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1. Introduction

Throughout this paper, A is an algebra over the complex field C and Z is an ideal in .A. Then the product A x Z is an

algebra with pointwise linear operations and the convolution product defined as

(a,z)(b,y) = (ab+ zy, ay + bx) ((a,z), (byy) € A X I).

This algebra will be denoted by A x.Z. It should be noted that A 2 A x {0} is a closed subalgebra of A x.Z, while Z need
not be even a subalgebra of A x.Z. Thus the later algebra can be considered as an extension algebra of A. Further, if A is

a Banach algebra and the ideal 7 is closed in A, then A x.Z is a Banach algebra with respect to the norm

(@, 2)[lx = llall + =] ((a,2) € AxcT).

Note that the linear norm ||(a, z)||cc = max{]||a|, ||z||} ((a,z) € A X.Z) is equivalent to the algebra norm | - ||1, but it may
not be submultiplicative. Thus || - || is a linear norm but it may not be an algebra norm on A x.Z. For example, let
A=Co(R)andZ={f € A: f(z) =0(z <0)}. Then clearly Z is a closed ideal of A in ||+ ||cc. Define the function f : R — R
as f(z) = z(2 — z) if x € [0,2] and 0 otherwise. Then f € Z. Also, observe that ||(f, f)?|lec = 2 and ||(f, f)||2% = 1. i.e,

N, )P Hloo > II(F, HII%- Thus || - || is not submultiplicative on A x. Z. In this article, we study the behavior of some
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spectral properties (also known as approximation properties) in the Banach algebra A x. Z; namely, Topological divisor of
zero, Quasi divisor of zero, Topological annihilator condition, Multiplicative Hahn-Banach property, Ditkin’s condition, and
Tauberian condition. The results proved here are part of the second author’s Ph.D. thesis. We also note that the spectral

properties studied in this paper are also studied in [3], but the Banach algebra therein is A X 4Z with the direct-sum product.

2. Main Results

Throughout we assume that the Banach algebra A is always commutative and the ideal Z is closed in A. So that A x.Z is
a commutative Banach algebra with the norm || - || which is defined above. Note that some concepts could be extendable

to non-commutative Banach algebras also. However, we strictly restrict ourselves to the commutative case only.

Definition 2.1 ([5, Definition 1.6.1]). A non-zero element a € A 1is a topological divisor of zero if there exists a sequence
(an) in A such that |lan|| =1 (n € N) and ana — 0 as n — co. The Banach algebra A has topological divisor of zero

property if every element of A is a topological divisor of zero.

We should note that Bhatt and Dedania [1] have exhibited three classes of Banach algebras which have topological divisor
of zero property. It follows from these results that if G is a non-discrete, LCA group, then L*(G) has topological divisor
of zero property. Every non-unital, commutative C*-algebra has this property. The next result guarantees that a Banach
algebra with topological divisor of zero property can be extended to a larger Banach algebra with topological divisor of zero

property keeping intact.
Theorem 2.2. If A has topological divisor of zero property, then A X.Z has topological divisor of zero property.

Proof. Let (a,z) € A x.Z be a non-zero element. Then either a # 0 or z # 0. First, suppose that a # 0. Then, by the
assumption, there exists a sequence (a,) in A such that ||an|| =1 (n € N) and ana — 0 as n — co. Then it is clear that
((an,0)) is a sequence in A X. Z such that ||(an,0)|l1 =1 (n € N) and (an,0)(a,z) = (ana,anz) — (0,0) as n — oo.
Next suppose that a = 0. Then we must have z # 0. Again by the assumption, there exists a sequence (z,) in A such that
lzr]] =1 (n € N) and z,z — 0 as n — co. Then ((xx,0)) is a sequence in A x. Z such that ||(zn,0)||1 =1 (n € N) and

(zn,0)(0,2) = (0,znx) — (0,0) as n — oo. Thus, in either case, (a,x) is a topological divisor of zero in A x.Z. O

Notations 2.3. Let A(A) and dA denote the Gel’fand space and the Silov boundary of A, respectively. For a € A, the
Gel’fand representation @ of the element a is a map a : A(A) — C defined as a(p) := p(a). Let ¢ € A(Z) and u € T such
that o(u) = 1. Then ¢t, 0~ : Ax.T — C are defined as " ((a,z)) = p(au) + p(z) and ¢~ ((a,)) = ¢(au) — ¢(z). It
is easy to see that both ¢t and ¢~ are complex homomorphisms on A x.Z, i.e., 7,0~ € A(A x.ZI). Note that ¢ and
»~ do not depend on the choice of u. Moreover, if T = A, then we do not need to choose w. For F C A(A), we define
Ft={pt:peFyand F- ={¢ o€ F}. Then F*,F~ C A(Ax.T). If F = A(A) or dA, then we shall write AT (A)
and 01 A for FT. Similarly, we shall write A~ (A) and 0~ A instead of A(A)™ and OA™.

Definition 2.4 ([7, Definition 4, p-71]). A Banach algebra A has Quasi divisor of zero property if there exists an open
subset G of the Gel’fand space A(A) such that

1. The Silov boundary DA is contained in the closure G of G.

2. For every open subset U of G, there exist an element a € A and a non-empty open subset V. of U such that

0 (IfeeUc)
1 (IfeeV).
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This property was first defined and studied by M. J. Meyer in his thesis [7].
Theorem 2.5. The Banach algebra A X.ZT has Quasi divisor of zero property iff A has Quasi divisior of zero property.

Proof. Assume that A x.Z has Quasi divisor of zero property. Then there exists an open set G C A(A x. Z) which

satisfies the following properties.

1. 0(Ax.I)CQG.

2. For every open subset U of é, there exist (a,z) € A X.Z and a non-empty open subset V of U such that

wnr@={ " HPET
1 (IfgeV).

Let Ga = {p € A(A) : ¢t € G}, where * is defined above. Then G4 will be an open subset of A(A). Also, from (1)
above, 0T A C (Tj implies 4 C Ga. Now let U C G4 be open. Then Ut is open in G. Hence, by the hypothesis, there
exist an element (a,z) € A x.Z and a non-empty open set V™ C U% such that (a,z)" = 0 on (U")® and (a,z)" = 1 on
VT, Now if ¢ € U°, then ™ € (UT)°. Therefore, (a + z)"(¢) = (a,z)"(¢") = 0. Thus (a + z)"|ye = 0. On the other
hand, if ¢ € V, then ™ € V. Therefore (a 4+ )" () = (a,z)"(¢") = 1. Thus (a + z)"|v = 1. Hence A has Quasi divisor
of zero property.

Conversely, assume that A has Quasi divisor of zero property. Then there exists open subset G C A(A) satisfying the

axioms of the definition of Quasi divisor of zero property. Let G=GtUG™. Then
AAx.T) =" (AU (I) CGFUG- =GTUG- =G.

Let U C G be open. Set Ua = {¢ € A(A): 9T € U or ¢~ € U}. Then Uy is an open subset of G such that UjuUy = U.
Hence there exists a € A such that @ = 0 on U4 and @ = 1 on some non-empty open subset V4 C U4. Now, let 7j € U°.
Then 77 = @' or 77 = ¢~ for some ¢ € US. If 7 = ¢, then (a,0)"(7) = (a,0) (") = d(p) = 0. If 7 = ¢, then also
(a,0)*() = 0. Thus (a,0)" =0 on Ue. Similarly, (a,0)" =1 on V. Hence A x. T has Quasi divisor of zero property. [

Definition 2.6 ([7]). Let Z be an ideal in a Banach algebra A. A separating net for T is a net (gx)xea of quasi divisors of

zeros in A such that
1. sup{ra(gr) : A € A} < oo;
2. limyxe0ra(agr) =0 (a € 1);
3. There exists an element b € A such that gxb = g (A € A).

Definition 2.7 ([7]). A Banach algebra A satisfies topological annihilator condition if there exists a dense set D C 0A

such that, for every ¢ € D, the mazimal ideal kery contains a separating net.

The concepts of “separating net” and “topological annihilator” were also defined and studied by M. J. Meyer [7]. The next

result enables us to construct a larger Banach algebra satisfying topological annihilator condition.

Theorem 2.8. The Banach algebra A X. T satisfies the topological annihilator condition if and only if A satisfies the

topological annihilator condition.
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Proof.  Assume that A x.Z satisfies the topological annihilator condition. Then there exists a dense subset Dc O(AXx.T)
such that ker7 admits a separating net for each 77 € D. Set D4 = {p € A(A) : pT € Doryp € 5} Then D is a
dense subset of OA. Let ¢ € D4. Then either o7 € D or ¢~ € D. If ¢ € D, then ker(pt) admits a separating net,
say ((ax,zx))aca. Then (ax + z,) is a separating net for ker . If ¢~ € D, then ker(¢~) admits a separating net, say
((bx,yx))rea- In that case, (bx —ya) is a separating net for ker ¢. Thus A satisfies the topological annihilator condition.

Conversely, assume that A satisfies the topological annihilator condition. Then there exists a dense subset D C 0.A such
that ker ¢ admits a separating net for each ¢ € D. Then D = D U D~ will be a dense subset of A x.T). Let 77 € D.
Then either 57 = ¢t or 7 = ¢~ for some ¢ € D. Suppose that 7j = ¢ for some ¢ € D. Then, by the hypothesis, ker ¢
admits a separating net, say (ax)aea. Then ((ayx,0)) is a separating net for the maximal ideal ker(o™) = ker7. Similarly, if
7= ¢~ for some ¢ € D, then ker ¢ admits a separating net, say (bx)xea. In this case also, ((bx,0))xrea is a separating net
for the maximal ideal ker(¢ ™) = ker 7). Thus, in each case, ker 77 admits a separating net. So A x.Z satisfies the topological

annihilator condition. |

Definition 2.9. A commutative Banach algebra B is said to be a commutative extension of A if the algebra A is a (not

necessarily closed) subalgebra of B.

Definition 2.10 ([4]). A commutative Banach algebra A has multiplicative Hahn-Banach property if, for every commutative

extension B of A, each ¢ € A(A) can be extended to some element of A(B).

The concept of “multiplicative Hahn-Banach property” was also introduced and extensively studied by M. J. Meyer [7].
He has proved that a semisimple, commutative, Banach algebra has multiplicative Hahn-Banach property if and only if it
has spectral extension property and the Silov boundary coincides with the Gel’fand space. In particular, every semisimple,

regular, commutative, Banach algebra has this property.

Theorem 2.11. The Banach algebra A x.Z has multiplicative Hahn-Banach property if and only if A has multiplicative

Hahn-Banach property.

Proof. Assume that A x.Z has multiplicative Hahn-Banach property. Let C be a commutative extension of A. Then
C x. C is a commutative extension of A x.Z. Let ¢ € A(A). Then ¢+ € A(A x.T). Since A x. T has has multiplicative
Hahn-Banach property, ¢ can be extended to an element 77 € A(C x.C) = AT(C) W A™(C) - the disjoint union of AT (C)
and A7 (C) equipped with the sum topology. Define (c) = 1((c,0)) (c € C). Then Opt. Lett. ¢ € A(C) and @ = ¢ on A.
Thus, @ is an extension of ¢. Hence, A has multiplicative Hahn-Banach property.

Conversely, assume that 4 has multiplicative Hahn-Banach property. Let C be a commutative extension of A x.Z. Then C
will be a commutative extension of A. Let 7 € A(A x.Z). Then 5 € AT (A) or 77 € A~ (Z). First, suppose that 77 € AT(A).
Then 77 = ¢+ for some ¢ € A(A). Since C is a commutative extension of A, by the hypothesis, ¢ can be extended to some
element @ of A(C). Then 7((a,z)) = ¢1((a,)) = ¢(a) + ¢(x) = P(a) + B(z) = 7 ((a,z)) = B((a,x)) because € A(C)
and A X.Z C C. Next, suppose that 77 € A7(Z). Then 17 = ¢~ for some ¢ € A(Z). So, by the assumption, there exists
# € A(C) such that ¥ = ¢ on A. Now, 7((a,z)) = ¢~ ((a,2)) = ¢(a) — ¢(z) = P(a) —@(z) =2~ ((a,2)) = ?((a,z)). Thus

77 = ®. In both cases, we get an extension of 7 over C. Therefore A x.Z has multiplicative Hahn-Banach property. O
Definition 2.12 ([5, Definition 8.5.1]). Let A be a commutative Banach algebra. Then A satisfies

1. Ditkin’s condition at ¢ € A(A) if, for every a € ker o, there exists a sequence (an) in A such that a, € C.(A(A)),

» & suppa, and ana —> a as N — 0.
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2. Ditkin’s condition at infinity if, for every a € A, there exists a sequence (an) in A such that an € Cc(A(A)) and

ana — a as m —» 0.
3. Ditkin’s condition if A satisfies the Ditkin’s condition at every ¢ € A(A) as well as at infinity.

A Banach algebra A satisfying Ditkin’s condition is also called a Ditkin’s algebra. We should note that both the definitions
of Ditkin algebras given above as well as in [2, Definition 4.1.31] are equivalent. Every Ditkin algebra is a regular algebra
[2, Page 417]. Thus the class of Ditkin algebras is smaller than the class of regular Banach algebras. The commutative
group algebra L'(G) and every commutative C*-algebra are Ditkin algebras. The readers should refer to [2] for more on

this concept. It would be interesting to know the converse of the following result.
Theorem 2.13. If the Banach algebra A X.T satisfies the Ditkin’s condition, then A also satisfies the Ditkin’s condition.

Proof.  Suppose that A x. T satisfies the Ditkin’s condition. Let ¢ € A(A) and a € kerp. Then ¢ € A(A x.Z) and
(a,0) € ker(p™). Since A x. T satisfies the Ditkin’s condition at ¢, there exists a sequence ((an,z»)) in A x. Z such that
(@n,zn)" € Co(A(A x: 1)), ot ¢ supp(an, z,)" and (an,zs)(a,0) — (a,0) as n — oo. But then (a, + z,) is a sequence
in A such that (a, +x,)" € C.(A(A)), ¢ ¢ supp(a, +x,)" and (an +Tn)a — a as n — co. Thus A satisfies the Ditkin’s
condition at every point ¢ € A(A).

Next we show that A satisfies Ditkin’s condition at infinity. Let a € A. Since A x.Z satisfy the Ditkin’s condition at infinity,
there exists a sequence (an, ) in A X Z such that (an,z,)" € C.(A(A X, T)) and (an,n)(a,0) — (a,0) as n — oo.
But then (an + ,) is a sequence in A such that (an +z,)" € Cc(A(A)) and (an + Tn)a — a as n — co. Thus A satisfies

the Ditkin’s condition at infinity. This completes the proof. O
Lemma 2.14. Let (a,z) € AX.Z. Then (a,z2)" € Co(A(A % 1)) iff both (a + z)" and (a — x)" belong to C.(A(A)).
Proof.  This follows using supp(a,x)” = supp(a + x)" U supp(a — x)". O

Definition 2.15 ([5, Definition 8.1.2]). A commutative Banach algebra A is said to be a Tauberian algebra if the set
{ae A:ae€ C.(A(A))} is dense in A.

If A is unital, then every proper, closed ideal in A is contained in some maximal regular ideal in A. In general, this is not
true. However, if a regular, semisimple, commutative Banach algebra A is a Tauberian algebra, then every proper, closed
ideal in A is contained in some maximal, regular ideal in A [5, Corollary 8.1.1]. In particular, the group algebra L'(G) and

the C*-algebra Co(X) are Tauberian algebras. The following result supplies some more examples of Tauberian algebras.
Theorem 2.16. The Banach algebra A x.T is a Tauberian algebra if and only if A is a Tauberian algebra.

Proof. Assume that A x.Z is a Tauberian algebra. Let a € A and € > 0. Since the Banach algebra A x.Z is a Tauberian
algebra, there exits (ao,z0) € A X Z such that (ao,z0)" € Co(A(A X)) and ||(a,0) — (a0, zo0)|l1 = |la — ao| + ||zo|| < e
Then, by Lemma 2.14, (a0 + x0)" € C.(A(A)) and ||(ao + 7o) — al| < |la — ao|| + ||zo|| < €. So A is a Tauberian algebra.

Conversely, suppose that A is a Tauberian algebra. Let (a,z) € Ax.Z and € > 0 be arbitrary. Since A is a Tauberian algebra,
there exist ag, zo € A such that ap, Zo € Cc(A(A)), [la —ao|| < €/2 and ||z — zo|| < €/2. Since ao,zg € Cc(A(A)), by Lemma
2.14, we have (ag, 20)" € Cc(A(Ax:T)). Then, by the definition of ||-||1, we have ||(a, z)— (a0, o) ||1 = |la—aol|+||z—z0|| < €.
Thus A X.Z is a Tauberian algebra. O
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