Int. J. Math. And Appl., 8(1)(2020), 143-147
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Wathematics ud cts #pplications

Topological Structure of Quasi-Partial b-Metric Spaces

Poonam Rani':*, Arti Sexana! and Pragati Gautam?

1 Department of Mathematics, Manav Rachna International Institute of Research and Studies, Faridabad, Haryana, India.

2 Department of Mathematics, Nehru College, Delhi, India.
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1. Introduction

The study of ordinary metric spaces is fundamental in topology and functional analysis. In the late nineties metric spaces
structure has gained much attention of the mathematicians because of development of fixed point theory in ordinary metric
spaces. The concept of b-metric space was introduced by Czerwick as a generalization of metric space. Several authors have
focused on fixed point theorems for a metric space, a partial metric space, quasi-partial metric spaxce and a partial b-metric
space. The concept of a quasi-partial-metric space was introduced by Karapinar. He studied some fixed point theorems on
these spaces. Motivated by this a modest attempt has been made to introduce the notion of quasi-partial b-metric space
where we have discussed fixed point theorem on it. Further, we have proved coupled fixed point theorem on the same space.
The aim of this paper is to study then topological properties of quasi-partial b-metric spaces. Here we also introduce product

of quasi-partial b-metric spaces and some relevant results are discussed on it.

2. Preliminaries

Definition 2.1. Let X be a nonempty set and s > 1 be a given real number. A function d : X x X — [0,00) is a b-metric

on X if, for all z,y,z € X, the following conditions hold:
(1) d(z,y) =0 if and only if x =y,
(02) d(z,y) = d(y,z),

(03) d(z,y) < s[d(z,y) + d(y, 2)].
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In this case, the pair (X,d) is called a b-metric space.

Definition 2.2 (Metric Space). A metric space is a set together with a metric on the set. The metric is a function that
defines a concept of distance between any two numbers of the set which are called points metric spaces are generalization of

real line. A distance or metric on a metric space z is a function.
d:X* —R*
(z,y) = d(z,y)
With properties
(1). d(z,y) =0 z=y
(2). d(y,z) = 0(z,y)
(3). d(z,y) < 0(x, 2) + 9(y, 2)
Definition 2.3 (Partial metric space). A partial metric space is a pair (X,p: X x X — R) such that
P1: p(x,z) < p(x,y) (non negitivety and small self distance)
P2: Ifp(z,x) = p(z,y) = p(y,y) then z =y.
P3: P(z,y) = p(y,z) symmetry
P4: P(z,z) <pz,y) +ply, 2) — ply,y) (triangularity).

Definition 2.4 (Partial b-metric space). A partial b-metric space on non-empty set X is a function b: X x X — R" such

that x,y,z € X.

(Pb1) @ =y, iff b(z,x) = b(x,y) = b(y,y);

(Pb2) b(z,z) < b(z,y);

(Pb3) b(z,y) = b(y, z);

(Pb4) F a real number S > 1 such that b(z,y) < S[b(z, z) + b(z,y)] — b(z, 2).

Definition 2.5 (Quasi-partial metric space). A partial quasi-metric on a set X is a function p: X x X — [0,00) such that
(a). p(z,z) < p(z,y) when z,y € X.

(b). p(z,z) < p(y,z) when z,y € X.

(c). p(x,z) +p(y,y) < p(x,y) + p(y, z) when z,y,z € X.

(d). = =y iff [p(z,x) = p(x,y) and p(y,y) = p(y, ) when z,y € X].

Definition 2.6. A Quasi-partial b-metric on a non-empty set X is a mapping qpy, : X x X — RT such that for some real

numbers S > 1 and all z,y,z € X
(1) qpo(x, ) = gps (2, y).
(2). qpo(z, ) < qps(x,y).
(3)- apo(x, ) < qpo(y, ).

(4)- qpo(z,x) < Slgps(x, 2) + qpo(y, 2)] — qpu(2, 2).
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2.1. Topological Properties of Quasi-partial b-metric space
Theorem 2.7. A quasi-partial b-metric space (X, qps) is a To-space.

Proof.  Let zo,y0 € (X, gpy) such that zo # yo. Consider the open ball By (z0,€) in X where gpy(z0,%0) > €. Then by
the Definition 2.5 it is seen that yo & Bgps(z0,€). For if yoBgps(zo,€) then gps(yo,z0) < € and gps(zo,yo) > € which is a

contradiction to the choice of €. Hence (X, gpy) is a To-space. O

Example 2.8. Consider the usual metric qpy(zo,yo) = |xo — yo| on [0,1]. Let xo,yo € [0,1] be such that xo # yo.
Choose € < min{|zo — yol,|zol|,|zo — 1|}. Then xo € Bgps(zo,€) but yo ¢ Bgps(zo,€). For if yo € Bgps(xo,€) then
qpy (Yo, To) < € = |xo — yo| < €. But by the choice of €, € < |zo — yo| which is a contradiction. So yo ¢ Bgps(xo,€).

Hence (X, qpy) is a To-space.
2.2. Product of Quasi-Partial b-metric Spaces

Theorem 2.9. For I =1,2,3,...,n let (X;, qpp:) be symmetric quasi-partial b-metric spaces with coefficient s; > 1 and let

Xm = > Xi then for qpy defined by qpo(z,y) = > qpei(Ti, ys) is symmetric quasi-partial b-metric space with coefficient s
= £

% i=1

=maz {s;}, 1 <i<n.

Proof. We need to prove properties QPy1 — QPy4 for (Xar, qpsp)-

n n

(QPv1): Let gpo(z,y) = qpo(z,x) = Zlqpbi(:ci,yi) = > qpvi(yi, ) = ;qpbi(%fm) = > lapvi(wi, ys) — qpei(zs,2:)] = 0

i= L i=1

1=1
and _é[qpbi(ﬂﬁi,yz‘) — qpvi(wi,2:)] = 0. By (QPs2) and (QP3)

n

Z[qmi(:ri,yi) — gqpvi(xs,2:)] >0 V 1=1,2,3,...,n
i=1

M:

[qpei (yi, ©3) — qpei(zi, )] >0 ¥V i=1,2,3,...,n

i=1

Hence

qpvi(Ti, i) = qpei(xi, )] >0 V i =1,2,3,....n
= Xi = Y vV i=1,2,3,...,n

=T =Y.

(QPs2): gpo(m, @) =Y qpoi(wi, 1)
i=1
< apei(wi, i) [by (QPs2) of (Xi, qpyi)]
=1
= qpo (2, y)-
(QPy3): Similarly , as for (QPs2).

(QPya): Here

ape(w,2) = Y qpei(zi, z) < > _{silapei (i, vi) + qpei (yi, 20)] — apvi(zi, 2:)} (by (QPoa) of (Xi, qpyi))-
=1 i=1
By definition, s = max {si}=s>s;foralli=1,2,...,n. Alsos > 1sinces; > 1foralli=1,2,...,n. Hence all the

four properties of a quasi-partial b-metric space are satisfied by (X, gps) with, s = ‘max {s:}. Hence a quasi-partial
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3.

b-metric space. It remains to show that it is symmetric. Let z,y € X where x = (z1,...,2%s), ¥y = (y1,-..,Yn) and
Zi,yi € X; where ¢ = 1,2,...,n. Since each (X;, gppi) is gpp-symmetric, therefore
apoi (i, y:) = qpos(ye, vi) = Y qpei(@i,yi) = > apoi(yi, x:) = qpo(,y) = qpo(y, @)
i=1 i=1
Hence it is gpp-symmetric. O

Literature Review

Partial metric space is first introduced by Matthews. A partial metric space is an attempt to find metric space by replacing

d(z,z) = 0 with condition d(x,z) < d(z,y) for all x and y. Some properties of convergence of sequence were discussed

by Matthews.

0<k

According to Matthews, any mapping T of complete partial metric space X into that satisfies for some

< 1, the inequality d(Tz,Ty) < kd(z,y) for all z,y € X has a unique point. In the paper “Fixed point theorem

on quasi partial metric space” by Erdal Karpinar, I.M.Erhan in mathematical and computer modelling. Quasi partial

metric space introduced and discussed the space introduced and discussed the exixtence of fixed point of self mapping T

on quasi-partial metric spaces. The concept of Quasi partial b metric space introduced to generalize the concept of quasi

partial metric space. Some fixed points results are proved in paper quasi partial b metric space and some related fixed point

theorm.Some of topological properties of quasi partial b metric space used in paper Anuradha Gupta and Pragati Gautam

in International Journal of Pure Mathematical Sciences.

4.
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