 5752 22) N’ (eIl 22\)7 (67)
N/ (225HyH 7|225 24‘) QL |y||25 ‘225 24‘)}
1+

v
min{N’(2gsHy||2§72l22s 22|) ( ( PE 225)Hy”2s7ﬁ)7
V(e (5

N (F I, ) + o ) 11, iz ) }

forally € X and all v > 0.

Theorem 2.13. Let 8 € {—1,1} be fized and let o : X?> — Z be a mapping such that for some d with the condition given

a\’ d\” d\’ d\”’
(2), (27), (42), (58) and 0 < (§> <1,0< (22) <1l,0< (273) <1land0< (27) < 1. Suppose that a function

f: X =Y satisfies the inequality

N (Df(z,y),r) = N' (e(z,y),7) (68)

for all v > 0 and all x,y € X. Then there exists a unique additive mapping A : X — Y | a unique quadratic mapping
Q2 : X =Y, a unique cubic cubic mapping C : X — Y and unique quartic mapping Qa4 : X — Y satisfying the functional

equation (1) and

N (f(y) — A(y) — Q2(y) — C(y) — Qa(y),7)

forally € X and all r > 0.
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Proof.  Let foc(y) = M for all y € X. Then foc(0) =0 and fo(—y) = —fo(y) for all y € X. Hence

N (D fac(z,y),7) > min {N’ (oz(w,y), 5) N’ (oe(—:v7 —y), g)} (69)

for all y € X and all » > 0. By Theorem (?7?), there exists a unique additive mapping A : X — Y and a unique cubic

mapping C': X — Y such that

N (Jocls) = A) = €)= min { N (), ;”’“) (a0 B0 (amn), 2200,
e )
a(2y,y), )71\’ (a( 2y, —y), >} (70)

for all y € X and all 7 > 0. Also, let foq(y) = L2989 for all y € X. Then fuq(0) = 0 and fo(—y) = fo(y) for all y € X.

Hence
N (D fqq(z,y),7) > min {N’ (a(m, Y), g) N’ (oz(f:v, —y), g)} (71)

for all y € X and all » > 0. By Theorem (?7?), there exists a unique quadratic mapping Q2 : X — Y, and a unique quartic

mapping Q4 : X — Y such that

N (fa) = Q2(6) = Qa2 min {7 (), E5) N (o =), E5D) v (aaw), B0,
N’< (—2y, ), ),N’ (a )& ;d)T),N’ (a(*yry),(%_%),
N’ (a(2y7y) & —dr ),N’ (a ~2y,~y), 24;1)1«)} (72)

for all y € X and all » > 0. Define a function f(y) by

FW) = fac(y) + foa(y) (73)

for all y € X. Combining (73), (70) and (72) we arrive our result. O

Corollary 2.14. Suppose that a function f: X — Y satisfies the inequality

N'(er).
N Do s d Nl ), s#13.2.4; -
N (ellal Iyl v). s# b2
N (e (lall"lBl1 + Nl 4+ luI™) 1) . s # 3. 4.2.4;

forall z,y € X and all v > 0, where €, s are constants with € > 0. Then there exists a unique additive mapping A: X —Y

and a unique Cubic mapping C : X — Y, a unique quadratic mapping Q2 : X — Y and a unique quartic mapping
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Q4 : X =Y such that

N (f(z) = A(z) = Q2(2) — C(z) = Qa(z),7)

OV (0 B () o () () o (i) Y (e ).
N () NV (e is)

@ON' (5 Iy, 3727 2‘) (B2 ) N (I )

N (B2, 22 ) N (5 1011 sy ) oV (X421 ety )
N (£l 2 24‘) (BN, )

@) (5 I g ) o N (Il iy ) o (5 1™, )
N (510117, gt ) - N (19117, st ) N (510117, et )
N’ (5l e ) N (5 19 i )

()N (5 1y, g ) o N (e (2 + 52 ) Il™, i)

N (59l et ) o N (€ (S22 + 582 1911, )
N (Z5 112, s ) o N (e (42 + 58 ) 1112, )

N (S I, e )V (e (5525 + b ) Il ey )

v

for ally € X and all v > 0.
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