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1. Introduction and Preliminaries

The stability of various functional equations in fuzzy normed spaces was have been extensively investigated by a number
of mathematicians in referenes (see [3-5, 16, 17, 28-31, 37]). In 2003, V. Radu [32] introduced a new method, successively
developed in ([8-10]), to obtaining the existence of the exact solutions and the error estimations, based on the fixed point
alternative. A.K. Katsaras [19] defined a fuzzy norm on a vector space to construct a fuzzy vector topological structure on
the space. Some mathematicians have defined fuzzy norms on a vector space from various points of view [13, 21, 40]. In
particular, T. Bag and S.K. Samanta [6], following S.C. Cheng and J.N. Mordeson [11], gave an idea of fuzzy norm in such
a manner that the corresponding fuzzy metric is of Kramosil and Michalek type [20]. They established a decomposition
theorem of a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [7]. We use

the definition of fuzzy normed spaces given in [6] and [24-27].

Definition 1.1. Let X be a real linear space. A function N : X X R — [0, 1] (the so-called fuzzy subset) is said to be a fuzzy
norm on X if for all x,y € X and all s,t € R,

(F1) N(z,c) =0 for c<0;

(F2) x=074f and only if N(z,c) =1 for all ¢ > 0;
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The pair (X, N) is called a fuzzy normed linear space. One may regard N(X,t) as the truth-value of the statement the norm

of x is less than or equal to the real number t’.
Example 1.2. Let (X,]||-]]) be a normed linear space. Then

t

—, t>0, z€X,
t 4[]

N (z,t) =
0, t<0, ze€X

s a fuzzy morm on X.

Definition 1.3. Let (X, N) be a fuzzy normed linear space. Let x, be a sequence in X. Then x, is said to be convergent
if there exists x € X such that lim N(xzn —x,t) =1 for all t > 0. In that case, x is called the limit of the sequence x, and
n—o0

we denote it by N — lim x, = x.
n—oo

Definition 1.4. A sequence z, in X is called Cauchy if for each ¢ > 0 and each t > 0 there exists no such that for all

n >mno and all p > 0, we have N(Znyp — Tn,t) > 1 — €.

Definition 1.5. Every convergent sequence in a fuzzy normed space is Cauchy. If each Cauchy sequence is convergent, then

the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

Definition 1.6. A mapping f : X — Y between fuzzy normed spaces X and Y 1is continuous at a point xo if for each
sequence {xn} covering to xo in X, the sequence f{xn} converges to f(xo) . If f is continuous at each point of xo € X then

f s said to be continuous on X.

In this paper, the authors investigate the generalized Hyers-Ulam-Aoki-Rassias stability of AQCQ functional equation

Jl@+2y)+ f(x —2y) =4f(x +y) —4f(x —y) — 6f(x) + f(2y) + f(—2y) —4f(y) — 4f(—y) (1)

in fuzzy normed vector space by fixed point method.

2. Stability Results: Fixed Point Method

In this section, the authors presented the generalized Ulam - Hyers stability of the functional equation (1) in fuzzy normed

space using fixed point method. Now we will recall the fundamental results in fixed point theory.

Theorem 2.1 (Banach’s contraction principle). Let (X,d) be a complete metric space and consider a mapping T : X — X

which is strictly contractive mapping, that is

(A1) d(Tz,Ty) < Ld(z,y) for some (Lipschitz constant) L < 1. Then,
(i) The mapping T has one and only fized point z* = T(x*);

(%) The fized point for each given element x* is globally attractive, that is

(A2) limp—oT"x =z, for any starting point © € X;

(#i) One has the following estimation inequalities:
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(A3) d(T"z,2z*) < & d(T"z,T""'z),V n>0,V z € X;
(A4) d(z,z*) < £ d(z,z"),V z € X.

Theorem 2.2 (The alternative of fixed point [22]). Suppose that for a complete generalized metric space (X, d) and a strictly
contractive mapping T : X — X with Lipschitz constant L. Then, for each given element x € X, either

(B1) d(T"z, T"'2z) =00 V n >0,

or

(B2) there exists a natural number ng such that:

(i) d(T"z, T" " x) < oo for alln > ng ;

(i1) The sequence (T™x) is convergent to a fized point y* of T

(#i2) y* is the unique fized point of T in the set Y = {y € X : d(T™°z,y) < oo};

() d(y*,y) < 12 d(y,Ty) for ally €Y.

In order to prove the stability results, we define the following:
J; is a constant such that

2 if i=0,
Lgfi=1
and (2 is the set such that

Q={g]g: X —Y,g(0)=0}.

Theorem 2.3. Let f: X — Y be a mapping for which there exist a function a : X2 — Z with the condition

lim N'(a((Sfx,éfy),Jfr)zl, Vz,ye X,r >0 (2)

k— o0
and satisfying the functional inequality
N (D f(z,y),r) > N' (a(z,y),7), ¥ 2,y € X,r > 0. (3)

If there exists L = L(i), such that the function

has the property

N’ (Léﬂ(&-m),r) = N'(B(z),r), Yz € X,r>0. 4)

Then there exists unique additive function A : X —'Y satisfying the functional equation (1) and

N (5(20) - 350 - A 2 min {8 (. (157 ) 5) ¥ (s () 5) ) &)

Proof. Let d be a general metric on (2, such that

d(g,h) =inf {K € (0,00)|N (g(x) — h(x),r) > N' (B(z),Kr),z € X,r > O}.
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1
It is easy to see that (€,d) is complete. Define T : Q@ — Q by Tg(z) = 6—g(5ia:), for all z € X. For g,h € Q, we have

d(g,h) <K
= N (g(x) — h(x),r) > N' (B(z), Kr)
= N <g(§zx) - h(gzx),r) > N’ (B(0:x), K&ir)
= N (Tg(x) — Th(z),r) > N’ (B(z), LK)

d(Tg(x), Th(z)) < KL

d(Tg,Th) < Ld(g, h) (6)

for all g,h € Q. There fore T is strictly contractive mapping on 2 with Lipschitz constant L. Replacing (z,y) by (y,y) in
(3), we get

N (f(3y) —4f(2y) +5f(y),r) > N (a(y,y),7) (7)

for all y € X and all » > 0. Replacing x by 2y in (3), we obtain

N (f(4y) —4f(3y) +6f(2y) — 4f(y),r) = N' (a(2y,y),7) (8)

for all y € X and all » > 0. Now, from (7) and (8), we have

N (f(4y) = 10f(2y) + 161 (), ) = min { N (4(/(3y) — 4/ (29) + 5/ (1)), 5 ) s N (f(4y) = 47 (3y) + 6/(29) = 47(»), 5 ) }
Zmin{N’ (a(y,y)yg) N (a(wwé)} )

forally € X and all 7 > 0. Let a : X — Y be a mapping defined by a(y) = f(2y) — 8f(y). Then we conclude that

. / r y r
N (a(2y) — 2a(y),r) > min {N (a(y, Y), g) ,N (a(Zy,y), 5)} (10)
for all y € X and all » > 0. Using (F3) in (10), we arrive

N (B2 —ar) 2 min{ ¥ (ot 5 ) N (w5 )} ()

for all y € X,r > 0, with the help of (4) when ¢ = 0, it follows from (11), we get

N (% - a<y>,r) > N'(B(y), Lr) = d(Tf, f) < L= L' (12)

for all y € X,r > 0. Letting y = ¥ in (10), we obtain
Y . / yyyr / Yy r
N (atw) =20 (5) r) 2 min{N' (a(5.5) 5) V' (o (3) - 5)} !
a(y) a(5).r)2min al33) 3 aly5) 5 (13)
for all y € X,r > 0, with the help of (4) when ¢ = 1, it follows from (13), we get

N (a(y) — % (%) ,r) > N (B(z),r) = d(f,Tf) <1=L°"= L' (14)
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Then from (12) and (14) we can conclude,
d(f,Tf) < L' < o0
Now from the fixed point alternative in both cases, it follows that there exists a fixed point A of T in € such that

Aly) = N — lim f(Qky), Vy e X,r>0. (15)

k—o0 2k

Replacing (z,y) by (d;z,d;y) in (3), we arrive

N (%Df(éiaﬁdiy)ar) >N’ (a(d;, 65), 057) (16)

for all » > 0 and all z,y € X. It is easy to prove the function A : X — Y satisfies the functional equation (1).

By fixed point alternative, since A is unique fixed point of 7" in the set
A ={f € Qld(f, A) < oo},
therefore A is a uniqe function such that
N (a(y) = A(y),r) = min {N'(a(y,y), Kr), N’ (a(2y,y), K7) } (17)

for all y € X,r > 0 and K > 0. Again using the fixed point alternative, we obtain

1
A< —— T
d(f,4) < 7= d(f.T])
i
<
S dfA) <
, Ll—z

= NGl - A = N (800 £ ). (18)
for all y € X and r > 0. This completes the proof of the theorem. O

From Theorem 2.3, we obtain the following corollary concerning the stability for the functional equation (1).

Corollary 2.4. Suppose that a function f: X — Y satisfies the inequality

N'(e,r),
N’ z||® + |y s#1;
N > Y I, 1 "
N (eflll*MlylI*},r), s# 5i
N (e (el lyll* + Nz l[* + [lyl*) . 7) s # 55
for all z,y € X and all v > 0, where €, s are constants with € > 0. Then there exists a unique additive mapping A: X —Y
such that
) 2|r |2|r
V(20 (12l
min 8) (4)}
1+42°
min {8 (S 11l 4‘25_ e G )
N (f(29) ~ 8f(y) — Aly),7) > W , . (20)
inq N' | =— N P a——
min 2,25||y|| 4|225_ N (e g
) ' 1—1—25 1 2 r
N’ N  ————
min { N (S0 1ot ). 2k ) P g ) }

for ally € X and all v > 0.
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Proof.  Setting

for all z,y € X. Then,

N’ (a(éfw, 6fy), §fr)

Thus, (2) is holds. But we have N’ (B(y),r) =

Hence

Now,

Now from (5), we desired (20).

2 |

€,

e(ll=[1" + llyl*),

e (ll=[1"M1ylI")

e (l[I* g1l + 1l + [y1*7)

a(z,y) =

<

' 6(Héfac||s+Hcié“ylls) 755“?)
(e (18t lotyll°) ,atr)
e (1%l I l18EyI1* + llokal** + llatyl**) o)

(
(
(
(
(c.ot7)
(
(
(

<

<

—las k—

s s 1-s)k
(el + 11yl 68 %r)
(el ligl®y 60 >%)
—2s)k
(e ll 1yl + 121 + llyl**) 607"

—~1las k—

—1las k—

2z 2 72 2 =z 7 =

—1las k— oo.

(@ (4:4),5), ¥ (4 %) . 5)} » has the property

14 2° r
N/ s
N (5 g) |

s) N (el 7))

2s
Iyl % s
€

s T
Il § )

+

SR I NI
2 925 ) Iy

2s
, [ e
N <2225

(58 (25
N (g loalt’ g ) v (sl ) |
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1
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S
llyll*, =
51-17257“

4

' 1+42° 1
’N (6( 2s +223

€ 14 2°
0

o 14+2°
N
(s

€ S
N (il

{
{
{
{

b
=, 2 0) |



M.Arunkumar and C.Devi Shyamala Mary

Theorem 2.5. Let f: X — Y be a mapping for which there exist a function o : X2 — Z with the condition

lim N’ (a(éfx,éfy),(sg’kr):l, Vae,ye X,r>0 (21)

k—o0

and satisfying the functional inequality
N (D f(z,y),r) > N' (a(z,y),7), ¥ 2,y € X,7 > 0. (22)
If there exists L = L(i) such that the function
/ i AN (o (YY) T AN
v N (3)r) = min{N' (3. 5) 5) N (0 (n.3) 5) }
has the property

N’ (Lé%ﬁ(&x),r) =N'(B(=x),7), Vz € X,r>0. (23)

Then there exists unique cubic function C : X —'Y satisfying the functional equation (1) and

N ($(20) ~ 260 = ) = min {7 (alw). (£ ) 5) ¥ (e (£57) 5) ) 1)

Proof. 1t is easy to see from (9) that

N (f(4y) — 2/ (2y) = 8f(2y),7) = min { N (4(f(3y) — 4/ (29) + 5/ (). 5 ) . N (f(4y) = 4£(3y) + 6(29) =4 (v), 5 ) }

> min {N’ (a(y,y% %) N (a(2y:y)»g)} (25)

for all y € X and all » > 0. Let h : X — Y be a mapping defined by h(y) = f(2y) — 2f(y). Then we conclude that

N (h(2y) = 8h(y),7) = min {N' (a(y,9). 5 ) . N (a(2y.9). 7 ) } (26)

for all y € X and all » > 0. The rest of the proof is similar to that of Theorem 2.3. O

The following corollary is an immediate consequence of Theorem 2.5 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.6. Suppose that a function f: X —'Y satisfies the inequality

N/

(e7),
N (e{lle]]* + [lyll*},r) 5 #3;
N (D >
(Df@y)r) >4 N (27)
N (e{llzlI*[lylI*} ), s# 5
N (e (P [yll® + ]2+ llyl**) o 7) s s # 3
or all x,y € and all v > 0, where €,s are constants with € > 0. en there erists a unique cubic mapping C : —
f ll X and all 0, wh ith 0. Th h 2 ) bi ing C : X Y
such that
2r
; N’ r N’ =2
min €, |7|)7 €, 7] . 2
. € s r + 2° o r
min {8 (2ol g ) N (ol g )
N (f(2y) —2f(y) —Cy),7) = (28)
N' (Sl o= ) N (55 191" st
man 922s Yy "223_23‘ ’ 2s Y ’2|225_23‘
. , [ 3e 2s r , 1+2° 1 95 2r
min § N 223Hy|| )22 39| No{el 5+ 3 [yl| o2 =29

for ally € X and all r > 0.
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Theorem 2.7. Let f: X — Y be a mapping for which there exist a function o : X? — Z with the conditions
lim N’ (a (6fx,5fy) 7657“) =1, lim N’ (a (6fx,5fy) 751-%1") =1, Vz,ye X,r>0 (29)
k—o0 k—o0
and satisfying the functional inequality
N (D f(z,y),r) > N' (a(z,y),7), ¥ 2,y € X,r > 0. (30)
If there exists L = L(i) such that the function
: o AN AN
v N (3)r) = min{N' (3. 5) 5) N (o (n.3) 5) }-
has the property
/ 1 1
N (Lgﬂ(&y},?) = N'(B(y),r), N’ (Lﬁﬁ(éiy),r) =N'(B(y),r), Yye X,r>0. (31)

Then there exists unique additive function A : X — Y and unique cubic function C : X — Y satisfying the functional

equation (1) and

N (f(y) — Aly) — C(y),r) = min {N' (a(% Y), (%) g) N’ (oc(2y7 Y), (IL:_L> 2) :

N (ot (£5) 5) o (atzmn (£5) )} (52)

Proof. By Theorems 2.3 and 2.5, there exists a unique additive function A; : X — Y and a unique cubic function

C1: X — Y such that

Jxfen (D)D) @

N (f(2y) = 8f(y) — Ai(y),r) > min {N/ <a(y’ v), <1LTL>

ool 3
>3

for all y € X and all » > 0 and

N (1(20) - 210 = i) 2 min {8 (atvn), (£ ) £) oV (azn (£7) 5} (31)

for all y € X and all » > 0. Now from (33) and (34), one can see that

N (1) + g - g2 ) =3 (<804 B+ g + LB - 20 - o )
> min { v (L8 L1 - g 5 ) N (222 - 25 - s ) |

> min {N (f(2y) —8f(y) — A1(y),7), N (f(2y) — 2f(y) — C1(y),7)}

> min {N' (a(y,y% (ffL) N (a(2y,y)7 (ffL) 2) :

for all y € X and all 7 > 0. Thus we obtain (32) by defining A(y) = % A1(y) and C(y) = £Ci(y) for all y € X and all

r > 0. O
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Corollary 2.8. Suppose that a function f: X — 'Y satisfies the inequality

N (1),
N’ T s#1,3;
N sy 5 | Nl B, / -
N (e{ll=[*|lylI*},7) SF 5,55
N’ (e (llell*Iyll® + 2l +1lyl1**) s7) s s # 5,55

for all z,y € X and all v > 0, where €, s are constants with € > 0. Then there exists a unique additive mapping A : X —Y

and a unique Cubic mapping C : X — 'Y such that

min {N (e B2) V' (e, B5) N () N (e 31) }
min {N' (5 lyll°, aptar ) - N7 (55251 011°, oty )

N (#1811, 2 ) o N (B2 NIl 522 ) }

N 16) - 40) =€) 2§ min (N (sl gy ¥ (£ 5. e
N’ (Sl sy ) N (S 191, sty )
min {N' (35 |lyl1**, gy ) V' (e (452 Q%)Hyn%,m),

N (B, ) o N (€ (2 + o) Il e ) }

for ally € X and all v > 0.

Theorem 2.9. Let f: X — Y be a mapping for which there exist a function o : X2 — Z with the condition

lim N’ (a(éfm,éfy),&?kr)zl, Vz,ye X,r>0 (37)

k—oo

and satisfying the functional inequality
N (D f(z,y),r) > N’ (a(z,y),7), ¥ 2,y € X,r > 0. (38)
If there exists L = L(i) such that the function

2= N (), 1) =min{N' (a (£,2). D) N (o (s.2) . 5)}.

has the property
1
N (LB r) = N (86, Yy e Xr >0 (39)

Then there exists unique quadratic function Q2 : X — 'Y satisfying the functional equation (1) and

N (7(20) = 160) ~ Qa(u)r) 2 min { V' (atw). (£ ) 5) o (atzm (£7) )} (10)

Proof. Tt is easy to see from (9) that

N (f(3y) —6f(2y) + 15f(y),r) > N' (a (y,y) ,7) (41)

for all y € X and all 7 > 0. Replacing = by 2y in (9), we obtain

N (f(4y) — 4f(3y) +4f(2y) + 4f(y),r) > N' (a (2y,y) ,7) (42)
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for all y € X and all r > 0. It follows from (41) and (42) that
r r
N (f(4y) — 20f(2y) + 641 (29),7) = min { N (4 (F(3y) — 241 (2y) + 60 (1)) T ) , N (F(4y) — 4F(3y) + 4/ (2y) +4(v), 5 ) |
> min {N ( a(y,y), 8) N’ (a(2y7y),g)} (43)
for all y € X and all 7 > 0. Let g2 : X — Y be a mapping defined by g2(z) = f(2z) — 16 f(x). Then we conclude that
N (g2(2y) — 4q2(y),7) > min {N’ (oc(y, Y), %) N (04(21/, Y), g) } (44)

for all y € X and all » > 0. The rest of the proof is similar to that of Theorem 2.3.
O

The following corollary is an immediate consequence of Theorem 2.9 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.10. Suppose that a function f: X — Y satisfies the inequality

N'(er),
N’ x 5#2;
N(Dfeyr) > (e{ll=ll® +1lyll*} ), # (45)
N (ef{lll*MlylI*}7), s# 1
N (e (llell*Ilyll® + ll2l®* 4+ 1lyl1**) s7) s s #1;

forallz,y € X and all ™ > 0, where €, s are constants with e > 0. Then there exists a unique quadratic mapping Q2 : X — Y

and a such that

min { N’ @L) ,N’ (q " )}
2[ =3 | =3 s
. € o r + 2° o r
min ¢ N’ §||?J|| 7m> N’ (6 s yll®, 25 _22|)}
N (£(2y) — 16£(y) — Qa(y).7) > I S A (46)
inq N' | = |, N[ = S
i (g g g ) (5:101” ")}
. 1 +23 1 2 T
N’ _r N’ s
min { (S, e ) N (¢ (S5 + 5 ) WP, g ) |
forally € X and all r > 0.
Theorem 2.11. Let f : X — Y be a mapping for which there exist a function o : X2 — Z with the condition
klim N’ (a(éfx,éfy),éfkr)zl, Vz,ye X,r>0 (47)
—00
and satisfying the functional inequality
N (D f(z,y),r) > N' (a(z,y),7), ¥ 2,y € X,r > 0. (48)
If there exists L = L(i) such that the function
/ N N AN AN AN
o o) =i (N (o (5.8). ) (o (52) ).
has the property
! 1 !
N <L§—4ﬁ(5iy)7r> =N (B(y),r), Vye X,r>0. (49)
Then there exists unique quartic function Q4 : X — Y satisfying the functional equation (1) and
N (12 = 41) = Qu(w).r) = min { N (). (£ 1) N (atm, () ¢ (50)
Yy Yy 4\y),7r) = Y,9), 1-5./3)’ YY), 1-1.)2
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Proof. Tt is easy to see from (43)

N (f(4y) — 4f(2y) — 16/(2y).7) = min {N' (a(y.9). §) . N (20,9, 5 ) | (51)

for all y € X and all » > 0. Let g4 : X — Y be a mapping defined by q4(z) = f(22) — 4f(x). Then we conclude that

N (gs(2y) = 1601(y).7) = min {N' (a(y,9). £ ) , N (20,9, 5 ) | (52)

for all y € X and all » > 0. The rest of the proof is similar to that of Theorem 2.3. O

The following corollary is an immediate consequence of Theorem 2.11 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.12. Suppose that a function f: X — Y satisfies the inequality

N'(er),
N’ z||® s#4;
N(Dfey)r) > (e{ll=ll® + llyll*} ), # (53)
N (e{llz|I*[lylI"},7), s#2;
N (e (1=l 11yll® + ll2]1* + llyl1*) s 7) s # 2

for all x,y € X and all r > 0, where €, s are constants with € > 0. Then there exists a unique quartic mapping Q4 : X =Y

such that
2r 4r
B N/ et N/ _
e © |15|) ’ ( \15\)}
. € s 2r 1+ 2° s 4r
min { N —5||y||,@),zv' G al)
N (f(2y) —4f(y) — Qaly),7) > (54)

min { N (|l g )N (Sl

223 |225_24| ’ 9s ’|223_24|
. , or , 1+2° 1 ) Ar
min {3 (S e ) N (e (52 g ) Il g

forally € X and all v > 0.

Theorem 2.13. Let f : X — Y be a mapping for which there exist a function o : X2 — Z with the conditions

lim N’ (a (5fm,6fy) ,61-%7“) =1, kli_g)loN/ (a (5?:576531) ,6;““7") =1, Vz,ye X,r>0 (55)

k—oo
and satisfying the functional inequality
N (D f(z,y),r) > N' (a(z,y),7), ¥ 2,y € X, > 0. (56)

If there exists L = L(i) such that the function

has the property

N (L3806t ) = N G)r) . N (Lge8a)r) =N (3)1). ¥y € Xor >0, 67)
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Then there exists unique quadratic function Q2 : X — Y and unique quartic function Q4 : X — Y satisfying the functional

equation (1) and

N (70 = @alo) — Qu()r) 2 min {8 (atw, (£ ) ) o (atzmn, (£57) 5).

N’ (a(.%y), (%) %) N (a(2y7y)» (%) %)} (58)

Proof. By Theorems 2.9 and 2.11, there exists a unique quadratic function Q2 : X — Y and a quartic function Q4 : X — Y

such that

N (£(20) = 1650) = Qe r) 2 min { V' (atw. (£ ) £) o (. (£ ) )} (59)

for all y € X and all » > 0 and

N ($(20) =450 = @u ) = min {7 (atw). (£ ) 5) ¥ (oo (£57) 5) ) (60)

for all y € X and all » > 0. Now from (59) and (60), one can see that

N (1) + 5@ )~ 15Q (). 2r)

> min v (F80 - 2850 - am g ) o (P52 - 510 - Qa0 35) )

> min (N (£(25) ~ 16/(s) ~ @2, (4), 7)., N (F(29) ~ 4/(0) ~ Qus (). )}

2o {7 (o0 (£ 5) ¥ (00 (F7) 1) (o (F5) §) o (o (£2) )

for all y € X and all 7 > 0. Thus we obtain (58) by defining Q2(y) = T3 Q2 (y) and Qu(y) = 5Q4, (y) for all y € X and
all r > 0. O

The following corollary is an immediate consequence of Theorem 2.13 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.14. Suppose that a function f: X — Y satisfies the inequality

N'(er),
N’ x 5#2,4;
N sy > | Nl B, ¥ o
N (e{ll=|I"llylI*}, 7 s#1,2;
N’ (e (llI*lyll® +Hx\|29+|\y||29), ), s#1,2;

forall x,y € X and allr > 0, where €, s are constants with € > 0. Then there exists a unique quadratic mapping Q2 : X =Y

and a unique quartic mapping Q4 : X — Y such that

min{N’ (e,ﬁ)JV'(qﬁ),N’ (E’%) N’( \12\)}
min N (1111, s ) N (211 e )

N (F Il 525 ) N (S il 55 ) }

N (F() = @2(v) = Qa(w).7) 2 § min {N' (G5 1l1**, gt ) N éuyu%,m) (62)

(3

N (el ez ) (3 1P et}
(e
(e

man {N’ (225 Hy”%, 2|225 32 ) , +2b 225) HyH257 @) )
N/ (225 HyH2S7 |22s — 24‘) (1+2S 225) ||y||297 22547;4‘)}

for ally € X and all r > 0.
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Theorem 2.15. Let f : X — Y be a mapping for which there exist a function o : X2 — Z with the conditions

leII()loN, (a (5fa7,6fy) ,6fr) =1, leH()loN, (a (6fw,6fy) ,61-2197‘) =1,

lim N’ (a (6fx,5fy> ,J?kr) =1, len;ON' (a (553;,6?3/) ,(52““7") =1, Vaz,ye X,r>0 (63)

k—o0

and satisfying the functional inequality

N (D f(z,y),r) > N (afz,y),7), V 2,y € X,r > 0. (64)

If there exists L = L(i) such that the function

z — N (Bly),r) = min{N’ (a (

RS
NS
~—
| =
N—
/N
Q
/N
&
NI
N—
N3
~—
—

has the property

N’ (L%B(éix),r) = N'(B(z),r), N’ <L%ﬂ(5iw)7r) = N'(B(z),7),

N (Léliﬁ(afx),r> — N'(B@),r), N’ (L%ﬁ(mm) — N (Bx),r), Vo € X,r > 0. (65)

Then there exists a unique additive mapping A : X — Y |, a unique quadratic mapping Q2 : X — Y, a unique cubic cubic

mapping C : X — Y and unique quartic mapping Q4 : X — Y satisfying the functional equation (1) and

N (f(y) = Aly) — Q2(y) — C(y) — Qa(y),7)
{N'( H(i5z) ) v (cn (i52) ) o (v () §).
v(fi*;>§)w'(<w> (=2) %) (ot (1=2) %),
: »-(t=2)7) v (00 (1) )
N’(a <Li;>1%>w/< o (£2) §) (v () ).
¥ (oo (72) 56) ¥ (om0 (F5) ).
¥ (et () 5) 7 (o0 (£5) )} @

Proof. Let foc(y) = M for all y € X. Then foc(0) =0 and fo(—y) = —fo(y) for all y € X. Hence

—_

|3

ool =

N (D fac(z,y),r) > min {N’ (a(x,y), g) N’ (a(fx, —y), g)} (67)

for all y € X and all » > 0. By Theorem (2.7), there exists a unique additive mapping A : X — Y and a unique cubic
mapping C' : X — Y such that

- ’ L

(s (E53) ) o (25) 1)
( ):

Jrfenmn(E)) o
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for all y € X and all 7 > 0. Also, let fuq(y) = M for all y € X. Then f4q(0) =0 and fo(—y) = fo(y) for all y € X.

Hence

N (D faa(@,y),r) = min {N' (a(2,y), £ ) . N' (a(=z,—y), £ ) | (69)

for all y € X and all » > 0. By Theorem 2.13, there exists a unique quadratic mapping Q)2 : X — Y, and a unique quartic

mapping Q4 : X — Y such that

for all y € X and all » > 0. Define a function f(y) b,

() = fac(y) + faa(y) (71)
for all y € X. Combining (71), (68) and (70), we arrive our result. O

The following corollary is an immediate consequence of Theorem 2.15 concerning the Ulam-Hyers stability of the functional

equation(1).

Corollary 2.16. Suppose that a function f: X — Y satisfies the inequality

N'(er),

N O o] N s#13.2.4; )
N (eI} or) s#4,3.2.4,
N (e (Il + Dl + D) 7) s # §.3,2,4;

for all z,y € X and all r > 0, where €,s are constants with € > 0. Then there exists a unique additive mapping A: X —Y
and a unique Cubic mapping C : X — Y, a unique quadratic mapping Q2 : X — Y and a unique quartic mapping

Q4 : X =Y such that

N (f(z) = A(z) = Q2() — C(x) — Qu(x),7)

O (2 2) 09 (s 2) 9 () o () () o ().
N (e g5) N (e i)

N (5=l arztz ) N (42 M0l 3ty ) o N (;nyu )

N (Sl 225m) N (Sl sz ) N (421011, )
N (&Il 525w ) N (B2l 57 )

@ (55 01 g ) o N (S I gy ) s N (1%, )
e I € [ e I C SR
N (=l g ) N (Sl i)

()N (I, 7y ) o N (e(l“s ) I, sz )

N (ZE I, o ) N (€ (2 + o) 91", e )
N (S5l s ) N (e (S5 + 52 1l ey )
N (F I, i ) (e(lgs ) 111, i)

v

(73)
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for ally € X and all r > 0.
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