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1. Introduction

Recently, Wardowski [18] introduced a new type of contraction called F—contraction and proved a fixed point result in
complete metric spaces which in turn generalizes the Banach contraction principle is the Wardowski fixed point theorem
[18]. Before providing the Wardowski fixed point theorem, we recall that a self-map 7" on a metric space (X, d) is said to be

an F-contraction if there exist F' € F and 7 € (0, 00) such that
Yo,y € X, [d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y))], 1)

where F is the family of all functions F : (0,00) — R such that
(F1). F is strictly increasing, i.e. for all z,y € Ry such that z <y , F(z) < F(y) ;

(F2). for each sequence {a, }or; of positive numbers,

lim o, =0
n— oo

if and only if

lim F(ap) = —oo,

n— oo

(F3). there exists k € (0, 1) such that lim,_,o+ a*F(a) =0 .

Obviously every F-contraction is necessarily continuous. The Wardowski fixed point theorem is given by the following

theorem.
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Theorem 1.1. Let (X,d) be a complete metric space and let T : X — X be an F-contraction. Then T has a unique fized

point z* € X and for every x € X the sequence {T"x}nen converges to z*.

Later, Wardowski and Van Dung [19] have introduced the notion of an F-weak contraction and prove a fixed point theorem
for F-weak contractions, which generalizes some results known from the literature. They introduced the concept of an

F-weak contraction as follows.

Definition 1.2. Let (X,d) be a metric space. A mapping T : X — X is said to be an F-weak contraction on (X, d) if there

evist ' € F and 7 > 0 such that, for all z,y € X, d(Tz,Ty) >0 = 71+ F(d(Tm,Ty)) < F(M(ac,y)), where

M(z,y) = max{d(m, y),d(z, Tz),d(y, Ty), d(z, Ty) + d(y, T'x) }

! 2)

By using the notion of F-weak contraction, Wardowski and Van Dung [19] have proved a fixed point theorem which generalizes

the result of Wardowski as follows.

Theorem 1.3. Let (X, d) be a complete metric space and let T : X — X be an F-weak contraction. If T or F is continuous,

then T has a unique fized point ¥ € X and for every x € X the sequence {T"x}nen converges to z™.

Recently, by adding values d(T?z, x), d(T?z, Tx), d(T?z,y), d(T?z, Ty) to 2, Dung and Hang [8] introduced the notion of a
modified generalized F-contraction and proved a fixed point theorem for such maps. They generalized an F-weak contraction

to a generalized F-contraction as follows.

Definition 1.4. Let (X,d) be a metric space. A mapping T : X — X 1is said to be a generalized F-contraction on (X,d) if
there exist F € F and T > 0 such thatV z,y € X, [d(Tz,Ty)>0= 7+ F(d(Tz,Ty)) < F(N(z,y))], where

d(z,Ty) +d(y, Tz) d(T*w,z) + d(T%z, Ty)
2 ’ 2

N(z,y) = max{d(m, y),d(z, Tx),d(y, Ty), , d(TQ:r, Ta:), d(T2:E, y) , d(sz, Ty) }

By using the notion of a generalized F-contraction, Dung and Hang have proved the following fixed point theorem, which

generalizes the result of Wardowski and Van Dung [19].

Theorem 1.5. Let (X,d) be a complete metric space and let T : X — X be a generalized F-contraction. If T or F is

continuous, then T has a unique fized point * € X and for every x € X the sequence {T"x}nen converges to x™.

Very recently, Piri and Kumam [15] described a large class of functions by replacing the condition (F3) in the definition of
F-contraction introduced by Wardowski with the following one:

(F3): F is continuous on (0, c0) .

They denote by § the family of all functions F' : Ry — R which satisfy conditions (F1), (F2), and (F3’). Under this new

set-up, Piri and Kumam proved some Wardowski and Suzuki type fixed point results in metric spaces as follows.

Theorem 1.6. Let T be a self-mapping of a complete metric space X into itself. Suppose there exist F € § and 7 > 0 such
that V. z,y € X, [d(Tx,Ty) >0=r71+ F(d(T:c,Ty)) < F(d(:r,y))]. Then T has a unique fized point x* € X and for

every o € X the sequence {T"xo}ne1 converges to x™*.

Theorem 1.7. Let T be a self-mapping of a complete metric space X into itself. Suppose there exist F' € §F and 7 > 0 such
that V. z,y € X, |3d(z,Tz) < d(z,y) = 7+ F(d(Tz,Ty)) < F(d(z,y))|. Then T has a unique fized point * € X and

for every xo € X the sequence {T"xo}ney converges to x*.
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Beside this, the concept of soft theory as new mathematical tool for dealing with uncertainties is discussed in 1999 by
Molodtsov [13]. A soft set is a collection of approximate descriptions of an object this theory has rich potential applications.
On soft set theory many structures contributed by many researchers (see [5, 9, 11]). Shabir and Naz [17] were studied about
soft topological spaces. In these studies, the concept of soft point is explained by different techniques. Later a different
concept of soft point introduced by Das and Samanta ([6, 7]) using a different notion of soft metric space and investigated

some basic properties of these spaces. Now we recall some definition which are required for the proof of our results.

Definition 1.8. Let X be an initial universe set and E be a set of parameters. A pair (F, E) is called a soft set over X if
and only if F is a mapping from E into the set of all subsets of the set X, i.e., F': E — P(X) where P(X) is the power set
of X.

Definition 1.9. Let VisionRes. , § be two soft real numbers. Then the following statements hold:

W

(1). VisionRes. < 5 if VisionRes. (e¢) < §(e) for alle € E,
(2). VisionRes. > § if VisionRes. (e) > §(e) for alle € E,

(3). VisionRes. <

V3

if VisionRes. (e) < 5(e) for alle € E,

Vo1

(4). VisionRes. > 5 if VisionRes. (e) > §(e) for alle € E.

Definition 1.10. A soft set (F, E) over X is said to be a soft point, denoted by Ze, if for the element e € E, F(e) = {z}
and F(&) = ¢ , for allé € E\ {e}.

Definition 1.11. Two soft points Z., e are said to be equal if e = € and v = y. Thus Te # Je or € # €.

Definition 1.12. A mapping d : SP(X) x SP(X) — R(E)* is said to be a soft metric on the soft set X if d satisfies the

following conditions:

(M1). d(Ze,12)>0 for all Ze,yju €X,

(M2). d(Ze,v2)>0 if and only if T = yr,

(M3). d(Fe,yjor) = d(yer, &) for all e,y €X,

(M4). For all Ze, vy, 2zen €X, vd(Fe, 200 ) SAd(Fe, v ) + d(vor, 25).

The soft set X with a soft metric d on X is called a soft metric space and denoted by (X,J, E).

Definition 1.13. Let {z } be a sequence of soft points in a soft metric space ()2'7 d, E). Then the sequence {z? } is said

to be convergent in (f(, d, E) if there is a soft point a:éo EX such that cz(a:?n , :L":EO) — 0 as n — oo. This means for every >0,

chosen arbitrarily, there is a natural number N = N(€) such that ()id(a:?,”aséo)ée whenever n > N.

Definition 1.14. Limit of a sequence in a soft metric space, if exist, is unique.

Definition 1.15 (Cauchy Sequence). The sequence {z2 } of soft points in (X,J, E) is called a Cauchy sequence in X if
>

corresponding to every €30, there is a m € N such that J(xél,xij)éé foralli,j > m i.e. ci(:v;el,méj) —0 asi,j — .

Definition 1.16 (Complete Metric Space). The soft metric space (X7 d, E) is called complete if every Cauchy Sequence in

X converges to some point of X. The soft metric space ()Z',J, E) is called incomplete if it is not complete.

The aim of this paper is to introduce the modified generalized F-contractions, by combining the ideas of Dung and Hang
[8], Piri and Kumam [15], Wardowski [18] and Wardowski and Van Dung [19] and give some soft fixed point result for these

type mappings on complete soft metric space.
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2. Main results

Let §¢ denote the family of all functions F' : R — R which satisfy conditions (F1) and (F3) and F¢ denote the family of

all functions F': Ry — R which satisfy conditions (F1) and (F3).

Definition 2.1. Let (X,d, E) be a soft metric space and (T, ) : (X,g, E) — (X,J, E) be a mapping. (T, ) is said to be

modified generalized F-contraction of type (A) if there exist F' € o and T > 0 such that

Tx,Yu € Xv [d((T7 ‘p)jjk,(T7 @)Zju) >0— T+F(d((T7 @)ikz(Tv W)?:lu)) éF(M(T,v)('i‘M?jH))]: (3)

where

d(fé% (T7 (P)gl»t) + d(gim (T7 W)‘%A) J((T7 90)2&?\1 ‘%A) + J((T7 90)2&?\1 (Ta S")?ju)
2 ’ 2 ’

Mr,0)(Zx, Gu) :maX{i(iA,ﬂu),
J((Tv @)QCEM (Tv ‘p)‘%k)v ((Tv @)2‘%/\7 g#)v J((Tv @)QEM (T7 90)37#) + d(i/\v (Tv @)i’k)7

(T, 9, ) + (G, (T, som)}.

Remark 2.2. Note that § C Fw. Since, for § € (0,00), the function F(a) = ﬁ satisfies the conditions (F1) and (F3)
but it does not satisfy (F2), we have § C Fw but F # Fw .

Definition 2.3. Let (X,J, E) be a soft metric space and (T, p) : (X,J, E) — (X,J, E) be a mapping. (T, ) is said to be
modified generalized F-contraction of type (B) if there exist F € Fg and T > 0 such that

VI, Ju € X’ [d~((T’ So)fé)\v (T7 @)gu) >0=7+ F(d((T, Lp)jkv (T7 w)gﬂ))éF(M(T,cp)(i)\’ ?ju))] :

Remark 2.4. Note that F C Fw. Since, for § € (0,00), the function F(a) = In(a + B) satisfies the conditions (F1) and
(F'3) but it does not satisfy (F2), we have F C Fw but F # Fw .

Remark 2.5.

(1). Every F-contraction is a modified generalized F-contraction.

(2). Let (T, ) be a modified generalized F-contraction. From 3 for all Zx, 5, € X with (T,@)ix # (T,¢)ju , we have

F(J((Tv @)‘%N (Ta 90)?]#)) <7+ F(d((Tv (P)‘%M (T7 ‘P)gu))

éF(max{J(:ﬁA, g#)’ J(i')\v (T7 ‘P)gu) ; J(gﬂv (Tv 90)53%) 7 d~((T7 @)25&/\5 i*) + d;((Tv @)25&/\5 (T7 QO)Z}‘L) 7

d((T,)*%x, (T,0)2r), d((T,)*Ex, Gu), A((T,0)*Ex, (T, 0)iu) + d(Zr, (T, @)Er),

(T, 0)Er. ) + A, (T, so):m}).

Then, by (F1), we get

A 01 (1 p)5) <ma{ o, 5, AT DD L) MLV E0eT0) ,

d~((T7 90)2{&% (T7 @)i’x) ’ J((Tv 90)2‘%% g#) ’ J((Tv @)2‘%)\’ (T7 90)37#) + d(iM (T7 @)i’h)z

(T, @)r, ) + A (T, so)zm},

for all Tx, 9, € X , (T, 0)2x # (T, 0)Yu -
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The following examples show that the inverse implication of Remark 2.5(1) does not hold.

Example 2.6. Let X = [0,2] and F = [1,00) and define a soft metric d on X by d(z,y) =| z —y | and di(z,y) =
min{|z — y|,1} then

A, G) = lds O ) + d(, )

is a soft metric space. Suppose ¢ : RT = RY and let T : X — X be given by

p(t) = §t
and
1, z€[0,2
- 0.2),
%, x=2

Obuviously, (X,J, E) is complete soft metric space. Since (T, ) is not continuous, (T,¢) is not an F-contraction. For

z €[0,2) and y = 2, we have

2
and ~ _ ~ ~
T~ o~ d(i%% (T7 QD)gu)d(glM (Tv (p)f?)\) d((T7 @)25"/\> '%A) + d((T7 @)25"/\> (T7 ‘P)gu)
max d(x)\ﬂyﬂ)a 2 ) 2 B
Ci((Tv @)2‘%/\7 (T7 90):%)\)7 d((T7 (P) Zx, g#)v (Z((Tv (P)2'%M (T7 ‘P)yu) + J(m)\v (Tv (P)xk)v
(T, @)07,3) + e (T 0170 |
> d(T, )%, Gu) + d(Gus (T, #)G1)
=d(1,2) + ci<2, 7)
5
3
Therefore

d(‘iA7 (T7 ‘P)?ju) + g(gﬂ7 (T> (P)'%A) J((Tv @)Q:i)\’ j)\) + J((Tv @)Q:i)\’ (T7 @)ﬂu)
2 ’ 2 ’

AT, )5, (T, <5 max{ (i, ),

d((Tv <P)253A7 (T7 (p)f)\), J((Tv @)2‘%/\’ g#)v J((Tv @)QEM (T7 90)37#) + J(CE/\v (Tv @)i’k)7

(T, ), ) + d(@, (T, @)ﬂu)}-

So, by choosing F(a) = In(a) and 7 = ln% we see that (T, ) is modified generalized F-contraction of type (A) and type (B).

Example 2.7. Let X = {—2,—1,0,1,2} and define a soft metric d on X by

0, ifzx=y,
d(z,y) = 2, if (z,y) € {(2,-2), (-2,2)},
1, otherwise.

Then (X,J, E) is a complete soft metric space. Let (T, ) : (X,CZ, E) — (X,J, E) be defined by

(T7 @)(_2) = (T7 90)(_1) =T0= -2, (T7 (p)l =-1, (T7 4»0)2 =0
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First observe that

d(T,@)Ex, (T, 0)§u) >0 & [(#x € {=2,-1,0} AGu =1)V (Zx € {2, 1,0} A Ju = 2) V (&x = 1,3 = 2)].
Now we consider the following cases:

Case 1. Let &y € {—2,—1,0} A g, =1, then

d~((T, @)i'kv (T7 @)?ju) = d~(_27 _1) =1, d"(ji,\,gju) = J(jb\v 1) =1, J(QNZM (T7 @)i\) = J(QNZM _2) =0Vl1,

d~(y, (T, 90)2?#) — d’(L _1) =1, Cz(i,%v (Ta 50)?]#) ; J((Tv W)‘%Avgu) — CZ(i‘)\, _1); J(_Zv 1) — % v,
J((Tv @)ij,i‘k) + J((Tv @)25:% (T7 ‘P)Zgu) — J(_27*%>\) + J(_27 _1) _ 1 V1
2 b)

Case 2. Let & € {—2,—1,0} Ay, = 2, then

J((T, @)i')w (T7 ‘P)?ju) = J(—ZO) =1, J(‘%X7gu) = d~(a~:>\> 2) =1Vv2 d~(57>\> (T7 @)i')\) = d~(a~j)\7 _2) =0V 17

J(gu7 (T7 So)ﬂu) _ d~(270) =1, d~(5:>\7 (T7 ‘P)'gu) ; dN((Tv @)QN?A,Z}H) _ J(jkv 0) ';J(_Qv 2) —1v 27
d~((T, @)25:/\, 'i‘k) + d~((T, @)2337 (T7 W)?ju) — J(_Q» ik) + J(_Qv O) — 1 Val
2 2 2 ’
d((T7 90)2‘%% (7, @)iv\) = J(_27 -2)=0, d((T7 90)25)\) g#) = J(_Qv 2) =2,
d((T7 50) TXs (Tv @)gﬂ) = d~(727 0) =1,
d((T7 LP)Q‘%M (Ta (P)g#) + d~(‘%>\7 (T7 Lp)"i)\) = d~(_27 0) + d(‘%kv _2) =1v 27

CZ((Tv @)i'h Z}u) + d(gw (Tv @)gu) = N(_27 2) + CZ(Q, 0) =3.

Case 3. Let Ty = 1 Ay, = 2, then

d((T7 @)CEM (Tv <p)g#) = EZ(_LO) =1, CZ(‘%MQ#) = J(172) =1, J(‘%M (T, 50)‘%/\) = J(lv _1) =1,
d(j/\v (T7 KP)Z}#) + J((Tv @)‘%Av g#) J(lv O) + d~(71 2)

CZ(?}H, (Tv @)Zgu) = CZ(Q,O) =1, 2 = 2 ’ =1,
(TP 5) + AT (L) _ d(=21) +d(=2.0) _
2 2 ’

d((T, )’ &, (T, )Er) = d(~2, 1) = 1, A(T,)*Fx, Gu) = d(—2,2) = 2,

d((Ta 30)2‘%)\7 (Ta W)gﬂ) = d~(_27 O) =1, d((T7 90)25‘)\7 (T7 S")?ju) + Ci(i‘h (T, ‘p)ik) = g(_27 0) + d(la _1) =2,

d((T’ ‘P)j)\v g#) + d(gﬂv (T7 So)gﬂ) = ~(_1’ 2) + d(zv 0) =2

In Case 1, we have

(T, 0100, (T, 903) = mas{ o ) A, (T, 3), i (T, ), LA ) 2 U 2N
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This proves that for all F € FUF , (T,p) is not an F-weak contraction and generalized F-contraction. Since every F-
contraction is an F-weak contraction and a generalized F-contraction, (T, ) is not an F-contraction. However, we see

that

Ci((T, 50)53): (T, S0)2) S% max{d(ix, gu)’ d(i‘)\a (T7 SD)QH) ;— d(ﬂ;ﬁ (T7 ‘P)ik) , d((Ta 90)2‘%)\7 j>\) + dQ((Ta @)253'% (Ta W)gﬂ) ,

J((Tv @)QjM (T7 ‘p)jk) ) J((Tv @)257/\7 gu) ) J((Tv @)25:/\7 (T7 ‘P)Zju) + d~(3~:>\7 (Tv @)ik)v

(T, @)in i) + d(i (T, som)}.

Hence, by choosing F(a) = In(a) and 7 =In % we see that T is modified generalized F-contraction of type (A) and type (B).

Theorem 2.8. Let (X,CZ, E) be a complete soft metric space and (T, ) : (X,J, E) — ()Z',ci, E) be a modified generalized
F-contraction of type (A).Then (T, ) has a unique soft fized point T € X and for every i(io € X the sequence {T"figo }nen

converges to T3, .

Proof. Let igo € X. Putz ~"+1 =T"%3, foralln € N. If, there exists n € N such that & ~"+1 = Y, , then (T, p)Z% = I} .

n

That is, £y is a soft fixed point of (T, ). Now, we suppose that i;‘*j # &3 for all n € N. Then d(z "*11 &%, ) > 0 for all

n € N. It follows from (3) that, for all n € N,

. - . d(@5 L (T,9)5,) +d(35,,, (T, )3 "))
T+ F(d((T, @)417:?7;11, (T, w)i?n))gF(maX{d(i;‘Til ) Txa - An An 7

d(T, )2yt L avt ) +d((T, @)%ay | Ti},)
2 b
d((T, )’ a5t (T, p)ah ), d((T, @)2f§;fl L2%),

d(T, )T 1, (T 9)ER,) +d(@3 1, (T, 9)F 1),

(T, 35) + A, (T, @)iﬁn)}) @

d(@ L E )+ d(Es,,E,)

:F(max{d( - 1,x>\ ), 2 ,

n+l ~n—1 n+1 ~n+1
d(xA nt1 Fan 1)+d(a:)\ 117 T +1) d(ac”Jrl ~nt1 )s CZ( grtl  gn )s

2 At Trnga A1) TAp
AT A + A, ) + 3,33 )

F(max{d ll,xk ), d(@%, &5 )})-

Txpt1
If there exists n € N such that
max{d(#} ', 23,). (@3, 23} ,)} = (@, 73],
then 4 becomes
T+ F@, 237 SF(dE, 3511)-

Since 7 > 0, we get a contradiction. Therefore

—1

max{d(z% ' &%), d@%, a5} =d@h L ay,), vneN

Thus, from 4, we have

F(d(@X,,830),)) =F(d(T,9)23, 1, (T, 9)3R,)) SF (), 28,)) =7

n? n+1

<F(d@y ' ,a%.))-
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It follows from 5 and (F1) that

(@, @) <d@y k), YneN

Therefore {d(i";fl &Y, )}nen is a nonnegative decreasing sequence of real numbers, and hence
n

. S mtl
Jim d(mgjﬂ,mgn) =v>0.

+1

Now, we claim that v = 0 . Arguing by contradiction, we assume that v > 0. Since {d(jt\lnﬂjgn)}n@’ is a nonnegative

decreasing sequence, for every n € N, we have

d(@ ], 2R,) > (6)

From 6 and (F1), we get

F(y) < F(A@,,28,))<F(d@y ", 38,)) — 7
< P2, 80, 1) — 27

for all n € N. Since F(y) € R and 1imn%o[F(J(az§0,:z§1)) — n7] = —o0, there exists n; € N such that
F(J(igo,i&l)) —n7t < F(vy), Vn>ni. (8)

It follows from 7 and 8 that

F(fy)iF(J(i“go,i;l)) —nr < F(v), VYn>n;.

It is a contradiction. Therefore, we have

. J/~n ~n 1 T/ ~n ~n+1 _
Jim d(z3,,, (T, ¢)73,) = lim d(z3,, 25 ,,) = 0. 9)
Simply, we can prove that {Z% };Z; is a Cauchy sequence. So by completeness of (X,d,E), {ZX, }nZ1 converges to some
point Z3, in X. Therefore,

lim d(i%,,23,) = 0. (10)

n—oo

Finally, we will show that 3, = (T, ¢)Z3, . We only have the following two cases:

(1) Yn €N, Fi, EN, iy > ip_1, 40 =1 and igj:il = (T, )i}, ,

(II) 3nz € N, Vn > n3 , d((T, ¢)Z%,,, (T, ¢)Z3,) > 0.

In the first case, we have

zy, = lim i, = lim (T, )35, = (T, 9)Z3,.
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In the second case from the assumption of Theorem 2.8, for all n > ns3 , we have

THF(d(@] (T 9)23,)) =7+ F(A((T, )25, (T, 9)73.))

(T, P8, (T, Q)5 ) + A&, TEL ), d((T, Q)% 55.) + d(@. . (T, 9)F5.) })
From (F3), 10, and taking the limit as n — oo in 11, we obtain
T+ F(d(Z3., (T, )31, ) <F(d(@h., (T, 9)731.)).

This is a contradiction. Hence, 23, = (T, ¢)Z}, . Now, let us to show that (T, ¢) has at most one soft fixed point. Indeed,

if #%_, 9%, € X are two distinct soft fixed points of (T, ¢), that is, vT@}, = &%, # U1, = (T, )7, then

d((T, )33, (T, @)75.) = d(FA.,43,) > 0.
It follows from 3 that

F(d(#3,,95.)) <t + F(d

(#3.,93.))
(d((r

=T+ F d~ gp)y)‘ ))
( { 72 ), G@L (T 0)5.) +d@. (T.9)F5.)
max xk,my)\ 2 )
d(T, p)?&5_, #5.) +d(T, )55, (T, 9)75.) - - ey - e
) Ae 2e ) 2(( SO) Ae ( S0)y>\*)7d((7—‘a 30)21'/\*7(Ta @)mk*)ad((Ta w)QmA*ayk*)’
o ] i i (12)
AT (TR + (. (93, ((T ) 05.) + 4. (TR )
_r (max { i), W i‘ioﬁi*); @i, 3. d@.,3.) : d(@..53.)
@530, 0@ 8.), A ) + (., 35.). @ 32.) + 5.5, | )
=F(d(#.,75.))
which is a contradiction. Therefore, the soft fixed point is unique. O

Theorem 2.9. Let (X', d, E) be a complete soft metric space and (T, p) : X — X be a continuous modified generalized F-
contraction of type (B). Then (T, ¢) has a unique soft fixed point T3, € X and for every &5 € X the sequence {(T, t,p)":EE{O tren

converges to T3 .

Proof. By using a similar method to that used in the proof of Theorem 2.8, we have

F(d&3,,257)) = F(d(T. )33, 1, (T,9)33,)) SF(d@ 1, 3R,) =7

and

lim d(z% , (T, )&% )= lim d(z% 2% ) =0.

)
n—o0 n—oo " n+l
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By simple calculates we can prove that {ZX }7Z; is a Cauchy sequence. So, by completeness of (X,d, E), {ZX,, }ni1 converges

to some point I}, € X. Since (T, ) is continuous, we have

d(x,, (T, ¢)33,) = lim d(33,,(T,¢)3%,) = lim d(@5,, 3% })=0.

n—o0o n—oo

Again by using similar method as used in the proof of Theorem 2.8, we can prove that Z3, is the unique soft fixed point of

(T, ¥). O

3. Some Applications

Theorem 3.1. Let (T, ) be a self-mapping of a complete soft metric space (X, d, E) into itself. Suppose there exist F € §
and T > 0 such that

Vi, gy € X, [d((T, ©)Zx, (T, 9)ju) > 0= 7+ F(d((T, 0)Zx, (T, )ju)) <F (d(z,y))].

n~0 inf(T,0)ju

Then (T, ) has a unique soft fized point &%, € X and for every i3, € X the sequence {(T, ) o ) converges to

~ %
Ty, -

Proof.  Since

maX{J(im Tu), d(fx, (T, ¢)Zx), d(ﬂm (T, ©)Fu)s d(@x, (T, ¢)3u) —5 4G, (T, £)) }

d(@x, (T,9)iu) + d(fu, (T, 9)Ex) d(T,9)*Ex, @x) + d(T,)* @, (T, ©)iu)
2 ’ 2 ’

< max{ci(fi), Uu),
d((T,)*Ex, (T,0)72), d((T, ©)*Ex, Gu),

CZ((Tv @)QQNZM (T7 @)gu) + J(jkv (T7 @)Lf)\), dN((T, (p)i‘)\, ?Ju) + J(Z]kﬁ (Tv ()O)gﬂ)}7

from (F1) and Theorem 2.8 the proof is complete. O

Theorem 3.2. Let (X,d, E) be a complete soft metric space and let (T, @) : X — X be an F-contraction. Then (T, ) has

a unique soft fived point ¥, € X and for every &\ € X the sequence {(T,p)" %} nen converges to &%, .

Proof.  Since

max{d(i’m Tu), CZ(J?A, (T, p)Ex), d(ﬂuv (T, ©)Tu)s d@x, (T’ #)u) ; 4G (T £)7>) }

d~(£>\7 (T’ SD)QH) + d(?juv (T7 W)j)\) g((Tv 90)2&)7 ‘%)\) + g((Tv 90)2&)7 (T7 SD)ZJH)
2 ’ 2 ’

é max{d(fﬁ/\, g#)?

J((Tv @)Qi,M (Tv @)i’x), J((Tv @)25”\, g//«)7 CZ((Tv 90)23:7 (T7 LP)?JH) + d(m, (T7 @)i\)v

j((Tv 90)5”\» y) + d~(y7 (T7 90)2]#)}

So from (F1) and Theorem 2.9 the proof is complete. O

Theorem 3.3 ([19]). Let (X,d, E) be a complete soft metric space and let (T,¢) : X — X be an F-weak contraction. If
(T, ) or Fis continuous,then (T, ) has a unique soft fized point 75 € X and for every &x € X the sequence {(T, )" &x}nen

converges to Ty, .
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Proof. Since

d(@x, (T, 9)Gu) + d(Gu, (T, 9)Er) }
2

max{d(:h, Gu), d(Zx, (T, ©)Z2), d(Gp, (T, 0)iu),
(e, ), A0 L 200) 5 T 2)32)
AL o)+ dz((T’ eV, (T o), d((T,¢)*z, (T, )22),d((T, ) T, §u),

J((Tr 90)2‘%/\’ (T7 ‘P)gu) + J(.’E, (Tv (P)‘%k)v J((T7 @)‘%Av y) + d(g}“ (Tv @)g#)}»

if F is continuous, from (F1) and Theorem 2.8 the proof is complete. If (T, ) is continuous, from (F1) and Theorem 2.9

the proof is complete. O

Theorem 3.4 ([8]). Let (X,d, E) be a complete soft metric space and let (T, @) : X — X be a generalized F-contraction. If
(T, ) or Fis continuous, then (T, ) has a unique soft fired point #5_ € X and for every &x € X the sequence {(T, )" &x }nen

converges to Ty, .

Proof.  Since

d(jM (T7 50)37#) + d(gﬂv (Tv (P)j'k)
2 b

max{cim, G d(@, (T, )82, d@. (T, 0)i1),

J((T, @)Qi’x, ii‘/\) + JZ((T, 90)2@\, (T, @)Zgu) , CZ((T, (,0)2:%)\7 (T, @)-’EA)7 J((T, (10)25:)\7 gu)7 d((T, @)2:%)\7 (T, @)gu) }

J(jb\v (T7 @)gu) + J(’lju, (Tv W)'%A) J((Tv @)Qi‘M L%A) + J((Tv @)Qi‘M (Tv 90)?7}/«)
2 ’ 2 ’

éma‘x{d"(‘%>ﬁgl~b)a
J((Tv 90)2"%% (T7 @)iv\) ) d((Tv 90)2‘%)\) gu) ) d((Tv 90)2‘%)\’ (Tv QO)@’]H) + ‘i(ft)\’ (T7 90)13\)7 d((T7 Lp)ﬂ?)\, g#) + d(gm (T’ 90)37#)}7

if F is continuous, from (F1) and Theorem 2.8 the proof is complete. If (T, ) is continuous, from (F1) and Theorem 2.9

the proof is complete. O

Theorem 3.5. Let (X,d,E) be a complete soft metric space and let (T,¢) : X — X be a function with the following

property:
d(T, )&, (T, 0)Ju) <ad(Ex, §u) + Bd(Ex, (T, ©)Ex) + ¥d(Gp, (T, ©)Fu), (13)

where «, B, and v are nonnegative and satisfy o+ B+ < 1. Then (T, ) has a unique soft fized point.

Proof.  From 13, we have

d(‘%N (Tv @)g#) + (3}#7 (T7 Lp)IE)\)
2

k]

(T, 0, (T, @)5) 2 (0 + B+ 7) max{cmzm),

J((Tv @)Zi‘M 'iA) + J((Tv @)Qi‘M (T7 90)2};/,) d'
2 b)

((T7 @)2‘%)7 (1T, 90)5:/\)7 d((T7 @)Q‘%M fgu)v

A((T,9)?@x, (T,9)Gu) + d(@x, (T, )Ex), d(T, ©)@x, Gu) + (G, (T, som)}.

Then if d((T, ¢)Zx, (T, ©)§u) > 0 , we have

d(@, (T, 9)Gu) + d(G, (T, £)T2)
2 )

I (TR (7,905,) £ n ] s, )

J((T7 @)2*%)7 i’x) + J((T7 90)2*%)7 (T7 W)gu)

CZ((T7 ‘P)Qi% (T> 90)‘%))7 d~((T7 QO)Ziky fgu)7

[\]

A((T, )55, (T, 9)i) + (i, (T, @)ix). d(Ts ), ) + Al (T, sO)?Ju)})-

Therefore by taking F(a) = In(a) and 7 =1n in Theorem 2.8 or in Theorem 2.9the proof is complete. O

1
a+B+y
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Theorem 3.6. Let (T, ) be a self-mapping of a complete soft metric space (X, d, E) into itself and an F-contraction. Then

,p) has a unique so red point T, € X and for every T, € X e sequence , )" Z5, fmeo converges to T .
T,¢) h j t fived point T3, € X and 8, EX th T, )" &3, I to 3,

Theorem 3.7. Let (T, ) be a self-mapping of a complete soft metric space (5(, CZ, E) into itself. Suppose F € F and there
exists T > 0 such that ¥ &, 9, € X, {d(Tz,Ty) > 0= 7+ F(d((T, )&, (T, ©)7,)) < F(d(&x,7.))}. Then (T,¢) has a

unique soft fived point T3, € X and for every 5520 € X the sequence {(T, cp)":igo }olo converges to Z3, .

Theorem 3.8. Let (X,d, E) be a complete soft metric space and T : X — X be an F-weak contraction. If (T, ) or Fis

continuous, then we have
(1). (T, ¢) has a unique soft fized point &5, € X.
(2). For all #» € X, the sequence {(T,p)" %} is convergent to &} .

Theorem 3.9. Let (X, d, E) be a complete soft metric space and T : X — X be a generalized F-contraction. If (T, ) or F

is continuous, then we have
(1). (T, ) has a unique soft fized point T3, € X.

(2). For each @y € X, if (T, )" &x = (T, 9)"@x for all n € NU{0}, then lim,_oo(T, )" % = #3, -

4. Conclusion

Our theorems are extensions of the above theorems in the following aspects:
(1). Theorem 2.8 gives all consequences of Theorem 3.7, without assumption (F2) used in its proof.
(2). Theorem 2.9 gives all consequences of Theorem 3.6, without assumption (F2) used in its proof.

(3). If in Theorem 3.9, F is continuous, Theorem 2.8 gives all consequences of Theorem 3.9, without assumptions (F2) and

(F3) used in its proof.

(4). If in Theorem 3.9, (T, ) is continuous, Theorem 2.9 gives all consequences of Theorem 3.9 without assumption (F2)

used in its proof.

(5). Because every F-weak contraction is a generalized F-contraction, 3 and 4 are also true for Theorem 3.8.
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