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Abstract

In this paper, we study the existence and uniqueness of common fixed points for compatible
self-mappings in modular multi-metric spaces, which generalize both modular and multi-metric
spaces. We introduce contractive conditions suitable for this setting and establish a common fixed
point theorem that extends classical results such as Banach’s contraction principle and Jungck’s
theorem. An illustrative example is provided to demonstrate the applicability of the main result.
The results contribute to the theory of fixed points in spaces with multiple modular structures and

offer potential applications in nonlinear analysis and optimization.
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1. Introduction

Fixed point theory is a fundamental tool in mathematical analysis, with applications in differential
equations, optimization, and dynamic systems. Classical results, such as Banach’s contraction
principle, provide conditions under which self-mappings have unique fixed points in metric spaces.
Modular spaces extend normed spaces by replacing the norm with a modular function, providing
greater flexibility in convergence and completeness. Multi-metric spaces allow multiple metrics on a
single set, enabling the analysis of systems with multiple distance measures. A modular multi-metric
space combines these concepts, providing a richer framework to study mappings that are
simultaneously contractive under several modular metrics. In this paper, we establish a common fixed

point theorem for compatible mappings in such spaces, extending several classical fixed point results.
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2. Preliminaries

Definition 2.1 ([1,2,13,15]). A modular multi-metric space is a pair (X, {p;}!".), where X is a nonempty set
and each p; : X x X — [0, 00) is a modular metric. The space is said to be complete if every Cauchy sequence

with respect to each p; converges to a point in X.

Definition 2.2 ([2]). A function p : X x X — [0, 00) is called a modular metric if for all x,y,z € X:
1. p(x,y) =0ifand only if x =y,
2. p(x,y) = p(y,%),

3. p(x,z) < p(x,y) +p(y, 2).

Definition 2.3 ([3,4]). Let X be a nonempty set and let {p;}!" | be a finite family of functions p; : X x X —

[0, 00), called modular b-metrics, each satisfying the following:
(i) pi(x,y) =0 < x=y.
(ii) (Symmetry) pi(x,y) = pi(y, x).

(iii) (Relaxed triangle inequality) There exists b > 1 such that for all x,y,z € X, pi(x,z) < bpi(x,y) +
pi(y,2)].

The pair (X, {pi}!",) is called a modular b-metric space.

Definition 2.4 ([5,6]). A sequence {x,} in a modular multi-metric space (X, {p;},) is called Cauchy if for

every € > 0 and every i = 1,...,m, there exists N such that for all m,n > N, p;(Xp, x,) < €.
Definition 2.5 ([5,6]). It is said to be convergent to x € X if pj(xp,x) = 0 V i

Definition 2.6 ([7,8]). A mapping T : X — X is called contractive if there exists k € [0,1) such that
pi(Tx, Ty) < kpi(x,y) VYx,y€ X, Vi.

Definition 2.7 ([25]). Two mappings T,S : X — X are said to be compatible if for any sequence {x,} C X
with Tx, — p and Sx, — p, it holds that p;(TSx,,STx,) — 0, Vi.

Definition 2.8 ([9]). A point x* € X is called a fixed point of a self-mapping T : X — X if Tx* = x*. A point
x* is a common fixed point of T and S if Tx* = Sx* = x*.
Definition 2.9 ([10]). A pair of mappings T,S : X — X is said to satisfy the contractive condition if there

exists k € [0,1) such that p;(Tx,Sy) < kmax{p;(x,v),pi(x,Tx),pi(y,Sy)}, Vx,y e X, i=1,...,m.

Definition 2.10 ([11]). Mappings T,S : X — X are called self-mappings of the modular b-metric space
(X, {pi})-

Definition 2.11 ([11]). Two self-mappings T and S are said to be weakly compatible if Tx = Sx =
TSx = STx.
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Definition 2.12 ([12]). Given an arbitrary point xo € X, define a sequence {x,} by x2y+1 = TXon, Xon+2 =

SXQH+1,TZ = 0,1,2,....

This alternating iteration will be used to show the existence of a common fixed point.

3. Main Result

Theorem 3.1 (Common Fixed Point Theorem [17] in Modular Multi-Metric Spaces). Let (X, {p;}!";)
be a complete modular multi-metric space. Let T,S : X — X be two self-mappings satisfying the following

conditions:

1. There exists k € [0,1) such that forall x,y € Xandalli=1,2,...,m,
pi(Tx, Sy) < kmax{p;(x,y), pi(x, Tx), pi(y, Sy) }. 1)

2. The mappings T and S are compatible [25], i.e.

lim p;(TSxy,,STx,) =0

n—oo
whenever Tx,, — p and Sx,, — p for some p € X.
Then T and S have a unique common fixed point [25] x* € X, i.e. Tx* = Sx* = x*.
Proof. Let xg € X be arbitrary. Define two sequences recursively by x2,11 = Tx2u, X2n42 = SX2n41,
n=20,1,2,.... We will show that {x,} is a Cauchy sequence in each modular metric p;. From (1),
Pi(Xan+1, X2n+2) = 0i(Tx2n, Sxont1) < kmax{pi(x2n, Xan+1), Pi(x2n, Tx2n), Pi(X2n-+1, Sx2n41) }-
But p;(x2n, Tx2n) = pi(X2n, X2n+1) and pi(x2n+1, Sx2n11) = pi(X2n+1, X2n+2). Therefore,

0i (X2n+1, X2n42) < kmax{p;(x2n, X2n+1), Pi(X2n+1, X2n42) }-

If 0;(X2n11, X2n12) > Pi(X2n, X2n41), the inequality implies p; (X241, X2142) < kpi(X2141, X2n+2), which is

impossible unless p;(X2,+1, X24+2) = 0. Thus, for all n,

0i(X2n+1, X2n12) < kpi(X2n, X2n41)-

By iteration, p;(x,+1,x,) < k"pi(x1,%0). Hence, {x,} is a Cauchy sequence in (X, p;) for each i, and
since the space is complete, there exists x* € X [1] such that x, — x* in all p;. Taking limits in the
recursive definition, we get:

Tx* = lim Txp, = lim xp,,11 = x7,
n—oo n—oo
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and

Sx* = lim Sx2n+1 = lim Xon+2 = x*.
n—oo n—oo

Hence, Tx* = Sx* = x*.

Uniqueness: Suppose y* is another common fixed point [25]. Then
pi(x*y") = pi(Tx7, Sy") < kmax{p;(x*, y*), 0i(x", Tx"), pi(y", Sy*) } = kpi(x",y").

This implies (1 — k)p;(x*,y*) < 0, so p;(x*,y*) = 0 for all i, hence x* = y*. Therefore, the common

fixed point is unique [25]. O

Lemma 3.2 (Cauchy Sequence Lemma in Modular Multi-Metric Spaces). Let (X, {p;}!" ) be a modular
multi-metric space and let T, S : X — X be two self-mappings satisfying [9]

pi(Tx, Sy) < kmax{p;(x,y), pi(x, Tx),pi(y, Sy)}, 0<k<1,
forall x,y € Xandi=1,2,...,m. Define the sequence {x,} recursively by
Xon41 = szn/ Xop42 = Sx2n+1/ n= 0/ 1/ 2/ s

Then {x,} is a Cauchy sequence in each modular metric [2] p;.

Proof. From the given inequality, we have

0i (2041, Xon+2) = Pi(Tx2n, Sx2n41) < kmax{p;(x2n, X2n+1), i (%20, TX2n), Pi(X2n+1, SX2n+1) }-

Since x2,,+1 = Tx2, and x2,,42 = Sxp,41, this simplifies to
i (X2n+1, Xont2) < kmax{p;(X2n, X2n41), Pi(X2n+1, X2n+42) }-

If pi(x2n+1, X2n12) > Pi(X2n, X2n41), we would obtain p;(x2,41, X2nt2) < kpi(X2n+1, X2n42), which is

possible only if p;(x2,+1, X2n42) = 0. Therefore,

0i (%2041, Xon12) < kpi(X2n, X2n41)-

By iteration, p;(x,+1, X,) < k"p;(x1,x0). Thus, for m > n,

m—1 k"

oi(xXm, Xn) < Y pilr1, ) < T—pi(x1,%0),

which tends to 0 as n — oo. Hence, {x,} is Cauchy in each (X, p;). O

Corollary 3.3 (Banach Type Fixed Point Theorem in Modular Multi-Metric Spaces). Let (X, {p;}!" ;) be
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a complete modular multi-metric space and let T : X — X be a self-mapping satisfying [9]

pi(Tx, Ty) < kmax{p;(x,y),p:(x, Tx),0i(y, Ty)}, 0<k<1,

forall x,y € Xandi=1,2,...,m. Then T has a unique fixed point [25] x* € X.
Proof. Let S = T in Theorem 3.1. The compatibility condition is trivially satisfied since TS = ST = T2

By Lemma 3.2, define the sequence x,, ;1 = Tx;. Then,

Pi(xn—i-l/ Xny2) = Pi(Txp, Txpy1) < kmaX{Pi(xn/ Xnt1), 0i(Xn, Txn)/ i (Xn41, Txpi1) }

Since x,4+1 = Txy,, this gives p;(xy+1, Xn12) < kpi(xyn, X441), so that {x,} is Cauchy in each p;. By
completeness, there exists x* € X such that x, — x* in all p;. Taking limits in x,41 = Tx,, we get

Tx* = x*. If y* is another fixed point of T, then

pi(x%,y") = pi(Tx*, Ty*) < kmax{p;(x*,y*), 0i(x", Tx*), 0:i(y", Ty*) } = kpi(x*,y").

This implies p;(x*,y*) = 0 for all i, hence x* = y*. Therefore, the fixed point is unique. O
Corollary 3.4 (Common Fixed Point for Commuting Mappings). Let (X, {p;}") be a complete modular

multi-metric space. Let T, S : X — X be two commuting self-mappings (i.e., TS = ST) satisfying [9]

pi(Tx, Sy) < kmax{p;(x,y), pi(x, Tx),pi(y, Sy)}, 0<k<1,

forall x,y € Xandi=1,2,...,m. Then T and S have a unique common fixed point [25] x* € X.

Proof. Since T and S commute, we have TSx = STx for all x € X. Thus, the compatibility condition of

Theorem 1 is automatically satisfied. By Theorem 3.1, there exists a unique x* € X such that
Tx* = Sx* =x".

Hence, x* is the unique common fixed point [25] of T and S. O

Theorem 3.5 (Common Fixed Point Theorem for Compatible Mappings in Modular b-Metric Spaces).
Let (X, {pi}!") be a complete modular b-metric space. Let T,S : X — X be two self-mappings satisfying [9]

the following conditions:

1. There exists a constant k € [0,1) such that for all x,y € X and all i =1,2,...,m,

pi(Tx, Sy) < klpi(x,y) + pi(x, Tx) + pi(y, Sy)]-

2. The mappings T and S are weakly compatible [11], i.e., Tx = Sx = TSx = STx.
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Then T and S have a unique common fixed point [25] x* € X, that is, Tx* = Sx* = x*.

Proof. Let xg € X be arbitrary and define a sequence {x,} by
Xon41 = Txon,  Xopy2 = Sx2441, n=0,1,2,...
We show that {x,} is a Cauchy sequence in each modular p;. From condition (1),

0i(Xon+1, X2n12) = Pi(Tx2n, Sxont1) < k[pi(X2n, X2n+1) + Pi (%20, Tx2n) + 0i(X2n+1, Sx2n41)]-

Since xp,+1 = Txp, and xp,1p = Sx2,,41, we have

Pi(x2n+1,x2n+2) < k[Pi(x2n1x2n+1) + pi(xZn/x2n+1) + Pi(x2n+1/x2n+2)]/
which implies
(1 = k)pi(x2n41, X2n42) < 2kpi (X2, X2n11)-

Hence,

pi(Xams1, Xonr2) < i (Xom Xons1).

By iteration,
2k \"
pi(xn—i—l/xn) < m pi(x1,x0).

Since 0 < f—_kk < 1, the sequence {x,} is Cauchy. Completeness of X ensures that x, — x* in all p;.

Taking limits in the recursive definitions,

Tx* = lim Txp, = lim xp,,,1 = x7,
n—oo n—oo

and similarly,

Sx* = r}grt;lo SX2n+1 = r}g{}o Xon+2 = x*.
Hence, Tx* = Sx* = x*.
Uniqueness. Suppose y* is another common fixed point [25] of T and S. Then
pi(x%y") = pi(Tx", Sy™) < kloi(x™, y™) +pi(x", Tx™) + pi(y”, Sy*)] = koi(x™, ).
This gives (1 —k)p;(x*,y*) < 0, implying p;(x*,y*) = 0 for all i. Thus, x* = y*. Therefore, the common
fixed point is unique [25]. ]

Example 3.6. Consider X = [0, 00) with the modular b-metric

__lx—vl
p(x/y)_ 1+‘x_y|
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Define mappings T, S : X — X by

For all x,y € X, we have

Hence, the condition of the corollary holds with k = % < 1. Therefore, by Theorem 3.6, T and S have a

unique common fixed point [25] x* = 0, since Tx* = Sx* =0 = x*.

Example 3.7. Let X = [0,1] with modulars defined by p1(x,y) = |x —vy|, p2(x,y) = |x —y|>. Then

(X, {p1,p02}) is a complete modular multi-metric space.

Define the mappings:

B~ =

N[ =

Tx Sx

Forall x,y € X,

I P
pl(Tx,Sy)—’Z 2‘—4|x 2y|§2!x y\—2P1(X,y),

and similarly,
1
Ty —yl?2 = =
4 2 4|x y’ zpz(x’y)'

Hence, condition (1) holds with k = 3. The mappings T and S are compatible, and the only common
fixed point satisfying [25], Tx = Sx = x is x* = 0. Therefore, by the theorem, T and S have the unique

common fixed point [25], x* = 0.
Example 3.8. Let X = [0,2] with modulares defined by p1(x,y) = |x —y|, p2(x,y) = |x —y|>. Then
(X, {p1,p2}) is a complete modular multi-metric space.

Define the mappings:

Tx = Sx =

N R

Forall x,y € X,

X 1 1 1
pi(Tx,Sy) = |3 — 2| = <lx =yl < slx =yl = 3p1(x,),

and similarly,
x 3 1
2T, Sy) = |3 —¢| <glr—yI"=350(xy)

Hence, condition (1) holds with k = 1. The mappings T and S are compatible, and the only common
fixed point satisfying [25], Tx = Sx = x is x* = 0. Therefore, T and S have the unique common fixed

point [25], x* = 0.

Example 3.9. Let X = [0, 1] with

p1(x,y) = |x—y|, p2(x,y) =[x —y["2
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Then (X, {p1,p2}) is a complete modular multi-metric space.

Define

Tx

Q1 R

W[ R

, Sx

Then for all x,y € X,

CE Y~ Yy sy < 2y = 2
pi(Tx,Sy) = |5 — 2| = I3x =5y < Slx =yl = Spu(xy),

and similarly,
x _ypz_ 2\ 2 _ (27
= |- — = < — — = — .
patosn) =53 < (5) o= (5) maten)

Hence, condition (1) holds with k = . The only common fixed point satisfying [25], Tx = Sx = x is

x* =0.

Example 3.10. Let X = [0, 1] with modulares

p1(x,y) =|x—yl, p2(x,y) = (x—y)*+[x—yl

Define

Tx = Sx =

W[ &R

Then for all x,y € X,

X oy 1 1 1
= |- — = = — — < — J— —
p1(Tx, Sy) ]2 3\ g3 — 2yl = slx—yl =501 (x ),

and
NN AT N PN Y S N |
oaTx,Sy) = (5= 3) + |5~ 5] < 5[ = v+ x—vl] = Spa(xw).
So, condition (1) holds with k = 3. The only common fixed point satisfying [25], Tx = Sx = x is

x* = 0. Therefore, T and S have the unique common fixed point [25], x* = 0.

Example 3.11 (Linear Maps in a Modular b-Metric Space). Let X = R and consider a family of modulars
pi(x,y)=|x—ylP, pie (0,1, i=1,...,m.

Define two mappings

Tx =

NI—
R
92
Y
I
TN
=<

We compute
pi(Tx, Sy) = 3% = gy”

and
_ |x|pi

pile To) = e —3a" = 5 iy Sy) =y — ] = yI" ()"
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Choosing k = 3, the inequality p;(Tx, Sy) < k(p;i(x,y) + pi(x, Tx) + pi(y, Sy)) holds for all x,y € X.
Thus the contractive - type inequality hold. If Tx = Sx, then 3x = }x, hence x = 0. At this point,

TSx =T(0) =0, STx = 5(0) =0.
Thus T and S are weakly compatible. Solving Tx = x gives x = 0, and solving Sx = x also gives x = 0.
Hence the unique common fixed point [25], is x* = 0.

Example 3.12 (Nonlinear Maps on [0,2]). Let X = [0,2] and define the modular p(x,y) = |x — y|*

Define two mappings

x+1

Tx = /x, Sx = >

We have

2

7

p(Tx, Sy) = ‘f—y;l

12

o, T = k= VAR i) = |5

For k = 1, one checks that p(Tx, Sy) < k(p(x,y) + p(x, Tx) + p(y, Sy)) for all x,y € [0,2]. Thus the

contractive inequality holds. If Tx = Sx, then

x+
2 4

Vx =

which gives x = 1. Atx =1, TSx = T(1) = 1, STx = S(1) = 1. Thus the mappings are weakly
compatible. Solving Tx = x yields x = 0 or 1, whereas Sx = x implies x = 1. Thus the unique

common fixed point [25], is x* = 1.

Example 3.13 (Piecewise Maps on [0, 1]). Let X = [0, 1] and define the modular p(x,y) = |x —y|'/2.

Define
1 1
%/ X S 27 %/ X S 27
Tx = Sx =

1 1 1
37 X > 27 37 X > ]

1

For x,y < 3,

x y 1/2

p(Tx,Sy) = |3 =%|  <2(e(xy)+p(xTx)+p(y Sy)).

For x,y > %, we have Tx = Sy = %, so

p(Tx,Sy) =0,

and the inequality holds trivially. To ensure compatibility, define Tx = Sx =  for all x > 1/2. Then

1
TSx = STx = =
Sx =STx X
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and weak compatibility holds. To find common fixed points solve:
Tx = x, Sx = x.

Both functions satisfy Tx = Sx = 1 only at

Thus, x* = % is the unique common fixed .

4. Conclusion

We have established a common fixed point theorem in modular multi-metric spaces for compatible
contractive mappings. This result generalizes classical fixed point theorems and provides a flexible
framework for studying mappings in spaces with multiple modular metrics. Applications may include

nonlinear equations, iterative processes, and optimization problems in multi-criteria settings.
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