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Abstract

In this paper, the Fractional Differential Transform Method is modified by using the
Caputo-Hadamard fractional derivative operator, the modified method results are compared to
several existing problems. New examples are also constructed. The results of the existing problems
comparison shows that the modified fractional differential transform method is efficient in

approximating solution of fractional differential equations.

Keywords: Fractional Differential Equation; Caputo-Hadamard fractional derivative operator;
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1. Introduction

In recent years fractional differential equations are widely studied by Engineers, scientist and social
sciences.The increase in computer capability and its efficiency is one of the catalyst for this current
development from the field of fractional Calculus. As we model real life problems, often times, the
solutions of these models are needed for the better understanding and interpretation of these
models.Various solution methods are studied, some of the solution method may be analytic, semi
analytic or numerical methods. The most widely commonly used classical solution techniques for
differential equations include: the Mellin transform method [1], the fractional Green’s Function
method [2], Orthogonal polynomial method [3], Laplace transform method [4] and the Furrier
transform method [5]. Further more, there are several other solution method for solving fractional
differential equations. The most frequently used technique are: Variational Iteration method [7],
power series method [7], Adomian decomposition method [8], Fractional differential transform
method [9], Collocation shooting method [10]. One of the most famous fractional integral order

operator is the one developed by Riemman Liouville, his definition was born out of the generalization
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of the usual Riemman integral

/atg(x)dx.

The left and right Riemman Liouville fractional integral operator are defined respectively as:

AP5(t) = g7 [ (6= 1) g

£ = gy | - 0P s()ar

where, > 0m—1 < B < m, T'(B) represent the gamma function. The left and right fractional

derivative are defined

Pt = =g <§t> [ =2 gy,

Dls(t) = g () [ A= 0" s,

<

The derivative of a constant K is defined as:

_ o (t—a)f
DPK = Kea gy

and the derivative of a power function is given by

(B+1)(t—a)r P
T(y-Bg+1)

DF(t—a)? = ©

for v > —1, B > 0. In handling the real world problems, the initial conditions interpretations
using the Riemman Liouville fractional derivative operator poses a significant challenge, to over come
this impediment, Michele Caputo proposed the left and right fractional derivative which the initial
conditions are similar to the classical derivatives. The left and right Caputo fractional derivative are

defined as follows:

1 t g1/ d\"
aCDﬁg(t):r(m_‘B)/Q(t—)\) P 1<dt> g()\)d)\,

1

Dfg(t) = . /tb(/\ _ b (;t) 2(A)dA,

where, B represent the order of the derivative m —1 < B < m. The Riemman Liouville fractional

derivative and the Caputo fractional derivatives are related by the following formulae.

m—1

DPg(t) = DF (g(t) -y F(ig_l(gll)(t_a)iﬁ)

i=0
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— )'g' (b) i
Dl =2} (50 % rpen =)

i=0

p
The fractional power <§lt> of differentiation 4 is the Riemman Liouville fractional derivative and

is invariant with respect to translation on the whole axis [1]. Hardamard gave a modification to the

()

Hardamard definition was based on the n' integral generalization.

fdxl 3 dxz tm—1 dxm 1 x £\ dx
n= [ S [ s = G [ (esy) 80

The left and right Hardamard fractional integrals of order f € C, R(p) > 0 are defined respectively as

fractional power as follows

follow:

I8 =15 | (log;)ﬁlgm‘i’i

Jig(t) = r(lﬁ) /tb <10gf>ﬁ1g(X)d;-

The Hardamard fractional derivatives are defined as follow:

DPg(t) =" (J’“ ﬁg)() (;t>mr(ml_ﬁ)/at (logi>m_ﬁ_1g(x)?,

and

ois = (~0) " (1%s) 0 = (—2) rrg [ (0s2) " 0

where, 6 = t4, 6% = ¢(t), p € C, R(B) > 0.

The Caputo-type Hardamard fractional derivative C-HFrD: Let R(8) > 0 and m = |R(B)]| + 1, if
g(t) € AC!"[a,b], where 0 < a < b < co and AC![a,b] = {f; [a,b] = C, 6" 1£(t) € ACla, b6 = t%}.

The left and right Caputo- type Hardamard fractional derivative (C-HFrD) is defined respectively as

follow:

D5t =0 50~ T P2 (10g ) 0 <1>
and

Ds(t) = 0# 50— T L) (105 ] @
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The Caputo-type Hardamard fractional derivatives have some group properties: Let R(8) > 0,
IR(B)] +1and R(vy) > 0, then

() i )

where, R(B) > m.

forK=0,1,2,...,m—1.
DD} g(t) = DY Fg(t)

for detail of the proofs see [1] and [2].

Various solutions technics are studied for example [3] implemented a well known transform technique,
the Differential Transform method, and applied it to the area of fractional Calculus, particularly
differential equations. Latter, [4] utilize the method to solve system of differential equations. Arising
from the forgoing we modified the fractional differential transform method proposed by [3] by using
the Caputo-type Hadamard fractional derivative operator.

The paper is organized as follows: In section I we give the introduction and some definitions and basic
properties of Hadamard fractional derivative operator. Section II is dedicated for the derivation of the
modified Fractional Differential Transform Method (MFrDTM). In section III we applied the derived
method to solve existing problems and new constructed examples. The summary and conclusions are

given in section IV.

2. The Modified Fractional Differential Transform Method

The generalisation of the concept of differentiation to fractional orders are approached in different
ways. The Hadamard fractional derivatives to order B of a function g() with respect to t with constant

of differentiation t( is defined for a general B € C for the non-negative real part is as follows:

a0 =(18) sl [ (s) a0 ®

0= (4) [ 2o
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form—1<p<mmeZ",t>t. We expand the analytical and continuous function g() in terms of

a fractional power series as follows:

[ee]

g(t) =} F(i)(t—to)

i=0

(©)

o~

where B is the fractional order and F(i) is the fractional differential transform of g(t). In most
cases, the practical applications of fractional differential equations in different branches of science
and engineering using some operators appear to difficult, due to the problem of the initial values. The
fractional initial conditions are frequently not available, and it may not be clear what there physical
meanings are. For ease of understanding, the behaviour of the model problem and efficient application,
the definition in equation (??) shall be modified to handle the integral ordered initial conditions in the

sense of Caputo-type Hadamard as follows.

Z =0 log(

Since the initial conditions are implemented to the integer order derivatives, the transformation of the

initial conditions are defined as follow.

if %€Z+ }|[dﬁgi(t)] for i=0,1,...,(mp—1)
G(i) = ()L s t=to

if 5€Z* for 0

@)

where m is the order of the fraction differential equations (FrDE). Applying equation (3) and (5), the

theorems of fractional Differential Transform (Frc-DT) are stated below.

Theorem 2.1. If

g(t) = f(t) =q(t) then, 8)
G(i) = F(i) £ Q(7) )

Proof.

Q
I
gk
pac}
N
~~
|
=
N———
H_
e
©Q
N
~~
|
=
N————
I~

4

G(i) = i [P(z’) + Q(i)} (t 1) . (10)
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Using the definition of the transform in (5), the result follows

G(i) = F(i) £ Q(i)

Theorem 2.2. If

we have in general as follows

§(6) = Y Y F()Q — 1)t~ to)

i=0r=0

(11)

(12)

Following from the definition of Differential transform, the result follows

Theorem 2.3. If

g(t) = fi(t) fa(t) - - fru—1(t) fn(t), then

i lm 1 13

=y ) - ZZH i1)Fa(ia —i1) - - Fy—1(im,

im—1=0 im—2=0 ip i

- imfZ)Fm(i - im—l)
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Proof. We can write the form of g(t) by using power series expansion of fi (), f2(t), -, fu(t)

iﬂ )(t —to) ﬁFz()(l‘—to)é'”iFm 1()(t—t0)é iFm(i)(f—tO)%
i=0 i=0 m

>IN

[Pl(o)+F1(1)(t—to)éF1(2)(t—to) + - } [P2(0)+F2(1)(t_t0)ép (2)(t_t0)§+...]

[le(o) + Fn1(1)(t— to) P Eu_1(2)(t — to) +] [Fm(O) B (1) (E — £0)F Fy(2)(F — to)F + - - }

+ Fl(l)FQ(O)Fg,(()l s Fm(O) + -+ F1(1>F2(0)F3(0) s Fm(l) + F1<0)F2(1)F3(1) SR Fm(O)
+ -+ F(0)R(1)F3(0) - - - Fu(1) + - - - + Fi(0)F2(0) - - - Fyy—1(1) Eu (1) Fy (1) E2(0) - - -

Fu-1(0)Fw(0) + - - - + F1 (0) F2(0) - - -Fm_l(O)Fm(z)] (t—to)F + -+

In general form we get,

-1 i3 1o ;
2 Yy - EZH i1)Fa(i2 —i1) - Byt (imy — im—2) Fn (i — im—1)(t — to)F,
im—1=0 im—2=0 i i

applying the definition of differential transform in equation (3) the results follows,

lnl 1 13 12 . . . .
Z Yo Y)Y R(i)F(i2 —i1) - - Fuet(imy — im—2)Fn(i — im—1).
im—1=0 im—2=0 ip 1

O
Theorem 2.4. If g(t) = (t — to)", then G(i) = 6(i — Bh), where
1if i=0
o(i) = g
0if i¢0
Proof. The expansion in terms of dirac-delta function is written for g(t) as
g(t) =) o(i—ph)(t—to)?
i=0
by the definition of transform we obtained expression G(i) = (i — ph). O
Theorem 2.5. If g(t) = Df [f(t)], then
Fla+1+ %)
F(i) = LG (i + pu)
I(l1—m+g)
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Proof. By making use of equation (6), the Caputo-type Hadamard sense fractional differentiation of a

function f(t) can be written as

o] -] [0 By

Using equation (5) and (7), we have

o] e (4)

1 e AT e
Dj, _f(t)_ —m'; G(l)<fdt> !/to de] (14)

we defined the Hadamard integral | Iﬂ{ of function f by

X

t p—1
Thst) = 5 /(logi) s B0

from equation (14), the integrand is

(x—t)F  (x—t)® I
T+a—m 1+a—m’ ( - B)
log(i) [log(i)]
hence, from Hadamard fractional calculus theory, we have
d\" ! (x - to)w _ r(w + 1) w—(m—aw)
(tdt> /to t x| =T =) gy (= o) (15)
[log(x)]

substituting (15) into (13) we have

= G F— to)b 16
I"(m—(x)l._zaﬁ (Z)r(é—m+a+1)( o) 1)
simplifying (16) we have
00 r(L+1 ;
e 5D G(i)(t —to)P """ (17)
iSp (g —m+at1)
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starting the index of the series from i — 0, we obtained the equation,

R

ool"(

=%

i
+5+1)

m+ncu+5@a—mﬁ, (18)

‘m\‘*

from the definition of transform in equation (5) we have the expression

r) Ha+1+é)G( )
i)=—"—G(i+ Ba
I(1—m+g) P
O
Theorem 2.6. The most general form of fractional derivatives are produce if
d“ dx2 d%m—1 A%m
8t =4 [ﬁ( >] e [fz( >] PP [fm Wt >] . [fm( >]
then,
f S p g T T Tl 1 e
lm 1= Olm 2=0 12 01‘]70 r[l + é - m] 1—'[1 + (12;11) - 771] ].—'[1 + (i”lilgiiniz) - m]
Tl +1+ %] . . . )
T Fi(iv+ Bar) B2 ((i2 — in) + Baz) - - Fy—1(im—1 — im—2) + Ptm—1)
I'l+ — - m]
Fon(im — Tm—1) + Patm)
where pa; € Z7* for j=1,2,--- ,m
Proof. We let the differential transform (DTr) of ;:]] [ f](t)} be B;(i) at t — to for j — -+ ,m, then by

making use of Theorem (2.3) we have the modified fractional differential transform (MFrDTr) of g(t) as

follows
lm 1

2 Y - 2 E B1(i1)Ba(i2 —i1) * -+ By—1(im—1 — im—2) B (i — im—1) (19)

im—1=01iy—2=0 ir=0i1=

and applying Theorem ??, we can deduced that

By HM+%+HP( |
i1)= ——r  "F(iy + Ba
1(71 1‘[%+1—m] (i1 +pB

Baliy — i) F[“2+i2,[5i1+1]1:,<. . )

h—11) = — 1 —11 + ba
2( — 11 1"[12;14—1—171] 202 — i1+ B

' ' F[amil + im—lfi"l_z + 1] ’ '

Bm—l(lm—l _lmfZ) = - - P Fm—l(lm—l - 1m72+,8“m—1)

l"[lm—lglmfl + 1— m]
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- Pl + == +1
Bu(i —im-1) = —— - Fp1(i — im—1 + Pam)
I[—==+1—m]

substituting the B(j) for j = 1,2,--- ,m into equation (19) we have

ip—1 i3
2 Y, ) Z Bi(i1)Ba(ia —i1) -+ * Bu—1(im—1 = im—2) B (i — im—1) (20)
in—1=01y 2=0 ir=01i1=
where Bay € ZT fork=1,2,--- ,m O

From our proved theorem one can see that Differential transform (DTrM) is sitting right inside

Fractional Differential Transform Method (MFrDTrM) for the special case p = 1.

3. Numerical Examples

Under this section, we construct Examples to demonstrate the applicability and the efficiency of the

modified method.

Example 3.1. Consider the fractional differential equation [3,5,6]

Ex(t) |, B *(1) | A,X(t) = g(t)

A
e dt

where g(t) = As(t + 1) and the boundary conditions x(0) — 1x (0) = 1. We take the B = 2 we transform the

boundary values using equation (7) as follows:

X(0)=x(0)=0
X(@)=11=1

X(i) =0, for i€ (0,2)

using Theorem 2.4 and 2.5, we find the recurrence relation,

r(3+3)

T(1+%—m)

NN
N—

Aligi X(i+4)+ A X(i+3) 4+ AsX(i) = A36X (i) + A3d(i — 2)

N~
S—

making X (i + 4) the subject of formula we have

T+s) AsSX(i) + Asd(i —2) — Ay

X(i+4)= AT(3+ 1) T(1+4—m)

X(i+3) (21)

using the transformed boundary conditions and equation (23) and evaluating up to certain number of terms and
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applying the inverse transform we found the x(t) to be

x(t) = i)X(i)(t —to)F = ixu’))té
x(t) = X(0) + X(2)t2 = t+1

The result is exactly same with the work of [3,5] and [6].

Example 3.2. Consider the non-homogeneous fractional differential equation

%y
dx2

d*y

B
! dx«

+ By + B3y = cos(x) (22)

where x > 0,0 < a < 2 with the initial conditions u(0) = 0 and u' (0) = 0. Using equation (22), Theorem 2.4

and Theorem 2.5 we have the transform results

We transform the initial conditions by using Theorem 2.4, Y (0) = y(0),Y(2) = 1/1!y (0) = 0. By applying
equation (23) and the transform initial conditions we find Y (i) and inverse transform is used to find the y(x).

The graph of the y(x) is shown in Figure 1

«10%

Approximatie salu. |

0 0.2 0.4 0.6 0.8 1
X

Figure 1: The graph of the approximate solution for Example 3.2

Example 3.3 ([3,7]). The fractional ricatti equation that is frequently encountered in optimal control problem is
consider,

d*z 2

@—Zz—z +1, O<a<], (24)

z(0) =0, (25)

with the initial conditions x(0) = 0. Using Theorem 2.2, 2.4 and 2.5, equation (24) is transform,

I(3)

FwtD 27(i) — Zi:Z(i)Z(i —i1) +4(i) (26)

i

Z(i+ap) =
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The initial condition in equation 25 is also transform using Theorem 2.4,
Z(i)=0, for i=0,1,---,ap—1 (27)

We take the value of « = 2 and B — 1/2 the transform equation (26) and (27) are evaluated and Z(i) is also

evaluated to certain number of i. Finally by using the inverse transform definition given equation (5), we find

z(x)

_ 2 16(r—1) 3/2
Z(X)—W‘sz—{—wx

972 971 4

Lo RCT M -32) 5 (128 71 37 5
T 45715/2

Using MATLAB software we graph the solution as shown below

%107

15|

10t

()

0 20 40 60 80 100
X

Figure 2: The graph of the approximate solution for Example 3.3

Example 3.4.

D'x=x>4+1, m—1<y<m, 0<t<l1 (28)

*0)=0, k=0---,m—1 (29)

We using Theorem 2.2 and 2.5 the non-linear fractional differential equation is transform.

T =mTK/B) | 5> x(k—ky) — (k) (30)

Xkt pr) = I+ + %) k1=0

by using Theorem 2.4, we transform the initial conditions as follows,

X(k)=0, for k=0,1,---,96—1 (31)

We obtained X(k) for different values of vy by using equation (30) and equation (31). We find the inverse
transform x(t) by using (5), x(t) is evaluated and the numerical results are shown in Table 1. This result is
compared with other existing results given by the method of Adomian decomposition and Fractional differential

transform.
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4. Summary and Conclusion

A fractional differential transform method for solving fractional differential equation is modified by
using the Caputo type Hadamard fractional derivative operator. The modified fractional differential
transform method (MFrTrM) is applied to existing problems in literature and new constructed

examples. The results show a good agreement with results of some selected methods.

Acknowledgement

This work is supported by the department of mathematics, Federal University of Agriculture Makurdi,

Benue state, Nigeria.

References

[1] S. Butera and M. Di Paola, Fractional differential equations solved by using mellin transform,

Communications in Nonlinear Science and Numerical Simulation, 19(7)(2014), 2220-2227.

[2] Y. Wang, The green’s function of a class of two-term fractional differential equation boundary value problem

and its applications, Advances in Difference Equations, 2020(1)(2020).

[3] W. Abd-Elhameed and Y. Youssri, Fifth-kind orthonormal chebyshev polynomial solutions for fractional
differential equations, Computational and Applied Mathematics, 37(2018), 2897-2921.

[4] L. Kexue and P. Jigen, Laplace transform and fractional differential equations, Applied Mathematics
Letters, 24(12)(2011), 2019-2023.

[5] S. K. Jena, Fourier Analysis for the Solution of Differential and Integral Equations, Springer Nature
Switzerland, (2025), 459-511.

[6] ]. He, Variational iteration method for delay differential equations, Communications in Nonlinear Science

and Numerical Simulation, 2(4)(1997), 235-236.

[7] C. Angstmann and B. Henry, Generalized fractional power series solutions for fractional differential

equations, Applied Mathematics Letters, 102(2020), 106-107.

[8] S. Momani and Z. Odibat, Numerical comparison of methods for solving linear differential equations of

fractional order, Chaos, Solitons and Fractals, 31(5)(2007), 1248-1255.

[9] A. Arikoglu and I. Ozkol, Solution of fractional differential equations by using differential transform
method, Chaos, Solitons and Fractals, 34(5)(2007), 1473-1481.

[10] S. C. Buranay, M. J. Chin and N. I. Mahmudov, A highly accurate numerical method for solving
boundary value problem of generalized bagley-torvik equation, Mathematical Methods in the Applied
Sciences, (2024), 1-23.



Solution of Fractional Differential Equation using the Modified Fractional... / Mtema James Chin 165

[11] E Jarad.T. Abdeljawad and D. Baleanu, Caputo-type modification of the hadamard fractional derivatives,
Advances in Difference Equations, 142(2012).

[12] Y. Gambo, E. Jarad, D. Baleanu and T. Abdeljawad, Caputo-type modification of the hadamard fractional

derivatives, Advances in Difference Equations, 10(2014).

[13] A. Arikoglu and I. Ozkol, Solution of fractional differential equations by using differential transform
method, Chaos, Solitons and Fractals, 34(5)(2007), 1473-1481.

[14] V. S. Erturk and S. Momani, Solving systems of fractional differential equations using differential
transform method, Journal of Computational and Applied Mathematics, 215(1)(2008), 142-151.

[15] V. S. Erturk and S. Momani, Numerical solution of the bagley-torvik equation, Springer Nature,
42(2002), 490-507.

[16] A. El-Mesiry, A. El-Sayed and H. El-Saka, Numerical methods for multi-term fractional (arbitrary)
orders differential equations, Applied Mathematics and Computation, 160(3)(2005), 683-699.

[17] N. T. Shawagfeh, Analytical approximate solutions for nonline ar fractional differential equations,

Applied Mathematics and Computation, 131(2)(2002), 517-529.



