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1. Introduction

In this paper, we prove the notion called semi-w,-open sets which is weaker than a-w,-open sets and stronger than 5-ws-open

sets and investigate some new generalized classes of 7,,.

2. Preliminaries

By a space (X, 7), we always mean a topological space (X, 7) with no separation properties assumed. If H C X, c¢l(H) and

int(H) will, respectively, denote the closure and interior of H in (X, 7).
Definition 2.1 ([14]). A subset H of a space (X, T) is called

(1). a-closed if cl(int(cl(H))) C H,

(2). a-open if X\H is a-closed, or equivalently, if H C int(cl(int(H))).

For a subset H of (X, 7), the intersection of all a-closed subsets of X containing H is called the a-closure of H and is denoted
by clo(H). It is known that clo(H) = H U cl(int(cl(H))) and cloa(H) C cl(H). The union of all a-open subsets of X
contained in H is called the a-interior of H and is denoted by int(H).

In 1982, the notions of w-closed sets and w-open sets were introduced and studied by Hdeib [8]. In 2009, Noiri et al [15]
introduced some generalizations of w-open sets and investigated some properties of the sets. Moreover, they used them to
obtain decompositions of continuity. Throughout this paper, R (resp. N, Q, Q*, Z) denotes the set of all real numbers (resp.
the set of all natural numbers, the set of all rational numbers, the set of all irrational numbers, the set of all integers). Tu

denotes the usual topology.

* E-masl: ananthiramesh06@gmail.com (Research Scholar)
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Definition 2.2 ([7]). A space (X, 1) is called submazimal if every dense subset is open.

Definition 2.3 ([17]). Let H be a subset of a space (X, T), a point p in X is called a condensation point of H if for each

open set U containing p, U N H 1is uncountable.

Definition 2.4 ([8]). A subset H of a space (X, T) is called w-closed if it contains all its condensation points. The complement

of an w-closed set is called w-open.

It is well known that a subset W of a space (X, 7) is w-open if and only if for each x € W, there exists U € 7 such that
x € U and U-W is countable. The family of all w-open sets, denoted by 7w, is a topology on X, which is finer than 7. The

interior and closure operator in (X, 7w) are denoted by int w and ¢l w respectively.
Definition 2.5 ([16]). A subset H of a space (X, T) is said to be semi-w-open if H C cl(intw(H)).
Definition 2.6 ([16]). A subset H of a space (X, T) is said to be

(1). semi*-w-open if H C cl w(int(H)).

(2). semi*-w-closed if int w(cl(H)) C H.

Definition 2.7. A subset H of a space (X, T) is said to be

(1). a~wa-open if H C int w(cl a(int w(H))),

(2). semi-wa-open if H C cl a(int w(H)),

(3). pre-wa-open if H C int w(cl a(H)),

(4). B-wa-open if H C cl a(int w(cl a(H))),

(5). b-wa-open if H C int w(cl a(H)) U a(int w(H)).

An ideal I on a topological space (X, T) is a nonempty collection of subsets of X which satisfies
(1). Ac I and BC A= Bel and

(2). Acl and BeI = AUBEe€I.

IfTis an ideal on X and X ¢ I, then F = X : G € I is a filter [11]. Given a topological space (X, 7) with an ideal I on X and
if p(X) is the set of all subsets of X, a set operator (.)* : p(X) — p(X), called a local function [?] of A with respect to 7 and
I, is defined as follows: for A C X, A*(I,7) =z € X|UNA ¢ [ for every U € 7(z) where 7(z) = U € 7|z € U. A Kuratowski
closure operator cl*(.) for a topology 7*(I,7), called the *-topology, finer than 7 is defined by cl*(A) = AU A*(I,7) [11].
When there is no chance for confusion, we will simply write A* for A*(I,7) and 7* for 7*(I, 7). int*(A) will denote the

interior of A in (X, 7"). (X, ,I) is called an ideal topological space or an ideal space.

Definition 2.8 ([11]). A subset H of an ideal topological space (X, T, 1) is said to be *-closed if H* C H or cl*(H) = H.

The complement of an *-closed set is called *-open.
Proposition 2.9 ([4]). If (X, 7) is a door space, then every pre-w-a-open set in (X, 7,1) is w-open.
Lemma 2.10 ([11]). Let (X, 7,1I) be an ideal topological space and A, B subsets of X. Then the following properties hold:

(1). AC B= A* C B,
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(2). A* = cl(A*) C cl(A),
(3). A*UB* = (AUB)*,
(4). (A7) C A%,

(5). A* is closed in (X,T),

(6). If H €T, then HNA* C (HN A)*.

3. Properties of Semi-wa-open Sets

Definition 3.1. A subset H of a space (X, T) is said to be

(1). semi-wa-open if H C cl a(intw(H)).

(2). semi-wa-closed if int a(cl w(H)) C H.

The complement of a semi-wa-open set is called semi-wa-closed.

Example 3.2. In (R,7u), H = Q" is semi-wa-open for cl a(int w(H)) =c a(H)=R D H.
Example 3.3. In (R,7u), H = Q is not semi-wa-open for cla(int w(H)) =cl a(¢) =¢ 2 H.

Proposition 3.4. In a space (X,7), every semi-wa-open subset is semi-w-open. Let H be semi-wa-open in (X, 7). Then

H Ccl a(int w(H)) C cl(int w(H)). This proves that H is semi-w-open.
Remark 3.5. The converse of Proposition 3.4 is not true.

Example 3.6. In R with the topology T = ¢, R, Q, H = Q U /2 is semi-w-open for cl(int w(H)) = cl(Q) =R > H. But H

is not semi-wa-open for cl a(int w(H)) =cl a(Q) =R 2 H.

Proposition 3.7. Let H be a subset of an ideal topological space (X,7,I). Then H is a-Iw-open if and only if it is

semi-Iw-open and pre-Iw-open.

Theorem 3.8. For a subset of a space (X, ), the following properties hold:

(1). Bvery w-open set is semi-wa-open.

(2). Every open set is semi-wa-open.

(3). Every a-wa-open set is semi-wa-open.

(4). Every semi-wa-open set is B-wa-open.

(5). Every semi-wa-open set is b-wa-open.

Proof.

(1). If H is w-open, then H C cl a(H) = ¢l a(int w(H)). Therefore H is semi-wa-open.

(2). If H is open, then H C cl a(H) = cl a(int(H)) C cl a(int w(H)). Therefore H is semi-wa-open.

(3). If H is a-wa-open, then H C int w(cl a(int w(H))) C cl a(int w(H)). Therefore H is semi-wa-open.
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(4). If H is semi-wa-open, then H C ¢l a(int w(H)) C cl a(int w(cl a(H))). Therefore H is f-wa-open.

(5). If H is semi-wa-open, then H C ¢l a(int w(H)) C int w(cl a(H)) Ucl a(int w(H)). Therefore H is b-wa-open. The

following Examples support that the separate converses of Theorem 3.8 are not true in general. O
Example 3.9. In R with the topology T = ¢, R, N,Q*, Q* UN,
(1). H = Q is semi-wa-open, since cl a(int w(H)) =cl a(N)=Q D H. But H = Q is not w-open, sinceint w(H) = N # H.
(2). H=Q is semi-wa-open by (1), but not open.

Example 3.10. By (1) of Ezample 8.9, H = Q is semi-wa-open. But int w(cl a(int w(H))) = int w(cl a(N)) = int w(Q) =
N2Q==H.

Example 3.11. In (R, Tu),

(1). H = Q is B-wa-open, since cl a(int w(cl a(H))) = d a(int w(R)) =c o(R) = R D> Q = H. But H = Q is not

semi-wa-open, since cl aint w(H)) =cl a(¢p)=¢ 2 Q = H.

(2). H=Q is b-wa-open, since int w(cl a(H))Ucl a(int w(H)) =int w(R)Ucl a(¢) = RU¢p =R D H. But H=Q 1is not

semi-wa-open by (1).
Proposition 3.12. The intersection of a semi-wa-open set and an open set is semi-wa-open.

Proof. Let H be semi-wa-open and U be open in X. Then H C ¢l a(int w(H)) and int w(U) = U. By Lemma 2.10, we
have UNH C UNdl a(int w(H)) = c a(UNint w(H)) = c a(int w(U) Nint w(H)) = c a(int w(U N H)) which proves

that U N H is semi-wa-open O

Remark 3.13. The intersection of two semi-wa-open sets need not be semi-wa-open as can be seen from the following

Ezxample.

Example 3.14. In (R,Tu), A = (0, 1] is semi-wa-open for cl a(int w(A)) = cl a((0,1)) =[0,1] D A. Similarly B = [1,2) is

also semi-wa-open. But AN B =1 is not semi-wa-open for cl a(int w(ANB)) = cl a(int w(l)) =cl a(¢) =¢ 2 1= ANB.
Theorem 3.15. If a subset H of a space (X, T) is both a-closed and B-wa-open, then H is semi-wa-open.

Proof.  Since H is S-wa-open, H C cl a(int w(cl a(H))) = ca(intw(H)), H being a-closed. Therefore H is semi-wa-

open. O
Theorem 3.16. If a subset H of a space (X, T) is both B-wa-open and a t-wa-set, then H is semi-wa-open.

Proof. Since H is a t-wa-set, int(H) = int w(cl a(H)). Also H is S-wa-open implies H C cl a(int w(cl a(H))) C

cl a(int(H)) C cl a(int w(H)). Therefore H is semi-wa-open.
Theorem 3.17. If a subset H of a space (X, T) is both b-wa-open and a t-wa-set, then H is semi-wa-open.

Proof.  Since H is a t-wa-set, int w(cl a(H)) = int(H) C int w(H). Also H is b-wa-open implies H C int w(cl a(H)) U

cl a(int w(H)) Cint w(H) Ucl a(int w(H)) = cla(int w(H)). Therefore H is semi-wa-open.

Proposition 3.18. A subset H of a space (X, T) is semi-wa-open if and only if cla(H) = ca(int w(H)).
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Proof. Let H be semi-wa-open. Then H C cl a(int w(H)) and cl a(H) C cla(int w(H)). But d a(int w(H)) C c a(H).
Thus ¢l a(H) = cl a(intw(H)). Conversely, let the condition hold. We have H C ¢l a(H) = ¢l a(int w(H)), by assumption.

Thus H C ¢l a(int w(H)) and hence H is semi-wa-open. O
Proposition 3.19. In (X, 7) if H is a b-wa-open set such that cl a(H) = ¢, then H is semi-wa-open.

Definition 3.20. A subset H of a space (X, 7) is called a-dense if cl a(H) = X.

Definition 3.21. A space (X, 7) is called a-submazimal if every a-dense subset of X is open.

Theorem 3.22. For a subset H of an a-submazimal space (X, ), the following are equivalent.

(1). H is semi-wa-open,

(2). H is f-wa-open.

Proof. (1) = (2): From (4) of Theorem 3.8.

(2) = (1): Let H be a S-wa-open set in X. Then H C ¢l a(int w(cl a(H))) and c a(H) C c aint w(cl a(H))). Thus,
cla(H) is semi-wa-open. Put A = ¢l a(H) and K = HU (Xa(H)). We have H = ¢l a(H) N K and ¢l a(K) = X. This
implies that H = AN K, where A is semi-wa-open and K is a-dense. Since X is a-submaximal, K is open. By Proposition

3.12, H = An K is semi-wa-open. O
Theorem 3.23. A subset H of a space (X, T) is semi-wa-open if and only if there exists U € Tw such that U C H C cla(U).

Proof. Let H be semi-wa-open. Then H C ¢l a(int w(H)). Take int w(H) =U. Then U C H C cl a(U). Conversely, let
UCHCed aU) for some U € Tw. Since U C H, U C int w(H) and H C cl a(U) C da(int w(H)) which implies H is

semi-wa-open. O
Proposition 3.24. If A is a semi-wa-open set in a space (X,7) and A C B C cl a(A), then B is semi-wa-open.
Proof. By assumption B C cl a(A) C cl a(c a(int w(A))) (for A is semi-wa-open) = cl a(int w(A)) C c a(int w(B)) by

assumption. This implies B is semi-wa-open. O

4. Properties of )-wa-open Sets

Definition 4.1. A subset H of a space (X, T) is said to be
(1). d-wa-open if int w(cl a(H)) C c a(int w(H)).
(2). d-wa-closed if int a(cl w(H)) C cl w(int a(H)). The complement of a 6-wa-open set is called §-wa-closed.

Example 4.2. In (R, Tu), for the subset @, int w(cl a(Q)) = int w(R) = R and cl a(int w(Q)) = c a(¢) = ¢. Thus

int w(c a(Q) € c a(int w(Q)) which proves that Q is not §-wa-open.

Example 4.3. In (R, Tu), for the subset H =1, int w(cl a(H)) = int w(H) = ¢ and cl a(int w(H)) = cl a(p) = ¢. Thus

it w(cl a(H)) C c a(int w(H)) which proves that H is §-wa-open.
Proposition 4.4. For a subset H of a space (X, T), the following properties hold:
(1). Bvery a-wa-open set is §-wa-open.

(2). Every t-wa-set is d-wa-open.
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Proof.

(1). Since H is a-wa-open,H C int w(cl afint w(H))) C cl a(int w(H)). So cl a(H) C c a(int w(H)) and int w(cl o(H)) C

cl a(H) C c a(int w(H)). Therefore H is d-wa-open.

(2). Since H is an t-wa-set, int w(cl a(H)) = int(H) C H. Then int w(cl o(H)) C int w(H) C c a(int w(H)). Therefore
H is d-wa-open. The converses of (1) and (2) in Proposition 4.4 are not true in general as seen from the following

Example. O
Example 4.5.

(1). In (R,7Tu), the subset H = 1 is §-wa-open by Example 4.8. But H is not a-wa-open for int w(cl a(int w(H))) =

int w(c a(d)) =int w(p) =¢ p1=H.

(2). In (R,Tu), for the subset H = Q*, int w(cl a(H)) = int w(R) = R and cl a(int w(H)) = ¢l a(H) = R. Thus
int w(cl a(H)) C el a(int w(H)) and hence H is 6-wa-open. But H is not a t-wa-set for int w(cl a(H)) = int w(R) =

R # ¢ = int(H).

Definition 4.6. A subset H of a space (X, T) is said to be S-wa-closed if int a(cl w(int a(H))) C H. The complement of

a [B-wa-open set is called B-wa-closed.
Proposition 4.7. A subset H of a space (X, T) is fB-wa-closed if and only if int a(cl w(int a(H))) = int a(H).

Proof. Since H is B-wa-closed set, int a(cl w(int a(H))) C H and hence int a(c w(int a(H))) C int a(H). Also
int a(H) C ¢l w(int a(H)) and hence int o(H) C int a(cl w(int a(H))). Thus int a(cd w(int a(H))) = int o(H).

Conversely, let the condition hold. We have int a(cl w(int a(H))) = int a(H) C H. Therefore H is f-wa-closed. O
Theorem 4.8. For a subset H of a space (X,T), the following properties are equivalent.

(1). H is semi-wa-closed.

(2). H is B-wa-closed and §-wa-closed.

Proof. (1) = (2): Let H be semi-wa-closed. By (4) of Theorem 3.8, H is S-wa-closed. Since H is semi-wa-closed,
int a(c w(H)) C H and so int a(cd w(H)) C int a(H) which implies ¢l w(int a(c w(H))) C c w(int o(H)). Thus
int afcl w(H)) C cl w(int a(c w(H))) C c w(int a(H)) and so H is §-wa-closed.

(2) = (1): Since H is d-wa-closed, int a(c w(H)) C c w(int a(H)) and so int a(cl w(H)) C int a(cd w(int a(H))) C H

since H is S-wa-closed. Thus H is semi-wa-closed. O
Remark 4.9. The following Examples show that the concepts of B-wa-closedness and §-wa-closedness are independent.

Example 4.10. In (R,7Tu), the subset H = R — 1 is d-wa-closed by Example 4.3. But int a(c w(int o(H))) =
int a(c w(int(H))) = int a(cd w(H)) =int a(R) = int(R) = R ¢ R — 1 = H which proves that H is not -wa-closed.

Example 4.11. In (R,7u), the subset H = Q* is not J-wa-closed for Q is not d-wa-open by Ezample 4.2. But

mnt a(c w(int a(H))) = int a(cd w(iint(H))) = int a(d w(¢)) =int a(p) = ¢ C H. Thus H = Q™ is f-wa-closed.

Theorem 4.12. Let (X, 7) be a space. Then a subset of X is a-wa-open if and only if it is both d-wa-open and pre-wa-open.
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Proof. Necessity: Let H be an a-wa-open set. Then H C int w(cl a(int w(H))). It implies that ¢l a(H) C c a(int w(H))
and int w(cl a(H)) C int w(c alint w(H))) C c a(int w(H)). Hence, H is a §-~wa-open set. On the other hand, since H is
an a-wa-open set, H is a pre-wa-open set by Proposition 3.7.

Sufficiency: Let H be both d-wa-open and pre-wa-open. Since H is d-wa-open, int w(cl a(H)) C cl a(int w(H)) and hence
int w(cl a(H)) C int w(cl a(int w(H))). Since H is pre-wa-open, H C int w(cl a(H)) C int w(cl a(int w(H))) which proves

that H is an a-wa-open set. O
Remark 4.13. The following Examples show that the concepts of §-wa-open-ness and pre-wa-openness are independent.

Example 4.14. In (R,7u), H = (0,1] is d-wa-open, since int w(cl a(H)) = int w([0,1]) = (0,1) and cl a(int w(H)) =

c «((0,1)) = [0,1]. But H = (0,1] is not pre-wa-open, since int w(cl a(H)) = int w([0,1]) = (0,1) 2 H.

Example 4.15. In (R,Tu), H = Q is pre-wa-open, since int w(cl a(H)) =int w(R) =R D> Q = H. But cl a(int w(H)) =

c a(p) = ¢ and int w(cl a(H)) = R implies int w(cl a(H)) € cl a(int w(H)). Thus H is not §-wa-open.

Proposition 4.16. Let A and B be subsets of a space (X,7). If A C B C cl a(A) and A is §-wa-open in X, then B is

d-wa-open in X.

Proof. Suppose that A C B C ¢l a(A) and A is d-wa-open in X. Then int w(cl a(A)) C cl a(int w(A)) C d a(int w(B)).
Since B C ¢l a(A), c a(B) C d a(cd a(A)) = c a(A) and int w(cl a(B)) C int w(cl a(A)). Therefore int w(cl a(B)) C

cl a(int w(B)). This shows that B is a d-wa-open set. O

Corollary 4.17. Let (X, 7) be a space. If A C X is d-wa-open and a-dense in (X, 7), then every subset of X containing A

18 d-wa-open.

Proof. 1t is obvious by Proposition 4.16. O

5. Properties of Semi*-wa-open Sets

Definition 5.1. A subset H of a space (X, T) is said to be

(1). semi*-wa-open if H C cl w(int a(H)).

(2). semi*-wa-closed if int w(cl a(H)) C H. The complement of a semi*-wa-open set is called semi*-wa-closed.
Example 5.2. In (R,7u), H = R{0 is not semi*-wa-closed, since int w(cl a(H)) =int w(R) =R ¢ H}.

Example 5.3. In R with the topology T = ¢, R,Q,Q*, H = Q 1is semi*-wa-closed, since int w(cl a(H)) =int w(H)=H C
H.

Proposition 5.4. For a subset of a space (X,T), every semi*-w-open set is semi*-wa-open. If H is semi*-w-open, then

H C c w(int(H)) C cl w(int a(H)). Therefore H is semi*-wa-open.
Remark 5.5. The converse of Proposition 5.4 is not true.

Example 5.6. In R with usual topology Tu and ideal I = P(R), H = Q is semi*-wa-closed, since int w(cl a(H)) =
int w(H) = ¢ C H. But H = Q is not semi*-w-closed, since int w(cl(H)) =int w(R) =R ¢ H.

Proposition 5.7. A subset H of a space (X, T) is semi*-wa-open if and only if cl w(H) = cl w(int a(H)).
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Proof. If H is semi*-wa-open set, then H C ¢l w(int a(H)) and cl w(H) C cl w(int a(H)). But d w(int a(H)) C cl w(H).
Hence ¢l w(H) = cl w(int a(H)). Conversely, H C cl w(H) = cl w(int a(H)) by assumption. Therefore H is semi*-wa-

open. O
Definition 5.8. A subset H of a space (X, 7) is said to be a t-w(a™)-set if int w(cl a(H)) = int w(H).

Example 5.9. In R with usual topology Tu and ideal I = ¢,

(1). H=1(0,1] is a t-w(a™)-set, since int w(H) = (0,1) and int w(cl a(H)) = int w(]0,1]) = (0,1).

(2). H= Q" is not a t-w(a™)-set, since int w(H) = H and int w(cl a(H)) = int w(R) = R.

Proposition 5.10. In a space (X,7), every a-closed set is a t-w(a™)-set.

Let H be an a-closed set. Then H = ¢l a(H) and int w(cl a(H)) = int w(H) which proves that H is a t-w(a*)-set.
Remark 5.11. The converse of Proposition 5.10 is not true.

Example 5.12. In (R,7u), H = (0,1] is t-w(a*)-set by (1) of Example 5.9. But H = (0,1] is not a-closed, since
cd o(H)=10,1] # H.

Proposition 5.13. In a space (X,7), every t-wa-set is t-w(a*)-set.

If H is a t-wa-set, then int w(cl a(H)) = int(H) C int w(H) C int w(cl a(H)). Thus int w(cl a(H)) = int w(H) and hence

H is a t-w(a*)-set.
Remark 5.14. The converse of Proposition 5.183 is not true.

Example 5.15. In R with usual topology Tu and ideal I = P(R), H = (0,1) N Q™ is a t-w(a™)-set since int w(cl a(H)) =

int w(H). But H is not a t-wa-set since int w(cl a(H)) =int w(H) = H # ¢ = int(H).
Theorem 5.16. A subset H of a space (X, 1) is semi*-wa-closed if and only if H is a t-w(a*)-set.

H is a semi*-wa-closed in X & X' is semi*-wa-open < c w(X"”) = c w(int a(X")) by Proposition 5.7 & Xw(H) =

Xw(d a(H)) & int w(H) = int w(cl o(H)) < H is a t-w(a™)-set.
Proposition 5.17. If A and B are t-w(a*)-sets of a space (X, T), then AN B is a t-w(a™)-set.

Let A and B be t-w(a*)-sets. Then int w(AN B) C int w(cl a(AN B)) C int w(cd a(A) Necl a(B)) = int w(cd a(A)) N
int w(cl a(B)) = intw(A) N intw(B) = intw(A N B). Thus int w(AN B) = int w(cl a(AN B)) and hence AN B is a

t-w(a*)-set.
Definition 5.18. A subset H of a space (X, T) is said to be semi-wa-regular if H is semi-wa-open and a t-w(a™)-set.
Example 5.19. In R with usual topology Tu and ideal I=¢,

(1). H = (0,1] is a t-w(a*)-set by (1) of Example 5.9. Also cl a(int w(H)) = c «((0,1)) = [0,1] D H. Thus H is

semi-wa-open. Hence (0, 1] is semi-wa-regular.
(2). H=Q" is not a t-w(a™)-set by (2) of Example 5.9. Hence Q* is not semi-wa-regular.
Remark 5.20. In a space (X,7),

(1). Every semi-wa-reqular set is semi-wa-open.
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(2). Bvery semi-wa-regular set is t-w(a™)-set.
The converses of (1) and (2) in Remark 5.20 are not true in general as illustrated in the following Examples.

Example 5.21. In R with usual topology Tu and ideal I = ¢, the subset H = Q* is semi-wa-open by Example 3.2. But

H = Q* is not semi-wa-regular by (2) of Example 5.19.

Example 5.22. In (R,7u), N = the set of all natural numbers is a t-w(a™)-set for int w(cl a(N)) = int w(N). But N is

not semi-wa-reqular for N is not semi-wa-open since cl aint w(N)) =cl a(¢p)=¢ 2 N.
Theorem 5.23. A subset of a space (X, T) is semi-wa-regular if and only if it is both B-wa-open and semi*-wa-closed.

Proof. 1f H is semi-wa-regular, then H is both semi-wa-open and a t-w(a* )-set. Since H is semi-wa-open, H is B-wa-open
by (4) of Theorem 3.8. Also H is a t-w(a™)-set by assumption. Hence by Example 7.7, H is semi*-wa-closed. Conversely,
let H be semi*-wa-closed and S-wa-open. Since H is semi*-wa-closed, by Theorem 5.16, H is a t-w(a*)-set. Since H is
B-wa-open, H C ¢l a(int w(cl a(H))) = cl a(int w(H)). Therefore H is semi-wa-open. Since H is both semi-wa-open and

a t-w(a*)-set, H is semi-wa-regular. O
Remark 5.24. The following Example shows that the concepts of S-wa-open -ness and semi* -wa-closedness are independent.
Example 5.25.

(1). In R with the topology T = ¢, R,Q*, H = Q is semi*-wa-closed, since int w(cl a(H)) =int w(H) =¢ C H. But H = Q
is not B-wa-open, since cl a(int w(cl a(H))) = a(int w(H)) =d a(¢p)=¢ 2 H.

(2). In (R,7u), H = Q is f-wa-open, since cl a(int w(cl «(H))) = c a(int w(R)) = R D H. But H = Q 1is not

semi* -wa-closed, since int w(cl a(H)) =int w(R)=RZ H.

6. Properties of wa-R-closed Sets

Definition 6.1. A subset H of a space (X, T) is called wa-R-closed if H = cl a(int w(H)).

Example 6.2. In R with the topology T = ¢, R,Q*, H = @ 1is not wa-R-closed, since cl a(int w(H)) =cl a(p) = ¢ # H.
Example 6.3. In (R,7u), H = [0, 1] is wa-R-closed for cl a(int w(H)) =cl a((0,1)) = H.

Theorem 6.4. For a subset H of a space (X,T), the following properties are equivalent.

(1). H (# ¢) is wa-R-closed.

(2). There exists a non-empty w-open set G such that G C H = cl a(G).

(3). There exists a non-empty w-open set G such that H = G U (cl a(G) — G).

Proof. (1) = (2): Suppose H (# ¢) is an wa-R-closed set. Then H = ¢l a(int w(H)). Let G = int w(H). G is the
required w-open set such that G C H = ¢l a(G).

(2) = (3): Since H = cl a(G) = GU (c a(G) — G) where G is a nonempty w-open set, (3) follows.

3) = (1): H=GU/(c a(G) — G) implies that H = cl a(G) = c a(int w(G)) C d a(int w(H)), since G is w-open
and G C H. Also cl a(int w(H)) C cl a(H) = cl a(G) = H. Therefore H = ¢l a(int w(H)) which implies that H is
wa-R-closed. O
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Theorem 6.5. For each B-wa-open subset H of a space (X, 1), cl a(H) is wa-R-closed.

Proof.  Suppose H is S-wa-open. Then H C ¢l a(int w(cl a(H))) and so ¢l a(H) C ¢l a(int w(cl a(H))) C ¢l a(H) which
implies that ¢l a(H) = cl a(int w(cl a(H))). Therefore cl a(H) is wa-R-closed. O

Theorem 6.6. For a subset H of a space (X, T), the following properties are equivalent.
(1). H is wa-R-closed.

(2). H is semi-wa-open and a-closed.

(3). H is f-wa-open and a-closed.

Proof. (1) = (2): If H is wa-R-closed, then H = ¢l a(int w(H)). Since H C ¢l a(int w(H)), H is semi-wa-open. Also,
H = cl o(H) and thus H is a-closed.

(2) = (3): It follows from the fact that every semi-wa-open set is a S-wa-open.

(3) = (1): Suppose H is S-wa-open and a-closed. Then H C cl a(int w(cl a(H))) and H = cl a(H). Now cl a(int w(H)) C
cl a(H) = H. Also, H C cl a(int w(H)). Therefore H = ¢l a(int w(H)) which implies that H is wa-R~closed.

Remark 6.7. The following Examples show that

(1). the concepts of semi-wa-openness and a-closedness are independent.

(2). the concepts of B-wa-openness and a-closedness are independent.

Example 6.8. In (R, Tu),

(1). H= Q" is semi-wa-open by Example 5.21. But H is not a-closed for cl a(H) = R # H.

(2). N = the set of all natural numbers is not semi-wa-open by Example 5.22. But N is a-closed for cl a(N) = N.
Example 6.9. In (R, Tu),

(1). the subset H = Q™ is semi-wa-open by Example 5.21 and hence B-wa-open by (4) of Theorem 3.8. But H = Q™ is not
a-closed for cl a(H) = R # H.

(2). N = the set of all natural numbers is a-closed by (2) of Example 6.8. But N is not -wa-open for cl a(int w(cl a(N))) =

c a(int w(N)) =cl a(¢p)=¢ 2 N.

7. Further Properties

Definition 7.1. A space (X, 7) is called wa-submazimal if every a-dense subset of X is w-open.
Proposition 7.2.

(1). Bvery submazimal space is a-submazimal.

(2). Every a-submazimal space is wo-submazimal.

Proof.

(1). If (X, 7) is submaximal and H is a-dense in the space (X, 7), then ¢l a(H) = X. But X = cl a(H) C cl(H) implies
cl(H) = X. Thus H is dense in X and by assumption H is open in X. This shows that (X, 7) is a-submaximal.
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(2). Proof follows directly since any open set is w-open. The converses of (1) and (2) in Proposition 7.2 are not true in

general as illustrated below. O
Example 7.3.

(1). In (R,7Tu), if H is any a-dense subset, then cl a(H) = R and so H = R which is open. Thus (R, Tu) is a-submazimal.

But in (R, Tu), Q is dense in R since cl(Q) = R. But Q is not open. This shows that (R,Tu) is not submazimal.

(2). In the space (N, 1), where N is the set of all natural numbers, T = ¢, N, if H is any a-dense subset in N, then H C N.
Since N is countable, H is w-open. Thus (N,T) is wa-submazimal. The subset A =1 is a-dense in N for cl a(A) = N.

But A =1 is not open in N. This shows that (N, T) is not a-submazximal.
Definition 7.4. A subset H of a space (X, ) is called a-co-dense if X' is a-dense.
Theorem 7.5. For a space (X, T), the following are equivalent.

(1). X is wa-submazimal,
(2). Every a-co-dense subset of X is w-closed.

X is wa-submaximal < every a-dense subset of X is w-open < every a-co-dense subset of X is w-closed since a subset A

is a-dense in X if and only if X — A is a-co-dense in X.
Example 7.6.

(1). In R with usual topology Tu and ideal I = P(R), Z is a ta-I(w#)-set, since cl*(int w(cl*(Z))) = cl*(int w(Z)) =
cd*(¢) = ¢ = int(Z).

(2). In R with usual topology Tu and ideal I = ¢, H = (0,1) is not a ta-I(w?)-set, since int(H) = (0,1) and
cd*(int w(cl*(H))) = cl*(int w([0,1])) = cl*((0,1)) = [0, 1] which implies int(H) # cl*(int w(cl*(H))).

(3). In R with usual topology Tu and ideal I = ¢, H = Q is not a ta-I(w?)-set, since int(Q) = ¢ and cl*(int w(cl*(Q))) =
c*(int w(cl(Q))) = cl*(int w(R)) = cl*(R) = R which implies int(Q) # cl*(int w(cl(Q))).

Example 7.7.

(1). In R with usual topology Tu and ideal I = P(R), Z is a ta-I(w¥)-set by (1) of Example 7.6 and hence a Ba-I(w¥)-set
by (2) of Remark 7.8.

(2). In R with usual topology Tu and ideal I = ¢, H = Q is not a Ba-I(w¥)-set. If H=U NV where U is open and V is a
ta-I(w#)-set, then H C U. But R is the only open set containing H. Hence U = R and H = RNV =V which means

that H is a ta-I(w#)-set which is a contradiction by (3) of Example 7.6. Thus H is not a Ba-I(w#)-set.
Remark 7.8. In an ideal topological space (X, T, 1),
(1). Every open set is a Ba-I(w?)-set.

(2). Bvery ta-I(w¥)-set is a Bo-I(w?)-set.
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