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1. Introduction

In real life condition, we cannot beautifully use the traditional classical methods because of different types of uncertainties
presented in the problems in economics, engineering, social sciences, medical science etc.. To overcome these difficulties,
some kinds of theories were put forwarded like theory of fuzzy set, intuitionistic fuzzy set, rough set and bi polar fuzzy sets,
in which we can safely use a mathematical technique for the businessing with uncertainties. But, all these theories have
their inherent difficulties. In 1999, Russian scientist Molodtsov [11], originated the notion of soft set as a new mathematical
technique for uncertainties, which is free from the above complications. Application of soft set theory in many disciplines
and real life problems, have established their role in scientific literature. Many researchers are working in this very important
area. Molodtsov [11] and Ahmad [1] successfully applied the soft set theory in the different directions, such as smoothness
of functions, game theory, operation research, Riemann integration, Perron integration, probability, theory of measurement
and so on. Concept of soft topological spaces is introduced in [15], where soft separation axioms have been studied as well.
Kelly [10] introduced the concept of bi topological spaces and studied the separation properties for bi topological spaces.
The concept of soft topological spaces have been generalized to initiate the study of the bi soft topological spaces. The
concept of bi soft topological spaces has been introduced in [12] and studied the separation axioms for bi soft topological
spaces. In this paper we introduce the soft 7172 ¢g*s closed sets in bi soft topological space. Also we investigate related
properties of these sets and compared their properties with other existing soft closed sets in bi soft topological spaces. Also
we introduce soft 7172 ¢g*s continuous mappings, soft 7172 g*s irresolute mappings and soft 7172 ¢g*s homeomorphism and a

detailed study of some of its properties in bi soft topological spaces.
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Soft 7172 g*s Closed Sets and Their Mappings in Bi Soft Topological Spaces

2. Preliminaries

In this section some basic concepts which are pre-requisites for present study. Throughout this paper ()? ,T1, T2, F) represents
a non-empty bi soft topological space. For a subset (F,FE) of X , the closure, the interior, the complement of (F, E) are

denoted by cl(F, E), int(F, E) and (F, E)° respectively.

Definition 2.1 ([10]). A bi topological space is the triplet( X, P, Q) where X is a non empty set, P and Q are two topologies
on X.

Definition 2.2 ([11]). Let X be an initial universe and E be a set of parameters. Let P(X) denotes the power set of X

and A be a non empty subset of E. A pair (F, A) is called a soft set over )Z', where F is a mapping given by F: A — P(X).

Definition 2.3 ([2]). A soft set (F, E) over X is said to be i). A null soft set, denoted by ¢, if Ve € E, F(e) = ¢. ii). An
absolute soft set, denoted by )?, ifVe€ E, F(e) = X. The soft set (F, E) over an universe X in which all the parameters of
the set E are same is a family of soft sets, denoted by SS()?)E.

Definition 2.4 ([15]). Let 7 be the collection of soft sets over X. Then T is said to be a soft topology on X if i). ¢ and
X belong to 7. ii). The union of any number of soft sets in T belongs to 7. i4i). The intersection of any two soft sets in T
belongs to T.

The triplet ()?,T, E) is called a soft topological space over X and any member of T is known as soft open set in X. The

complement of a soft open set is called as soft closed set over X.

Definition 2.5 ([15]). Let (X, 7, E) be a soft topological space over X and (F,E) be a soft set over X. Then i). A soft
interior of a soft set (F, E) is defined as the union of all soft open sets contained in (F, E). Thus int(F, E) is the largest soft
open set contained in (F, E). ). A soft closure of a soft set (F, E) is the intersection of all soft closed super sets of (F, E).

Thus cl(F, E) be the smallest soft closed set over X which contains (F, E).

Definition 2.6. A soft subset (A, E) of a soft topological space (X,7,E) is called as i) soft semi open [13] if
(A, E) C cl(int(A, E)). ii) soft semi closed [13] if int(cl(A, E)) C (A, E). iii) reqular open [{] if (A, E) = int(cl(A, E)).
iv) regular closed [4] if (A,E) = cl(int(A,E)). v)a open [14] if (A,E) C int(cl(int(A, E))). vi) « closed [14] if
cl(int(cl(A, E))) C (A, E).

Definition 2.7. A subset A of a bi topological space (X, T1,72) is called a i) 7172 g closed set [9] if T2 cl(A) C U, whenever
ACU, and U is 11 open. ii) 12 g* closed set [5] if T2 cl(A) C U, whenever A C U, and U is T1g open. iii) 172 gs closed
set [9] if T2 scl(A) C U whenever A C U, and U is 11 open. w) 1172 g*s closed set [16] if T2 scl(A) C U whenever A C U,

and U is 71 gs open. v) 112 sg closed set [9] if T2 scl(A) C U whenever A C U, and U is 11 semi open.

Definition 2.8 ([6]). The intersection of all soft semi closed sets containing a soft subset (A, E) of (X,7,E) is called as
soft semi closure of (A, E) and is denoted by scl(A, E). The soft semi interior of (A, E) is the largest soft semi open set
contained in (A, E) and is denoted by sint(A, E).

Definition 2.9 ([8]). A subset (F, E) of a soft topological space ()~(7 7, E) is called soft generalized semi closed(soft gs closed)
if scl(F, E) C (U, E), whenever (F,E)C(U, E) and (U, E) is soft open in X.

Definition 2.10 ([16]). Let (X,7,E) be a soft topological space and (F, E) be a subset of X. The set (F,E) is said to be
soft g*s closed if scl(A, E) C (U, E) whenever (F, E)C(U, E) and (U, E) is soft gs open set.
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Definition 2.11 ([12]). Let 11 and 72 be two soft topologies on X. Then the quadruple ()2,7177'2,E) is said to be a bi soft
topological space over X. The members of 71 are called T1 soft open. And the complement of 71 soft open set is called 1
soft closed set. Similarly, the members of o are called T2 soft open sets and the complement of T2 soft open sets are called

7o closed sets.

3. Soft 1 g*s Closed Sets

In this section, we define and investigate some basic properties of soft 7172 ¢g*s closed sets in bi soft topological spaces.

Definition 3.1. A soft subset (A, E) of a bi soft topological space (X,Tl,TQ,E) is called a soft 112 g*s closed set if
o scl(A, E)C(U, E), whenever (A, EYC(U, E) and (U, E) is a soft 71 gs open set. The complement of soft T2 g*s closed

set is called as soft 112 g*s open set.

Definition 3.2. Let (S,E) be a soft set in bi soft topological space. Then T1T2 g*s closure and T172 g*s interior of
(S, E) are defined as follows: i).1im2 g*s cl(S, E) = N{(B, E) : (B, E) is soft 172 g*s closed set and (S, E)C(B, E)}. ).

179 g*s int(S, E) = O{(C, E) : (C, E) is soft ima g*s open set and (C, E)C(S, E)}
Theorem 3.3. Union of two soft 112 g*s closed sets in a bi soft topological space is a soft T2 g*s closed set.

Proof. Assume (A, E) and (B, E) are two soft 7172 g*s closed sets and (U, E) be a soft 71 gs open set in (X, 71,72, E)
such that (A, E)U(B, E)C(U, E). This implies (A, E)C(U,E) as well (B, E)C(U, E). Then 7 scl(A, E)C(U, E) and
5 scl(B, E)YC(U, E) = 72 scl(A, E) U scl(B, E)C(U, E) = 1 scl((A, E)U(B, E))C(U, E) Thus (A, E)J(B, E) is a soft

7172 g*s closed set. O
Remark 3.4. Union of two soft 1172 g*s open sets in a bi soft topological space is not a soft 1172 g*s open set.

Example 3.5. Let X = {ki,ko,k3}, E = {e1,e2} with 71 = {¢, X, {(e1, {k1, k2}), (e2,®)}, {(ex, {1, k2}), (e2, {ka, k3})}}
and 15 = {¢, X, {(e1, {k2}), (e2, {k1})}} are two soft topologies of the bi soft topological space (X,71,72, E). Consider the
soft sets (A, E) = {(e1,{k2,k3}), (e2,0)} and (B, E) = {(e1,{k1, k2}), (e2,{k2, ks})}. These sets are soft T172 g*s open sets.
But the union, (A, E)U(B, E) = {(e1, X), (e2, {ka, ks})} is not a soft 1172 g*s open set.

Theorem 3.6. Intersection of two soft 1172 g*s open sets in a bi soft topological space is soft 1172 g*s open.

Proof.  Assume that (C, E) and (D, E) are two soft 7172 g*s open sets in (X, 71,72, E). Then (C, E)° and (D, E)¢ are soft
7172 g*s closed sets. This gives (C, E)°U(D, E)° is a soft 7172 g*s closed set which implies ((C, E)N(D, E))¢ is soft 1172 g*s

closed. Hence ((C, E)N(D, E)) is soft 7172 g*s open set. O
Remark 3.7. Intersection of two soft 1112 g*s closed sets in a bi soft topological space need not be soft 1112 g*s closed.

Example 3.8. Let X = {k1, ko, ks}, E = {e1,ea} with 1 = {¢, X, {(e1, {k1,ka2}), (e2,®)}, {(e1, {k1, ka}), (€2, {k2, ks})}}
and T2 = {¢, X, {(e1,{k2}), (e2,{k1})}} are two soft topologies of the bi soft topological space (X, 71,72, E). Consider the soft
sets (C, E) = {(ex, {k1,ks}), (e2, X)} and (D, E) = {(e1, {ka, k3}), (e2, X)}. These sets are soft 172 g*s closed sets. But the

intersection, (C, E)O(D, E) = {(e1, {ks}), (e2, X)} is not a soft 172 g*s open set.

Theorem 3.9. i). Every soft 72 closed set in a bi soft topological space is soft T172 ¢*s closed set. ii). Every soft T2 semi

closed set in a bi soft topological space is soft 1172 g*s closed.
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Proof. i). Assume that (F, E) be a soft 75 closed set and (U, E) be a soft 71 gs open set such that (F, E)C(U, E). Since
(F, E) be a soft 2 closed set, we have 1 cl(F, E) = (F, E). Also every soft 72 closed set is soft 72 semi closed. Therefore
7o scl(F,E) C 7 c(F,E) = (F,E) C (U,E) = 7 scl(F,E)C(U, E), where (U, E) is 71 gs open. Hence (F,E) is soft
7172 ¢*s closed. i7). Assume that (H, E) be a soft 72 semi closed in ()?,7'177'2,E) and (U, E) be a soft 71 gs open set such
that (H, E)C(U, E). Since (H, E) be a soft 72 semi closed set, 7o scl(H, E)C(H, E). Now the soft set (H, E) is a soft 7172 g*s

closed set. O
Remark 3.10. Converse of the above theorem need not be true. Which is shown in the following example.

Example 3.11. 7). Let X = {k1,k2,ks} be the universal set and E = {e1,e2} be the parameter set with 71 =
{(;3,)?, {(e1, {k1, k2}), (e2,9)}, {(e1, {k1, k2}), (e2, {k2, k3})}} and 72 = {&, X, {(e1,{k2}), (e2,{k1})}} are the two soft topolo-
gies of the bi soft topological space (X,71,72, E). Consider the soft set (F,E) = {(e1,{ks}), (e2,{k1,ks})}, this is a soft
172 g*s closed set in (X,71,72, E). But (F,E) is not a soft T2 closed set. ii). Let X = {ki, ks, ks} be the univer-
sal set and E = {e1,e2} be the parameter set. Let 11 = {¢, X, {(ex, {k1,k2}), (e2,®)}, {(e1, {k1, k2}), (e, {k2, ks})}}},
T2 = {9, X, {(e1,{k2}), (e2,{k1})}} are two soft topologies on X. Then ()?, 71,72, E) be a bi soft topological space. Consider
the soft set (H, E) = {(e1,{k1}), (eg,)?)} mn ()?,Tl,TQ,E)‘ Which is a soft T2 g*s closed set, but not a soft 7o semi closed

set.

Definition 3.12. A soft subset (B, E) of a bi soft topological space ()?,T1,T2,E) is called a soft T2 gs closed set if
9 scl(B, E)C(U, E) whenever (B, E)C(U, E), and (U, E) is soft 1 open.

Definition 3.13. A soft subset (C,E) of a bi soft topological space ()~(,7'1,7'27E) is called a soft Tim2 sg closed set if
9 scl(C, EYC(U, E) whenever (C, EYC(U, E), and (U, E) is soft 1 semi open.

Theorem 3.14. 7). Every soft 1172 g*s closed set in a bi soft topological space is soft T172 gs closed. 1). Every soft 11712 g*s

closed set in a bi soft topological is soft T2 sg closed.

Proof. i). Assume that (G, E) be a soft 7172 g*s closed set in the bi soft topological space (X, 71,72, E) and (U, E) be
a soft 71 open set such that (G, E)C(U, E). Since every soft 71 open set is soft 71 gs open, we have 7 scl(G, E)C(U, E).

Therefore (G, E) is a soft 7172 gs closed set. ii) the proof is similar. O
Remark 3.15. Conwverse of the above theorem need not be true. This shown in the following example.

Example 3.16. Let (X, 71,72, E) be a bi soft topological space on X and the soft topologies defined as Example 3.117).
Consider the soft set (G,E) = {(e1,¢), (e2,{k1})} is a soft 172 gs closed set. But it is not a soft 172 g"s closed set.
i1) Let X = {k1,k2}, E = {e1,e2} and the soft topologies defined on the bi soft topological space ()2'77'1,7'2,E) are T =
{6, X, {(ex, {k1}): (e2,0)}, {(e1,8), (e2, {ki )}, {(ex, {Ra}); (e2, a1}, {(ens {Ra)), ez, {ka D)}, {(en, X), (e2, {k1})}} and 72 =
{6, X {(e1, 9). (e2, {ki D}, {(e1, X), (e2,6)}, {(e1, X), (e2, {1 })}}. Define the soft set (G, E) = {(ex, {k1}), (e2, {k1})}. Then

the soft set (G, E) is a soft T1T2 g"s closed set but it is not a soft 1172 sg closed set.
Theorem 3.17. Every soft 2 « closed sets in a bi soft topological space is soft T2 g*s closed.

Proof. Assume that (D, E) be a soft 7 « closed set and (U, E) be a soft 71 gs open set such that (D, E)C(U, E).
Since (D, E) is soft 72 a closed 72 cl(r2 int(ms cl(D, E)))C(D, E) and (D, E)C(U, E) = 72 cl(r2 int(r2 cl(D, E)))C(U, E)
= (U, E)°Cry int(rs cl(r2 int(D, E)°)) = 12 int(r2 cl(A, E))® = 12 c(r2 int(D,E))C(U, E) = 12 cl(D, E)C(U, E). But
9 scl(D, E)Cry cl(D, E) = 1 scl(D, EYC(U, E). Thus (D, E) is a soft 772 g*s closed. O
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Remark 3.18. Conwverse of the above theorem need not be true. This shown in the following example.

Example 3.19. Let ()N(, T1, T2, E) be a bi soft topological space over X defined as in Example 8.11 i). Consider the soft set

(AE) = {(61,)?), (e2,9)} in (X, 71,72, E). Then the soft set (A, E) is soft 1172 g*s closed, but it is not a soft 2 o closed .

Definition 3.20. Let (A, E) be a soft set in bi soft topological space (X, 11,72, E). i) (A, E) is called a soft 1172 g*s* closed
set if 72 scl(A, E)C(U, E) whenever (A, EYC(U, E), and (U, E) is soft 71 g* open. ii). (A, E) is called a soft 1imo g** closed
set if 72 cl(A, E)C(U, E) whenever (A, EYC(U, E), and (U, E) is soft 71 g* open.

Theorem 3.21. i). Every soft T2 g*s closed set in bi soft topological space is soft T2 g*s* closed. ii). Every soft 1112 g*s

closed set in bi soft topological space is soft TiT2 g** closed set.

Proof. i) Let (F,E) be a soft 7172 g*s closed set and (U, E) be a soft 71 gs open set such that (F, E)C(U, E). From the
definition, 7 scl(F, E)Q(U, E). Also since every soft 71 gs open set is soft 71 g* open. Thus (F, E) is soft 1172 ¢g*s™ closed
set. ii) Assume that (G, E) be a soft 1172 g*s closed set and (U, E) be a 71 gs open set. Since every soft 7172 g*s closed set
is soft 7172 g"s™ closed set and also every soft 7172 ¢g*s™ closed set is soft 7172 ¢** closed set. Hence the soft set (G, F) is

soft 7172 g** closed set. O
Remark 3.22. The converse of the above theorem need not be true. This shows in the following example.

Example 3.23. Let X = {ki,ka} be the universal set and {e1,e2} be parameter set with 71 = {¢, X, {(e1, {k1}), (e2, $)}}
and 72 = {¢, X, {(e1,{k1}), (e2, )}, {(e1, {k1}), (e2, {ka})}} are the two soft topologies on the bi soft topological space
()Z,TLTQ,E). i) Consider the soft set (F,E) = {(e1,{k1}), (e2,{k2})} on ()?77'1,7'27E). The soft set (F, E) is soft T2 g*s*
closed set but it is not a soft 1112 g*s closed. 1) Consider the soft set (G, E) = {(e1,{k1}), (e2,{k1})}. Then (G, E) is soft

112 g closed set but it is not soft T2 g*s closed set.

Theorem 3.24. Let (K, E) ba a soft 11712 g*s closed set in ()?, 71,72, E) if and only if 2 scl(K, E)\(K, E) does not contain

any nmon-empty soft T1 gs closed set.

Proof.  Suppose that (V, E) is a soft 71 gs closed subset of 7o scl(K, E)\(A, E) ie., (V,E)Cr scl(K,E)\(K, E) and
(K, E)CX\(V, E). Since X\(V, E) is a soft 71 gs open set, (K, E) is soft 7172 g*s closed such that 5 scl(K, E)CX\(V, E).
Therefore (V, E)Cry scl(K, E)A(X\72 scl(K,E)) = ¢. Hence 7o scl(K, E)\(K, E) does not contain any non-empty soft
71 gs closed set. Conversely, assume that 7 scl(K, F)\(K, E) does not contain any non-empty soft 71 gs closed set. Let
(K,E)C(U, E) and (U, E) is soft 71 gs open. Suppose that 7o scl(K, E) is not contained in (U, E), 72 scl(K, EYA(U, E)¢ is a
non-empty soft 71 gs closed set of 7 scl(K, E)\(K, E). Which arrives a contradiction. Therefore 12 scl(K, E)C(U, E) and

hence (K, E) is a soft 7172 g*s closed set. O

Theorem 3.25. If (K, E) be a soft 172 g*s closed set (X,71,72, E) such that (K, E)C(L, E)Cry scl(K, E) then (L, E) is

soft T2 g*s closed in ()?,7'1,7'27E).

Proof.  Assume that (K, E) is soft 7172 g*s closed in (X, 71,72, E) such that (K, E)C(L, E)Cr scl(K, E). Let (U, E) be
a soft 71 gs open set in ()?,Tl,Tg,E) such that (L,E)Q(U, E). From the hypothesis, we have 12 scl(K, E)Q(U7 E). Now,
o scl(L, E)YCry scl(my scl(K,E)) = o scl(K,E)C(U, E) ie., 72 scl(L, E)C(U, E), where (U, E) is soft 71 gs open. Thus
(L, E) is soft 7172 g*s closed in ()?,Tl,TQ,E). O

Theorem 3.26. If (K, E)YCYCX and (K, E) is soft im2 g*s closed in (X, 11,72, E), then (K, E) is soft 11Tz g*s closed

relative to Y.
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Proof. Assume that (K,E)CYCX and (K, E) is soft 172 g*s closed in (X, 71,72, E). Let (K, E)CYC(U, E), where
(U, E) is soft 7172 gs open in (X, 71,72, E). Given (K, E) is soft 7172 g*s closed, (K, E)YC(U,E) = 72 scl(K, E)C(U, E)
= Yir scl(K, E)CYN(U, E). Hence (K, E) is a soft 1172 g*s closed set relative to Y. O

Theorem 3.27. Let (A, E) be a subset of a bi soft topological space. Then the following are equivalent: i). (A, E) is soft T2

regular open. ii). (A, E) is soft T2 open and soft 1172 g*s closed.

Proof. i)=ii) Let (H, F) be a soft 71 gs open set in ()N(, 71, T2, E) containing (A, E). Since every soft 72 regular open set is
2 open, (A, E)Ury int(r2 cl(A, E))C(A, E)C(H, E). Hence 72 scl(A, EYC(H, E), where (H, E) is soft 71 gs open. Therefore
(A, E) is soft 7175 g*s closed. ii)= i) Let (A, E) is soft 72 open and soft 172 g*s closed set. i.e., 7o scl(A, E)C(A, E) and so
(A, B)Urs int(rs cl(A, E)) C (A, E). But (A, E) is a soft 75 open in (X, 71,72, E). Therefore 75 int (s cl(A, E))C(A, E) - - - (1).
Since every soft 72 open set is soft 75 pre open, we have, (A, E)Crs int(ra cl(A,E))---(2). Thus (1) and (2) implies that
(A, E) = 12 int(r2 cl(A, E)) Hence (A, E) is soft 72 regular open. O

Definition 3.28. A subset (A, E) of a bi soft topological space ()?,Tl,Tg,E) is said to be a soft mTe Q set if
T2 int(ﬁ Cl(A7 E)) = T2 Cl(Tl int(A, E))

Theorem 3.29. If (D, E) is a subset of a bi soft topological space, the following are equivalent: i). (D, E) is a soft T2

clopen. 4).(D, E) is soft T2 open, a soft T2 Q set and 1172 g*s closed.

Proof. i)= ii) Since (D, E) is a soft 72 clopen, then (D, E) is both soft 72 open and soft 72 Q set. Assume (F, E) be a
soft 71 gs open set and (D, E)C(F, E). We have that (D, E)Urs int(ms cl(D, E))C(F, E) and so 72 scl(D, E)C(F, E), where
(F,E) is soft 71 gs open. Hence (D, E) is soft T2 g*s closed in ()?,Tl,Tg,E). ii)= i) By the Theorem 3.27, the soft set
(D, E) is a soft T2 regular open. Since every soft 7 regular open set is soft 2 open, we have (D, E) is soft 72 open. Also

(D, E) is a soft 72 @ set, then (D, F) is soft 72 closed. Therefore (D, E) is soft 72 clopen set. O

4. Soft 11 ¢*s Continuous and Soft 71 ¢g*s Irresolute Mappings

In this section we introduce soft 7172 g*s continuous and soft 7172 ¢g*s irresolute mappings in bi soft topological spaces and

we also investigate some of their properties.

Definition 4.1. A soft mapping f : (X,Tl,TQ,E) — (?,T{,Té,E) is said to be a soft T2 g*s continuous if the inverse

image of every soft 74 closed sets in Y is soft 12 g*s closed set in X.
Theorem 4.2. Every soft T2 continuous mapping in bi soft topological space is a soft T172 g*s continuous.

Proof. Assume that f : (X, 71,72, E) — (Y, 7{, 7%, E) is a soft 72 continuous mapping. Let (A, E) be a soft 75 closed set
in Y. Then f (A, E) is soft 72 closed set in X as f is soft T2 continuous. Since every soft 72 closed set in X is soft 717 g*s

closed set, the set ffl(A, E) is soft T2 ¢g*s closed set in X. Hence f is soft 7172 g*s continuous. O
Remark 4.3. Converse of the above theorem need not be true. This is seen in the following example.

Example 4.4. Let X = {k1,ke,k3} = Y and the parameter E = {ei,e2} with 11 = {9, )~(, {(e1, {k1, k2}),
(e2, )}, {(e1,{k1,ka}), (ea,{ka,ks})}} and 72 = {¢, X,{(e1,{ka}), (e2,{k1})}} are two soft topologies on X. Also

T{ = {¢7§}7 {(617 {k17 kQ})} and Té = {¢7)77 {(61, {k17k3})7 (623¢)}7 {(617¢)7 (627 {k27k3})}7 {(617 {k17 k3})7 (627 {k27k3})}}
are soft topologies on Y. Define the soft mapping f : ()?,Tl,TQ,E) — (?,T{,Té,E) on bi soft topological spaces as
f(k1) = k1, f(k2) = k2 and f(ks) = ks. Consider the soft set (A, E) = {(e1,{k1,ks}), (e2,{k2,ks})}. This set is a soft
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T1T2 g*s closed set but its inverse not a soft o closed set. Hence the soft mapping f is soft Tima g*s continuous but it is not

a soft T2 continuous mapping.

Definition 4.5. A soft mapping f : ()?,7'1, T2, E) — (?,T{ﬂé, E) is said to be a soft T1T2 gs continuous if the inverse image

of every soft T closed sets in Y s soft 1112 gs closed set in X.
Theorem 4.6. FEvery soft 1112 g*s continuous mapping in bi soft topological space is a soft T1T2 gs continuous.

Proof. Assume that f : (X, 71,72, E) — (Y, 7|, 7, E) is a soft 7172 g*s continuous mapping. Let (A, E) be a soft 7}
closed set in Y. Then fﬁl(A, E) is soft 1172 ¢g*s closed set in X. Since every soft 7172 g*s closed set in X is soft T1T2 g8

closed, the soft set f~1(A, E) is soft 7172 gs closed set in X. Hence f is soft 7172 gs continuous. O
Remark 4.7. Converse of the above theorem need not be true. This is seen in the following example.

Example 4.8. Let X = {ki,ko,ks} = Y and E = {ei,ea} with m = {¢, X, {(er,{k1,k2}), (e2,0)},
{(e1, {k1,ka}), (e2,{ko,ks})}} and 70 = {6, X,{(e1,{k2}), (2, {k1})}} are the two soft topologies on X. Also 7| =
{6, Y, {(e1, {k1}), (e, {ka, ks})}} and 75 = {¢, Y, {(e1,Y), (ea, ka, ks)}} are two soft topologies on Y . Define the soft mapping
f: ()2'77'1,7'2, E) — (?,T{,Tﬁ,E) on bi soft topological spaces as f(k1) = ki, f(k2) = k2 and f(ks) = ks. Consider the soft
set (A, E) = {(617}7), (e2,{k1})}. Then the mapping f is a soft 1172 gs continuous but it is not a soft 1172 g*s continuous

mapping.
Theorem 4.9. Every soft T2 semi continuous mapping in bi soft topological space is soft T1m2 g*s continuous mapping.

Proof. Let f:(X,m1,72,E) — (Y, 7,74, E) is soft 75 semi continuous mapping. Let (B, E) be a soft 74 closed set in Y.
Then f~(B, E) is soft 72 semi closed set X. Since every soft 72 semi closed set is soft 7172 g*s closed, f~!(B, E) is soft

7172 g*s closed set in X. Therefore, f is soft 7172 g*s continuous mapping. O
Remark 4.10. Converse of the above theorem need not be true. This is seen in the following example.

Example 4.11. Let X = {ki,k2,ks} = Y and E = {ei,e2} with 1 = {p, X, {(e1,{k1,k2}), (e, )},
{(er, {k1,k2}), (e2,{k2,ks})}} and 7 = {6,X,{(e1,{k2}), (e2,{k1})}} are soft topologies on X. Also 1| =
{6,V {(ex,{kn, ks}), (2, 0)}, {(e1,8), (e2, {k2, ks })}, {(ex, {1, ks}), (€2, {ka, ks})}} and 75 = {6,V {(e1, {ka, ks})}} are soft
topologies on Y. Define the soft mapping f : ()~(77'1, T2, E) — (?7 71,75, E) on bi soft topological spaces as f(k1) = k1, f(k2) =
ks and f(ks) = ks. Consider the soft set (C, E) = {(e1,Y), (e2, {ka})}. This set is a soft 172 g*s closed set but its inverse is

not a soft 7o semi closed set. Hence the mapping is soft 172 g*s continuous but it is not a soft 7o semi continuous mapping.

Definition 4.12. A soft mapping f : (X, 71,72, E) — (Y, 7,75, E) is said to be a soft T2 g** continuous if the inverse

image of every soft T4 closed sets in Y is soft e g closed set in X.
Theorem 4.13. Every soft 1172 g** continuous mapping in bi soft topological space is soft T172 g*s continuous mapping.

Proof. Let f: (X,71,72,E) — (Y,7{,75,E) is soft 7172 g** continuous mapping. Let (B, E) be a soft 74 closed set in
Y. Then f B, E) is soft 7172 g** closed set in ()?,7'177'2,E). Since every soft 7172 g** closed set is soft 7172 ¢g*s closed,

fY(B, E) is soft 7172 g*s closed set in X. Therefore f is soft 7172 g*s continuous mapping. O

Definition 4.14. A mapping f : (5(:,7'1, T2, E) — (}7, 71,75, E) is said to be a soft 12 g*s* continuous if the inverse image

of every soft T closed sets in Y s soft T2 g*s* closed set in X.

Theorem 4.15. Every soft 1112 g*s™ continuous mapping in bi soft topological space is soft 1172 g*s continuous mapping.

[\
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Proof. Let f:(X,71,72,E) — (Y, 7{,75, E) is soft 7172 g*s* continuous mapping. Let (D, E) be a soft 75 closed set in Y.
Then f~'(D, E) is soft 7172 g*s* closed set in X. Since every soft 7172 g*s* closed set is soft 7172 g*s closed, f~*(D, E) is

soft 7172 g*s closed set in X. Hence f is soft m72 ¢g*s continuous mapping. O

Remark 4.16. Converse of the above Theorems 4.13 and 4.15 need not be true. This is seen in the following example.

Example 4.17. Let X = {ki,kos} = Y and E = {ei,ea} with 1 = {¢, X, {(er,{k1}), (e2,9)}, {(e1,9),
(e2, {k2})}, {(er, {k1}), (e2,{ka})}} and 72 = {6, X, {(ex,{k1}), (e2, {k1})}} are soft topologies on X. Also 7 =
{6, Y {(er, {k1}), (e2,8)}} and 75 = {0, Y, {(ex, {k1}), (e2,8)},{(e1, {k1}), (2, {k2})}} are two soft topologies on Y. De-
fine f: (X, 11,72, E) = (Y, 7,75, E) be a soft mapping on bi soft topological space as f(k1) = ko and f(k2) = k1. Consider
the soft set (B, E) = {(e1,{k1}), (e2,k1)}. Then this mapping f is soft 7172 g*s™ continuous and soft 1172 g** continuous

but it is not a soft T2 g*s continuous mapping.

Definition 4.18. A soft mapping f : (X, 71,72, E) — (Y, 7,74, E) is said to be a soft 7172 sg continuous if the inverse

image of every soft T4 closed sets in Y is soft T2 sg closed set in X.
Theorem 4.19. Every soft 1172 g*s continuous mapping is a soft 1172 sg continuous mapping.

Proof. Suppose that f : ()Z',n,Tg,E) — (?,T{,TQ,E) is a soft 7172 ¢g*s continuous mapping. Assume that (A, E) be a
soft 7174 closed set in Y. Since the map f is soft 7172 g*s continuous, the inverse image of every soft 7174 closed set in Y is
soft 7172 g*s closed set in X, ie., f YA, E) is soft 12 g*s closed in X. Since every soft 7172 g*s closed set is soft 7172 sg

closed, the soft set f~*(A, E) is soft 7172 sg closed in X. Thus the mapping f is soft 7172 sg continuous. (I

Definition 4.20. A mapping f : ()A(:,Tl,TQ,E) — (}N/,T{,TQ,E) is said to be a soft T2 gs continuous if the inverse image

of every soft T closed sets in Y is soft 1112 gs closed set in X.
Theorem 4.21. FEvery soft 1172 g*s continuous mapping is a soft T1T2 gs continuous mapping.

Proof. Suppose that f : ()?,Tl,TQ,E) — (?,TLTQ,E) is a soft 7172 g"s continuous mapping. Assume that the soft set
(A, E) is a soft {75 closed set in Y. Since the map f is soft 7172 ¢*s continuous, the inverse image of every soft {74 closed
set in Y is soft 7172 g*s closed set in )?, ie., ffl(A, E) is soft 112 g*s closed in X. Since every soft 7172 g*s closed set is

soft 7172 gs closed, the soft set f'(A, E) is soft 7172 sg closed in X. Thus the mapping f is soft 7172 gs continuous. O

Remark 4.22. Conwverse of the above theorems need not be true. This is seen in the following example.

Example 4.23. Let X = {k1,ko,k3} = Y and the parameter E = {ei,e2} with m1 = {¢, X’,
{(er,{k1}), (e2,{ka,ks})} and 7 = {¢, X, {(e1,X), (e2,{ka,ks})}} are two soft topologies on X. Also 7, =
{6,V {(er, {kr, ka}), (e2, &)}, {(ex, {ku, ko)), (e2, {k2, ks})}} and 75 = {,Y, {(e1, {ka}), (e2, {k1})}} are soft topologies on
Y. Define the soft mapping f : ()?,Tl,TQ,E) — (?,T{,Té,E) on bi soft topological spaces as f(k1) = k1, f(k2) = k2 and
f(k3) = ks. Consider the soft set (A, E) = {(e1, ), (e2,{k1})}. This set is a soft T1m2 gs closed set but its inverse is not a
soft TiT2 g*s closed set. Hence the soft mapping is soft 1172 gs continuous but not a soft T2 g*s continuous mapping. Also
for the soft set (B, E) = {(e1,{k1,k2}), (e2,{k1,ks})}, we see that it is soft T172 sg closed set but its inverse is not a soft

7172 g*s closed set.
Theorem 4.24. Every soft 72 « continuous mapping in bi soft topological space is a soft 1172 g*s continuous.

Proof. Assume that f : (X, 71,72, E) — (Y, 7{, 7%, E) is a soft 72 o continuous mapping. Let (A4, E) be a soft 75 closed set
in Y. Then ffl(A, E) is soft 72 « closed set in X as f is soft 72 « continuous. Since every soft 72 « closed set in X is soft
7172 g*s closed set, the set f (A, E) is soft 7172 g*s closed set in X. Hence f is a soft 7172 ¢g*s continuous mapping. O
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Remark 4.25. Conwverse of the above theorem need not be true. This is seen in the following example.

Example 4.26. Let X = {ki, ko, ks} = Y and the parameter E = {e1,ea} with 1 = {¢, X, {(e1,{k1,k2}), (e2,8)},
{(e1,{ks}), (e2, {k1,k2})}. {(e1,Y), (e2, {k1,ka})}} and also 5 = {¢, X, {(e1, {kn, ka}), (e2, {ka, ks})}} are two soft topolo-
gies on X. Also { = {¢,Y,{(e1,{kn1,k2}), (e2,0)}, {(e1, {k1, ka}), (e2, {ko, ks})}} and 75 = {6,V {(ex, {ka}), (e2, {k1 })}}
are soft topologies on Y. Define the soft mapping f : ()~(77'1,7'2,E) — (?,T{,Té,E) on bi soft topological spaces as
f(k1) = k1, f(k2) = k2 and f(ks) = ks. Consider the soft set (A, E) = {(e1,{ks}), (e2,{k1})}. Then this set is a soft
7172 978 closed set but its inverse is not a soft T2 a closed set. Hence the mapping is soft TiT2 g*s continuous but it is not

a soft T2 a continuous mapping.

Theorem 4.27. Let f : ()?,71772,E) — (?,T{,Q'?E) is a soft TiT2 g's continuous mapping. Then 1).
f(nm g*s d(F,E)) C 71 d(f(F,E)). @). 2 g*s d(f (G, E)) C f~' (i cl(G, E)).

Proof.  Assume that the soft mapping f : ()Z',Tl, T2, E) — (}7, 71,75, E) be a soft 7172 g*s continuous function, where X
and Y are bi soft topological spaces.

i). Since 7{m4 cl(f(F,E)) is soft 75 closed set in Y = f Y rim d(f(F,E))) is soft mm g*s closed
set in X. Then (F,E) C f~rimy c(f(F,E)) which implies 172 g¢*s cl(F,E) C f~'(rirs c(f(F,E)) =
f(nme g*s d(F,E)) C {75 cl(f(F,E)). ii). From first part we have that, f(rim1 g*s cl(F,E)) C {14 cl(f(F,E)). Now
we replace (F, E) by f~Y(G, E), we get, f(nn g*s d(f G, E))) C mim (f(f G, E)))C {75 cl(G, E). This implies
that, 7171 g*s cl(f (G, E)) C f~ ({75 cl(G, E)). Thus the results proved. O

Theorem 4.28. Let f : ()Z',Tl,Tg,E) — (?,T{,Té,E) is a soft mapping. Then the following are equivalent. i). f is soft

T1T2 g*s continuous. 1). The inverse image of each soft 75 open set in'Y is soft 1172 g*s open in X.

Proof. Assume that f : ()?,Tl,TQ,E) — (?,T{,Té,E) be a soft 7172 g*s continuous. Let (G, E) be a soft 75 open in Y.
Then (G, E)¢ is soft 7175 closed in Y. Since f is a soft 172 g*s continuous, f~ (G, E)° is a soft 7172 g*s closed in X. But
G, E)° = X — G, E). Thus f~!(G, E) is soft 7172 g*s open in X. Conversely, assume that the inverse image of each
soft T{74 g*s open set in Y is soft 7172 g*s open in X. Let (F, E) be any soft {75 closed set in Y. But f~'(F, E) is soft
7172 g*s open in X, f~Y(F,E)° = X — f~Y(F,E). Thus X — f~'(F,E) is a soft 7172 ¢g*s open in X and so f~'(F, E) is soft

7172 g*s closed set in X. Thus f is a soft 7172 ¢g*s continuous mapping. O
Theorem 4.29. If f : (X, 71,72, E) — (Y,7i,75,E) is a soft it g*s continuous mapping and g : (Y, 71,75, E) —
1" 1"

(Z, 7', 74 E) is a soft T{Th continuous mapping then g of : (X, 71,72, E) — (Z,7{', 74, E) is a soft T2 g*s continuous
mapping.
Proof. Let (F, E) be a soft 1'r3 closed set in (Z ', 74, E). Since g is a soft {74 continuous, g~ (F, E) is soft 774 closed

in (Y, 7], 75, E) and since f is a soft 7172 ¢g*s continuous mapping, f~'(g~*(F, E)) is soft 7172 g*s closed set in (X, 11,72, E).
( g pping g g

That is (gof) ' (F, E) is a soft 7172 g*s closed set in (X, 71,72, E). Thus gof is a soft 7,75 g*s continuous mapping. O

Definition 4.30. A soft mapping f : ()?77'1,7'2, E) — (?7 11,7, E) is said to be soft T2 g*s irresolute if the inverse image

of every soft T{T5 g*s closed set in ()7, 11,79, E) is soft iTe g*s closed set in ()?, 71,72, E).

Theorem 4.31. A mapping f : ()A(:, 71,72, E) — (?,T{,Té, E) is the soft T2 g*s irresolute if and only if the inverse image

of every soft Ti5 g*s open set in (Y, 7], 75, E) is soft iz g*s open set in (X, 71,72, E).

Proof.  Assume that f is soft 7172 g*s irresolute mapping. Let (A, E) be any soft {75 g*s open set in Y. Then (A, E)°

is soft 7{75 g*s closed set in Y. Since the mapping f is soft 7172 g*s irresolute, f~'((A4, E)°) is soft 7172 g*s closed set in
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X. But (A EB)°) = X - (A, E) and so f~'(A, E) is a soft 7172 g*s open set in X. Hence the inverse image of every
soft 7{75 g*s open set in Y is soft 7172 ¢*s open in X. Conversely, assume that the inverse image of every soft 7,75 g*s
open set in Y. Let (A, E) be any soft 7|75 g*s closed set in Y. Then (A, E)¢ is soft 7|75 g*s open set in Y. By assumption
(A, E)®) is soft 7172 g*s open in X. But f~'((A, E)°) = X — f (A, E) and so f~'(A, E) is soft 7172 g*s closed set in

X . Therefore f is a soft 772 g*s irresolute mapping. O

Theorem 4.32. A mapping [ ()?,Tl,TQ,E) — (?,T{,TQ,E) is the soft miTe g*s irresolute if
f(rim2 g*s (A E)) C mime g*s cl(f(A, E)).

Proof. Let us assume that f(mm g¢*s c(A,E)) C mrm g¢'s c(f(A E)), for every (A,E) € X. Sup-
pose (F,E) be a soft 7172 g*s closed set in Y. Then we have (F,E) = 7itp g¢*s c(F,E) =
f"Y(F,E) € X By hypothesis, f(nme g's cd(fYF,E) C i g*s cd(f(f7(rm g¢*s c(F,E))) =
f(nm g*s c(fH(F,E))) C 7 g*s c(f(f~Y(F,E))) = (F,E) Which implies f~'(F, E) is soft 172 g*s closed set in

()Z', 71,72, E). Thus the mapping is a soft 7172 g*s irresolute mapping. O
Theorem 4.33. If f: ()Z',Tl,Tg,E) — (?,T{,Té,E) s a soft 1112 g*s irresolute then it is 172 g*s continuous.

Proof. Assume f is a soft 7172 g*s irresolute. Let (F, E) be any soft T2 closed set in Y. Since every soft 72 closed set
is soft 7172 ¢g*s closed set, (F, E) is a soft 7172 ¢g"s closed set in Y. Since f is soft 7172 g*s irresolute, f~'(F, E) is a soft

7172 g*s closed set in X. Therefore f is a soft 7172 g*s continuous mapping. O

Theorem 4.34. If f : (X, 71,72, E) = (Y, 7{,74, E) is a soft 172 g*s irresolute and g : (Y, 7], 75, E) = (Z,7{', 7, E) is a

soft T{5 g*s irresolute. Then gof : (X, 71,72, E) — (Z, 7', 74, E) is soft 172 g*s irresolute.

Proof. Let (G, E) be a soft 71’15 closed set in (Z,T{',Té’, E). Since every soft 71’75 closed set is soft 71'm5 g*s closed set.
Also since g is a soft {75 g*s irresolute, g~'(G, E) is a soft {74 g*s closed set in (?,T{,Té,E). Since f is a soft T2 g*s
irresolute, the soft set f~' (g~ (G, E)) is a soft 7172 g*s closed set in (X, 71,72, E). i.e., f (g~ (G, E)) = (gof ) *(G, E) is

a soft 7172 g*s closed set in ()Z', 71,72, F). Hence gof is a soft 7172 ¢g*s irresolute mapping. O

Theorem 4.35. For any soft 1172 g*s irresolute mapping f : (X, 71,72, E) — (Y, 7{, 75, E) and any soft {74 g*s continuous
mapping g : (Y, 71,7, E) = (Z,7{', 7, E), the composition gof : (X, 1,72, E) = (Z, 7,7, E) is a soft 172 g*s continuous

mapping.

Proof. Let (F,E) be any soft 7’75 closed set in (Z, 7,74, E). Since g is a soft 7{75 g*s continuous , g~ '(F, E) is a
soft T{74 g*s closed set in (Y, 7], 74, E). Since f is soft 1172 g*s irresolute, f~ (g~ (F, E)) is a soft 7172 g*s closed set in
()’Z,Tl,TQ,E). But f~' (¢ (F, E)) = (gof) "(F, E). Thus gof : ()?,7'177'2,E) — (2, 71", 79, E) is soft 7172 g*s continuous on
(X,71,72,E). O

5. Soft 77 ¢*s Homeomorphism

Soft 7172 g*s homeomorphism and soft 7172 ¢*s* homeomorphism in bi soft topological spaces are introduced in this section

and some basic properties of these homeomorphism are also studied.

Definition 5.1. A bijection f : ()A(:, 71,72, F) — (?,T{,Té, E) is called soft 112 g*s homeomorphism if f is both soft 12 g*s

continuous and soft 112 g*s open.

Proposition 5.2. Every soft 7o homeomorphism is soft 1172 g*s homeomorphism.
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Proof. Let the bijection map f : ()?77'1,7'27E) — (17,7'{,7'57E) be a soft 7o homeomorphism. We have that f is soft 2
continuous soft 72 open. Since every soft 72 continuous is soft 7172 g*s continuous, and every soft 72 open mapping is soft

7172 g*s open. Thus the bijection map f is soft 7172 g*s homeomorphism. O
Remark 5.3. Converse of the above theorem need not be true. This shown in the following example.

Example 5.4. Let X = {k1,k2,k3} = Y and E = {e1,e2} with the soft topologies on Xasm = {o, X, {(e1, {k1, k2}),
(e2,0)}, {(e1,{k1,ka}), (e2,{ka,ks})}} and 72 = {¢,X,{(er,{k2}), (e2,{k1})}} and soft topologies on Y as, 7| =
{0, Y {(er, {k1, k2}), (e2,0)}} and 75 = {, Y, {(ex, {k1, ks})(e2, &)}, {(e1, ). (e2, {ka, s} {(ex, {kr, ks}), (e2, {ka, ks })}-
Define the soft mapping f : (X, 71,72, E) — (Y, 7,75, E) as f(k1) = ki, f(k2) = ko and f(ks) = ks. Consider the
soft set (A, E) = {(e1, {k1,ks}), (2, {ka, ks})}. This set is soft 7|74 g*s closed set in Y. But f~'(A, E) is not soft Ta closed
set in X. Hence soft 112 g*s continuous is not soft T2 continuous. Thus the soft 172 g*s homeomorphism is not soft T2

homeomorphism.
Proposition 5.5. Every soft 2 semi homeomorphism is soft T2 g*s homeomorphism.

Proof. Assume that f : ()?,Tl,Tg,E) — (?,T{,Té,E) be a soft 72 semi homeomorphism. Since every soft 72 semi
continuous is soft 7172 ¢*s continuous and every soft 72 semi open mapping is soft 7172 ¢*s open. Hence f is a soft 7172 g*s

homeomorphism. O
Remark 5.6. Converse of the above theorem need not be true. This shown in the following example.

Example 5.7. Let X = {ki,ks,ks} = Y and E = {ei,ea} with m = {¢, X, {(er,{k1,k2}), (e2,0)},
{(ex, {k1, k2}), (ea,{ka,ks})}} and 72 = {¢,X,{(e1,{k2}),(e2,{k1})}} are topologies on X, and the soft topolo-
gies on Y as, T = {,Y,{(ex, {k1, ks}), (e2,9)}, {(e1,0), (€2, {ka, ks})}, {(er, {k1, ks}), (2, {k2, ks})} and also 75 =
{6, Y, {(e1,{k2, ks}), (e2,)}}, Define the soft mapping f : (X, 11,72, E) — (Y, 7,75, E) as f(k1) = ki, f(ka) = k2 and
f(ks) = ks. Consider the soft set (A, E) = {(e1,{k1}), (e2, X)}. This set is soft Tim5 g*s closed set in'Y. But f~'(A, E) is

not soft T2 semi closed set in X. Thus the soft 112 g*s homeomorphism is not soft T2 semi homeomorphism.

Definition 5.8. A bijection f : ()?,Tl,TQ,E) — (?,T{,TQI,E) 1s called soft 1172 g*s homeomorphism if f is both soft T1T2 sg

continuous and soft T1T2 sg open.
Proposition 5.9. Every soft 1112 g*s homeomorphism is soft 7172 sg homeomorphism.

Proof. Suppose that f : ()?,Tl,TQ,E) — (177 71,75, E) be a soft 1172 g*s homeomorphism. Since every soft 772 g*s
continuous map is soft 772 sg continuous and every soft 7172 ¢g*s open mapping is soft 7172 sg open. Thus the bijective

map f is soft 772 sg homeomorphism. O
Remark 5.10. Converse of the above theorem need not be true. This shown in the following example.

Example 5.11. Let X = {ki,k2a} = Y and E = {ei,ea} with the topologies on X as, m = {9,
X, Aler{k2}), (e2,9)}} and 7 = {6, X {(er, {k2}), (e2,{k1})}}, and the soft topologies on Y as,
o= {6 Y {(er, {k}), (e2, {ka)}. {(er, {ka}), (e2, {ka D)} {(er, {k2}), (e2, k)Y, {(e1, V), (e2, {ke})}}  and 75 =
{6, Y {(e1,9), (e2, {1 )}, {(e1,Y), (e2,0)}, {(e1,Y), (e2,{k1})}}. Define the soft mapping f : (X, 71,72, E) = (Y, {, 75, E)
by f(k1) = k1, f(k2) = ko. Consider the soft set (A, E) = {(e1,{k1}), (e2,Y)}. This set is soft Ti75 sg closed set in'Y. But

f YA, E) is not soft T2 g*s closed set in X. Thus the soft 12 sg homeomorphism is not soft 1172 g*s homeomorphism.

[\
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Definition 5.12. A bijection f : ()AE7 71,72, E) — (37,7'{77'57 E) is called soft 1172 gs homeomorphism if f is both soft T1m2 g*s

continuous and soft T1T2 gs open.
Proposition 5.13. Every soft T2 g*s homeomorphism is soft 1172 gs homeomorphism.

Proof. Let us assume that the soft bijective mapping f : ()Z', 71,72, B) — ()7, 71,73, E) be a soft 7172 ¢g*s homeomorphism.
Since every soft 7172 ¢g*s continuous map is soft 7172 ¢gs continuous and every soft 7172 ¢g*s open mapping is soft 7172 gs

open. Therefore the map f is soft 7172 gs homeomorphism. O
Remark 5.14. Converse of the above theorem need not be true. This shown in the following example.

Example 5.15. Let X = {k1, ko, ks} = Y and E = {e1,e2} with the topologies on X as 7 = {o,
X, {(e1,{k1})(e2,{k2,k3})}} and 72 = {qzﬁ,)z',{(el,?),(62,{162,/{3})}}, and the soft topologies on Y as, T =
{6, Y {(ex, {kn, k2}), (e2, 8)}, {(ex, {ku, ka}), (e2, {ka, ka})}} and 75 = {0, Y, {(e1,{k2}), (e2,{k1})}}. Define the soft map-
ping f : (X,71,72,E) — (Y,71,75,E) by f(k1) = ki, f(k2) = ko and f(ks) = ks. Consider the soft set (A,E) =
{(e1, ), (e2, {k1})}. This set is soft 7\m5 gs closed set in Y. But f~"(A, E) is not soft 172 g*s closed set in X. Thus

the soft 1172 gs homeomorphism is not soft 1172 g*s homeomorphism.
Proposition 5.16. FEvery soft 7o a homeomorphism is soft 7172 g*s homeomorphism.

Proof.  Let the bijection map f : (X, 71,72, E) — (Y, 71,75, E) be a soft 72 & homeomorphism. We have that f is soft 72 «
continuous soft 72 « open. Since every soft 72 « continuous is soft 7172 ¢g*s continuous, and every soft 72 « open mapping

is soft 7172 ¢g*s open. Thus the bijection map f is soft 7172 g*s homeomorphism. O

Remark 5.17. Converse of the above theorem need not be true. This shown in the following example.

Example 5.18. Let X = {ki,ka,k3} = Y and E = {ei,ex} with the soft topologies on X as, 1 = {¢,
X, {(er,{k1,k2}), (e2,0)}, {(en,{kr,ka}), (e, {ka,ks})}} and 7o = {6, X, {(ex,{ka}), (e2,{k1})}} and the soft
topologies on Y as, T = {¢,Y,{(er,{kn,ka})(e2,®)}, {(e1, {ks}), (2, {k1, ko })}, {(e1, X), (e, {kr, ko })}} and 5 =
{6, Y, {(e1, {k1, k2}), (e2, {k2, ks})}. Define f : (X, 71,72, E) = (Y, 71,75, E) by f(k1) = k1, f(k2) = ko and f(ks) = ks.
Consider the soft set (A, E) = {(e1,{ks}), (ea, {k1})}. This set is soft Tim5 g*s closed set in Y. But f~'(A, E) is not soft

79 « closed set in X. Thus the soft T2 g*s homeomorphism is not soft 7o a homeomorphism.

Theorem 5.19. Let f : ()?,Tl,TQ,E) — (?,T{,TQ,E) be a bijective soft 112 g*s continuous map. Then the following
statements are equivalent.

i). f is soft 12 g"s open mapping. ). f is soft T2 g*s homeomorphism. ). f is soft T2 g*s closed mapping.

Proof. i) = ii) From the hypothesis the bijective map f is soft 7172 ¢g*s continuous and f is a soft 7172 g*s open, f is a
soft 7172 g*s homeomorphism. i) = iii) Let (V, E) be a soft 75 closed set of (X, 71,72, E). Then (V, E)° is soft 75 open set
in X. Since f is soft 7172 g*s homeomorphism, it is soft 7172 g*s open, f((V, E)°) is soft {75 g*s open set in (Y, 71,74, E).
ie., f(V,E)) = (f(V,E))° is soft {74 g*s open set in Y. Therefore f(V, E) is soft 7{75 g*s closed set in Y. Thus f is a
soft 7172 g*s closed mapping. i) = iii) Let (U, E) be a soft 7 open set in (X, 71,72, E). Then (U, E)° is soft 75 closed
set in (X, 71,72, E). By the hypothesis, f((V, E)°) is soft 7{74 g*s closed set in (Y, 7], 75, E). i.e., f((V, E)°) = (f(V, E))®
is soft 7|75 g*s closed set in (Y, 7], 75, E). Thus f(V, E) is soft 7{74 g*s open set in (Y, 7], 75, E). Hence f is soft 7172 g*s

open mapping. O

Definition 5.20. A bijection f : ()N(,Tl,Tg,E) — (?,TLTﬁ,E) is said to be soft 112 g*sx homeomorphism if [ is soft
T2 g*s irresolute and ' is soft T4 g*s irresolute.
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Theorem 5.21. Every soft 1112 g*s™ homeomorphism is soft 1172 g*s homeomorphism.

Proof. Assume that f : ()?, 71,72, E) be a soft 7172 ¢"s homeomorphism. Since every soft 7172 g*s irresolute map is soft

7172 ¢*s continuous and from the hypothesis the mapping f is soft 7172 g*s homeomorphism. O

Theorem 5.22. If f: ()?,Tl,Tg,E) — (?,T{,Té,E) 18 soft T1T2 g*s* homeomorphism and g : (?,T{,Té,E) — (2, ', 7 E)
is soft T{T4 g*s* homeomorphism, their composition gof : (X, 1,72, E) — (Z,7{, 75, E) is also soft ima g*s* homeomor-

phism.

Proof. Let (U,E) be a soft {74 g*s open set in (Z,7{,74,E). Now (gof) "'(U,E) = f~'(¢"'(U,E)) = g~ (A, E)
where (A, E) = g~ (U, E). By the hypothesis, (A, E) is the soft 775 g*s open set in (Y, 7{,75, E) and so f (A, E) is
soft 7172 ¢g*s open set in ()?,Tl,Tz,E). Thus gof is soft 1172 g*s irresolute. Also for a soft 7172 ¢g*s open set (B, E) in
()?,Tl,Tg,EL we have (gof)(B, E) = g(f(B, F)) = g(V, E), where (V, E) = f(B, E). By hypothesis f(B, E) is soft 7{15 g*s
open in (Y, 7{,75, E) and so g(f(B, E)) is soft 7'm5’ g*s open in (Z, ', 7 E). ie., (gof)(B, E) is soft m1'm5 g*s open in

(Z, 7', 74 E), the set (gof)~" is soft 7172 g*s irresolute. Thus gof is soft 7175 g*s* homeomorphism. O

Theorem 5.23. If f : ()?,Tl,TQ,E) — (?,T{,E) is a soft TiTe g*s* homeomorphism, then Time g*s cl(f~1(B,E)) =
N (ri7s g* s (B, E)), for all (B,E) CY s soft 7,75 g*s closed.

Proof. Let f : (X,m,72,E) — (Y,7{,75,E) is a soft 7172 g*s* homeomorphism, we have that f is soft 772 g*s ir-
resolute and f~' is soft 7{7§ g"s irresolute. Therefore {74 g*s cl(f(B,E)) is soft {7} g*s closed in (?,T{,TQ,E).
This implies that f~'(r{m5 ¢*s cl(f(B,E))) is soft m72 g*s closed set in (X, 71,72, E). Thus 172 g*s cl(f (B, E)) C
({7t g*s cl(B, E)). Again f~! is soft 1yme g*s irresolute, 7172 g*s cl(f (B, E)) is soft 7172 g*s closed in ()?,Tl,Tz,E).
Which gives (f~')"" 772 g%s d(f~Y(B,E)) = f(nr g*s d(f (B, E))) is soft 172 g*s closed in (X, 71,72, E). Thus,

f Y174 g*s cl(B,E)) C mime g*s cl(f (B, E)). Hence T2 g*s cl(f (B, E)) = f ' (r{74 g*s cl(B, E)). O

Theorem 5.24. If f : ()?,Tl,TQ,E) — (?,T{,E) is a soft TiTe g*s* homeomorphism, then TiTy g*s cl(f(B,E)) =
f(ri72 g*s (B, E)) for all (B,E) C X.

Proof. Let f : ()?,Tl,Tg,E) — (?,T{,E) is a soft 7172 ¢*s" homeomorphism. Since f is soft 7172 g*s irresolute and
f~1 is soft 7{75 g*s irresolute. Then f~' : (Y,7{,m4,E) — (X,71,72, E) is a soft 775 g*s homeomorphism, we have
that {75 g*s cl(f(B,E)) is soft 7{m5 g*s closed set in (Y,7{,74, E), which implies f~'(r{75 g*s cl(f(B,E))) is soft
712 ¢g*s closed set in ()A(:,Tl,TQ,E). Since (1112 ¢*s int(B, E))¢ = (mim2 g*s (B, E)°)°. Then f(mim2 g*s int(B,E)) =

fl(rim2 g*s cl(B, E)°)°) = (rim3 g*s cl(B, E)°)¢ = (11715 g*s clf (B, E)°)¢ = 1115 g*sintf(B, E). Thus 175 g*s cl(f(B, E))
f(rim g*s (B, E)).

O
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