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1. Introduction

K. Kenmotsu [14] introduced a new class of almost contact Riemann manifold which is known as Kenmotsu Manifold. Ken-
motsu investigated fundamental properties on local structure of such manifolds. Kenmotsu manifolds are locally isometric to
warped product spaces with one dimensional base and Kahler fiber. Kenmotsu studied that if a Kenmotsu manifold satisfies
the condition R(X,Y)Z = 0, then the manifold is of negative curvature —1, where R is the Riemannian curvature tensor and
R(X,Y)Z is the derivative of tensor algebra at each point of the tangent space. It is well known that odd dimensional spheres
admit Sasakian structures whereas odd dimensional hyperbolic spaces can not admit Sasakian structure, so odd dimensional
hyperbolic spaces admits Kenmotsu structure. Kenmotsu manifolds are normal almost contact Riemannian manifolds. Sev-
eral properties of Kenmotsu Manifold have been studied by many authors like ([1-3, 7, 9, 11, 13, 15-17, 19, 20]). Motivated
by all these work in this paper we study Wg-curvature tensor in Kenmotsu manifold.

The present paper is organized as follows: After a brief review of Kenmotsu manifold we study &-Ws-flat, ¢-Ws-

semisymmetric, R(¢, X) - Ws =0, Wg - R =0, Ws - Ws = 0, Ws-Ricci pseudosymmetric, Ws - Q = 0.

2. Preliminaries

In this section, we briefly recall some general definitions of Kenmotsu manifolds:
An n-dimensional differential manifold M is said to be an almost contact metric manifold [2] if it admits an almost contact
metric structure (¢, &, 7, g) consisting of a tensor field ¢ of type (1, 1), a vector field £ and 1-form 1 and a Riemannian metric

g compatible with (¢, &, n) satisfying

¢°=—-T+n®E nE) =1, nogp=0, ¢£=0. (1)
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9(¢X,9Y) = g(X,Y) = n(X)n(Y), (X&) =n(X). (2)

An almost contact metric manifold is said to be a Kenmotsu manifold [14] if it satisfies

(Vxo)Y

—n(Y)¢X —g(X, 9Y)S, ()

VXE = X—U(X)f: (4)

where V denotes the Riemannian connection of g.

In a Kenmotsu manifold [14] the following relations hold:

n(R(X,Y)Z) = g(X,Z)n(Y) —g(Y, Z)n(X), (5)
R(X,Y)§ = n(X)Y —n(Y)X, (6)
R, X)Y = n(Y)X —g(X,Y)E, (M)

S(X,8) = —(n—Dn(X), (8)
Q¢ = —(n—1), )

for any vector fields X,Y,Z on M, where R, S and @ denotes the curvature tensor, Ricci tensor and Ricci operator

9(QX,Y)=5(X,Y) on M.

3. &-We-flat Kenmotsu Manifold

In this section, we study {-Ws-flat in Kenmotsu manifold:

Definition 3.1. A Kenmotsu manifold is said to be £-Wg-flat if
Ws(X,Y)E=0 (10)
for any vector fields X,Y on M. Ws-curvature tensor [22] is defined as
Wi(X,Y)Z = R(X,Y)Z + ﬁ[sm YVZ - S(V, 2)X], (11)

where R and S are the curvature tensor and Ricci tensor of the manifold respectively.

By using (11) in (10), we get
RIX,Y)E + ﬁ[S(X, V)¢ — S(Y,6)X] = 0. (12)
By virtue of (6), (8) in (12) and on simplification, we obtain
HEOY = 1(V)X + 1 [S(X,V)E + (0 — Dn(Y)X] =0. (13)
By taking innerproduct with £ in (13) and on simplification, we have
S(X,Y) = =(n = 1)n(Y)n(X). (14)

Hence, we state the following theorem:

Theorem 3.2. If a Kenmotsu manifold satisfying £-Ws-flat condition then the manifold is a special type of n-FEinstein

manifolds.
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4. ¢-Wg-semisymmetric Condition in Kenmotsu Manifold

In this section, we study ¢-Wsz-semisymmetric condition in Kenmotsu manifold:

Definition 4.1. A Kenmotsu manifold is said to be ¢p-Ws-semisymmetric if

Ws(X,Y) ¢ =0, (15)
for any vector fields X,Y on M.
Now, (15) turns into
(Wa(X,Y) ) Z = Wa(X,Y)dZ — ¢Ws(X,Y)Z = 0. (16)
Making use of (11) in (16), we get
1

R(X,Y)$Z — ¢R(X,Y)Z + [S(Y, Z)6X — S(Y,$Z)X] = 0. (17)

(n—1)
Putting X = ¢ in (17) and by virtue of (7), (8) and on simplification, we obtain

1

—9(Y,92)§ —n(Z)¢Y — mS(Y, $Z)§ = 0. (18)
Replace Z by ¢Z in (18) and on simplification, we get
S, 2)¢ = —(n—1)g(Y, 2)¢. (19)
By taking innerproduct with £ in (19), we have
S, 2) = —(n—1)g(Y, 2). (20)

Hence, we state the following theorem:

Theorem 4.2. If a Kenmotsu manifold satisfying ¢-Ws-semisymmetric condition then the manifold is an Einstein manifolds.

5. Kenmotsu Manifold Satisfying R({, X) - Wg = 0 Condition

In this section, we study Kenmotsu manifold satisfying R(§, X) - Ws = 0. Then, we have
R(&, X)Ws(U, V)W — Ws(R(&, X)U, V)W — Ws(U, R(&, X)V)W — Ws(U,V)R(&, X)W = 0. (21)
By using (7) in (21), we obtain

n(Ws(U, V)W) X — g(X, Ws(U, V)W) — n(U)Ws (X, V)W + g(X, U)Ws (&, V)W

—n(V)Ws(U, X)W + g(X, V)Ws(U, )W — n(W)Ws (U, V) X + g(X, W)Ws(U, V)€ = 0. (22)
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By taking innerproduct with £ in (22) and by virtue of (11) and on simplification, we get

—9(X, R(U, V)W) = g(X, U)g(V, W) + g(X, W)n(U)n(V) + g(X, V)g(U, W)
1

—g(U, X)n(V)n(W) — W[S(UX)U(W)W(V) = S(X, W)n(U)n(V)] = 0. (23)

Let {e; : 1 =1,2,...,n} be an orthonormal frame field at any point of the manifold. Then contracting X = U = ¢; in (23),

we have

SVLW) = (L= mg(ViW) = | gy 40 V)0, (21)

(n—
Hence, we state the following theorem:

Theorem 5.1. If a Kenmotsu manifold satisfying R(§,X) - Ws = 0 then the manifold is an n-FEinstein manifolds.

6. Kenmotsu Manifold Satisfying Wy - R = 0 Condition

In this section, we study Kenmotsu manifold satisfying Ws - R = 0. Then, we get
Ws(§, U)R(X,Y)Z — R(Ws(&,U)X,Y)Z — R(X,Ws(&,U)Y)Z — R(X,Y)Ws(&,U)Z = 0. (25)
Putting Z = £ in (25), we have
Ws(§, U)R(X,Y)§ — R(Ws (&, U)X, Y)§ — R(X, Ws(&,U)Y)§ — R(X,Y)Ws(£,U)¢ = 0. (26)
By using (6) in (26) and on simplification, we obtain
—n(Ws(&, U)X)Y +n(Ws(§,U)Y)X — R(X,Y)Ws(£, U)§ = 0. (27)

By using (7), (8), (11) in (27) and on simplification, we get

9(U, X)Y = g(U,Y)X — R(X,Y)U + n(U)n(X)Y — n(U)n(Y)X + ﬁ[S(U, X)Y - S(U,Y)X] = 0. (28)
Putting Y = ¢ in (28) and by virtue of (7), (8), we obtain
S(X,U)§ = —(n = Dn(U)n(X)¢. (29)
By taking innerproduct with ¢ in (29), we have
S(X,U) = =(n = Dn(U)n(X). (30)

Hence, we state the following:

Theorem 6.1. If a Kenmotsu manifold satisfying Ws - R = 0 then the manifold is a special type of n-Einstein manifolds.
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7. Kenmotsu Manifold Satisfying W5 - W3 = 0 Condition

In this section, we study Kenmotsu manifold satisfying Ws - Ws = 0. Then, we get
W8(€7 U)WS(X7 Y)Z - Ws(WS(€7 U)X7 Y)Z - WS(X7 WS(£7 U)Y)Z - WB(X7 Y)W8(£7 U)Z =0. (31)
By using (11) in (31), we obtain

n(Ws(X,Y)Z)U — g(U, Ws(X,Y) Z)§ = n(X)Ws(U,Y)Z —n(Y)Ws(X,U)Z
—n(Z)Ws(X,Y)U + 2n(U)Ws(X,Y)Z + g(U, X)Ws(&,Y)Z + (U, Y)Ws(X, §) Z + g(U, 2)Ws(X, Y)¢

1
+m[fS(U, Ws(X,Y)Z2)§+ S(U, X)Ws(&,Y)Z + S(U,Y)Ws(X,6)Z + S(U, Z)Ws(X,Y)€] = 0. (32)
Putting Z = £ in (32) and by virtue of (6), (8), (11) and on simplification, we have
2

n—1

FnU)X)Y = g0, X)n(Y)E — g(U,Y)n(X)6 + —[S(U, X)Y + S(U, ¥)X] =0. (33)

(U)S(X,Y)E = n(X)SU,Y)E —n(Y)SU, X)¢] — R(X, Y)U + g(U, X)Y

Putting Y = ¢ in (33) and by virtue of (7), (8) and on simplification, we obtain
S(X, 1) = —(n — 1)g(X, U)e. (34)
By taking innerproduct with £ in (34), we have
S(X,U) = —(n — 1)g(X,U). (35)

This leads the following:

Theorem 7.1. If a Kenmotsu manifold satisfying Ws - Ws = 0 then the manifold is an Einstein manifolds.

8. Kenmotsu Manifold Satisfying Ws-Ricci Pseudosymmetric Condi-
tion

In this section, we study Wg-Ricci pseudosymmetric Kenmotsu manifold.
The concept of Ricci pseudosymmetric manifold was introduced by Deszcz ([4, 5]). A geometrical interpretation of Ricci
pseudosymmetric manifolds in the Riemannian case is given in [12]. A Riemannian manifold (M, g) is called Ricci pseu-

dosymmetric ([4, 5, 10, 19]) if the tensor R - S and the Tachibana tensor Q(g, S) are linearly dependent, where

(R(X,Y)-9)(Z,U)=-S(R(X,Y)Z,U) — S(Z, R(X,Y)U), (36)
Q(g,9)(Z,U; X,)Y)==-S(X Ng Y)Z,U) — S(Z,(X Ng Y)U) (37)

and
(XN Y)VZ =9, 2)X —g(X,2)Y (38)
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for all vector fields X,Y, Z, U on M. R denotes the curvature tensor of M.

A Kenmotsu manifold is said to be Wg-Ricci pseudosymmetric if its curvature tensor satisfies
Ws(X,Y) - 5)(Z,U) = LsQ(g9,9)(2,U; X, Y), (39)
holds on Us = {x € M : S # Lg at x}, where Ls is some function on Us. From (39), we get
SWs(X,Y)Z,U)+ S(Z,Ws(X,Y)U) = Ls[g(Y,Z2)S(X,U) — g(X, Z2)S(Y,U) + g(Y,U)S(X, Z) — g(X,U)S(Y, Z)]. (40)
Putting Z = £ in (40) and by using (8), (11) and on simplification, we obtain

205V, Un(X)  =S(X, Y)n(U)] + (n — D)[g(Y, U)n(X) — g(X, U)n(Y)]

= Ls[n(Y)S(X,U) =n(X)S(Y,U) — (n— 1)g(Y, U)n(X) + (n — 1)g(X, U)n(Y)]. (41)

Putting Y = £ in (41) and by virtue of (8) and on simplification, we get

(n—1(Ls+1)

- Vo (xyn). (42)

g(X7U)+(,n;

S(X,U) = — i

Hence, we state the following:

Theorem 8.1. If a Kenmotsu manifold satisfying Ws-Ricci pseudosymmetric, then the manifold is an n-Einstein manifolds.

9. Kenmotsu Manifold Satisfying Ws-Q =0

In this section, we study Kenmotsu manifold satisfying Ws - @ = 0. Then, we have

Ws(X,Y)QZ — Q(Ws(X,Y)Z) = 0. (43)

Putting Y = ¢ in (43), we obtain
Ws(X,6)QZ — Q(Ws(X,£)Z) = 0. (44)

By virtue of (11) in (44), we get
R(X,0)QZ + Til)[s()ﬂ §QZ - S(§,Q2)X] - QIR(X,§)Z + ﬁ{s()ﬂ §Z - 8(¢2)X}] =0. (45)

By using (7), (8) in (45) and on simplification, we obtain

5(X, 2)§ =n(X)QZ - Qg(X, Z2)§ —n(X)Z] = 0. (46)

Taking inner product with £ in (46) and on simplification, we have

S(X,Z) = —(n — 1)¢(Z, X). (47)

Hence, we state the following:

Theorem 9.1. A Kenmotsu manifold satisfying Ws - Q = 0, then the manifold is an FEinstein manifold.
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