Int. J. Math. And Appl., 7(4)(2019), 47-52
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Wathematics ud cts #pplications

Ideal Extension and Idempotents of a Rees Matrix
Semigroup

Sarika M Nair®>* and R. Akhilal

1 Department of Mathematics, Amrita School of Arts and Sciences, Amrita Vishwa Vidyapeetham, Kochi, Kerala, India.
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1. Introduction

The semigroup theory gains importance now a days not only from the mathematical point of view where it is investigated
as an abstract algebraic structure but also from the theoretical computer science point of view where it has tremendous
applications in significant areas like Automata, Neural networks etc. Rees matrix semigroup is a special class of semigroup
introduced by David Rees in 1940, which has fundamental importance in semigroup theory because they are used to classify
certain class of simple semigroups. In this paper the concept of ideal extension of semigroup introduced by Clifford [1] has
been studied in Rees matrix semigroups over the multiplicative group U(n). In the last section, we studied the idempotents
of a rees matrix semigroup using Biordered sets. In 1970 K.S.S Namboorippad [4] introduced the concept of a Biordered set,
which is very useful to explain the structure of idempotents in a semigroup. He identified that collection of all idempotents

in a semigroup forms a Biordered set.

2. Preliminaries

The results derived out of this sequel makes use of the definitions mentioned below. We follow the notations and definitions
as in [2] and [3]. A semigroup is a set S together with an associative binary operation on S. An element e € S such that
e.e = e is called an idempotent and the set of all idempotents in S will be denoted by F(S). An element z of S is said to be
a zero element if 2z = zx = z for all z € S. If G is group, G° = G U {0} is a semigroup. Semigroup formed in this way is

called a 0-group, or a group with zero. A non-empty subset I of S is called left ideal if ST C I a right ideal if IS C I, and
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an ideal if it is both a left and a right ideal. An element a in a semigroup S is said to be regular if there exist an element =

in S such that axza = a, if every element of S is regular then S is a regular semigroup.

Definition 2.1. Let S be a semigroup and I be an ideal in S. Define a congruence relation p on S asa p b<= a =>5 or
a,b € I. Then p is called as the Rees congruence modulo I on S. We denote this as S/I or S/p and call this as the Rees
factor semigroup S modulo I. Let S be a semigroup and I be an ideal in S. Thus a set, S/I may be identified with S\ I

with an element 6 (zero element) adjoined.

Definition 2.2. Let G be a group with identity element e, and let I, A be non-empty sets. Let P = (px;) be A X I matrices
with entries in the 0-group G° = G U {0} and suppose that P is regular, in the sense that no row or column of P consists
entirely of zeros. The Rees matriz semigroup S = M°(G,I, A, P) is the set of all triples of the form (I x G x A) with a
zero element 0 adjoined to S. In matriz terminology any element (i, g, \) be the matriz with g in (i, \)th position and zero

elsewhere.

If P contains no zero entry, then there are no proper divisors of zero in M°(G, I, A, P). The semigroup M°(G, I, A, P)\{0} is
called the Rees I x A matrix semigroup without zero over the group G' with sandwich matrix P, and denote by M (G, I, A, P).

The multiplication on a Rees matrix semigroup is defined by

. , (i, apajb, ) if prj # 0
(Z’ a7 A)(‘77 b’ /'L) =
0 if pxj =0

(i,a,\)0 = 0(i,a, \) = 00 = 0
where (i, a, A),(j,b, n) € M°(G, I, A, P).
Remark 2.3 ([3]). A non-zero element (i,a,\) of a Rees matriz semigroup is an idempotent iff pr; # 0 and a = p;il.

Proof. Let (i,a,\) be a non-zero idempotent element in a Rees matrix semigroup. Then (i,a,\)(4,a,\) = (4,a,\). But
the multiplication in Rees matrix semigroup implies (i,apx;a,\) = (i,a,A), that is apr;a = a. Which happends only if
pri #0 and a = p;il‘
Conversly let px; # 0 and a = p;il‘ Then
(3, a, ) (%, a, A) = (i, apria, A) = (i,a, \)
O

Definition 2.4 ([2]). Let S be a non-empty semigroup and Q be a semigroup with zero disjoint from S. An ideal extension
of S by Q is a semigroup E such that S is an ideal of E and the rees quotient E/S is isomorphic to Q. Such a semigroup
doesn’t always exist. If it does, E is as a set, disjoint union of S and Q" = Q\ 0. Constructing the operation * on E is from

semigroup S and Q, is the ideal extension problem.

In an ideal extension E of S by @ there exist five types of products.
e products z x y with z,y € S; then x xy = a2y € S.
e products a *x x with z € S, a € Q*; then axz € S.

e products z x a with € S,a € Q*; then x xa € S.
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e products a * b with a,b € Q*, ab=0in Q; then axb € S
e products a x b with a,b € Q*,ab # 0 in Q; then axb = ab € Q*.
We must determine all these products in order to solve the ideal extension problem.

2.1. Biordered Sets

Definition 2.5. A partial algebra E is a set together with a partial binary operation on E. On E we define

W ={(e,f): fe=e}; w' ={(e,f) s ef = e}

and

We denote e w™ f for fe =e and e w' f for ef = e.

Definition 2.6. Let E be the partial algebra. Then E is a biordered set if the following axioms and their duals hold:
(1). w" and W' are quasi orders on E and Dp = (W Uw') U (w" Uw")™?

(2). few(e)= fRfewe

(3). gw' f and f,g € w"(e) => ge w!' fe

(4)- gw" fu'e = gf = (ge)f

(5). gw' f and f,g €w” () = (fg)e = (fe)(ge)

Definition 2.7. Let M(e, f) denote quasi ordered set (w'(e) Nw"(f), <) where < is defined by
g < h <= egw"eh and gfw'hf
Then the set
S(e, f) ={h e Mle, f): g <hVg e Mle,f)}

is called sandwich set of e and f.

(6). f,g € w"(e) = S(f,9)e = S(fe, ge).
The biordered set E is said to be regular if S(e, f) # ¢ for everye, f € E.

Example 2.8. The idempotents of a semigroup E(S) is a Biordered set with the partial algebra consisting of the set E = E(S)

and the multiplication restricted to

De={(e,f) e ExE|ef=eoref=for fe=eor fe=f}

Thus the product of two idempotents is defined in the partial algebra if and only if one is a right or left zero of the other.
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3. Ideal Extension of a Rees matrix Semigroup

In this section we study the ideal extension for a Rees matrix semigroup over the multiplicative group U(n) by two different
semigroups. Here U(n) denotes the set with numbers which are less than n and relatively prime to n. Clearly U(n) is a

group with respect to X,,.

Theorem 3.1. Let S = M(G, I, A, P) be the Rees matriz semigroup over the multiplicative group U(n) and |I| = |A| = k
for any positive integer k. Also let Q be another Rees matriz semigroup which contains only the zero element of S. Then

the ideal extension of S by Q is the semigroup E under the operation x which is same as operation defined on S.

Proof. Let
-aO ...... O_ _Oa ...... O- —OO ...... O-
00 ... ... 0 00 ... ... 0 00 ... ... 0
E= 0l > 0f»---» 0
00... 00 00 ... 0O 00... 00
00... 00 00... 00 00 ... 0 a

where a € U(n). Then E = SUQ". Since @ has only the zero element of S, Q" = ¢. Then FE is the set S = M(G, I, A, P)

itself. Define an operation * on E as follows

(iy a, /\) * (]a ba ,LL) = (7'7 ap/\jb? :u’)

where (i,a,)), (4,b,n) € M(G,I,A,P). Clearly * is a well-defined operation on E. Since S is a semigroup under this
operation, E is also a semigroup with the same operation. Since F is same as the semigroup S, S is an ideal of E. Also
the product of any two elements in S is same as the product in E. The remaining four products in E trivially holds since
Q" = ¢. Now it remains to establish an isomorphism from F/S to Q. But the only possible map is to assign S to the zero

element in @Q. Clearly this map is an isomorphism. Hence E is an ideal extension of S by Q. O

Theorem 3.2. Let S = M(G, I, A, P) be the Rees matriz semigroup over the multiplicative group U(n) with |I| = |A| = 2

00 10 01
and @QQ = , , be a semigroup under matrix multiplication. Then an ideal extension of S by Q is

00 01 10
the semigroup E under the operation x defined as follows. For A,B € E,

APB if A,B € S, where P is the regular matriz over U(n)
AxB= (1)

APB otherwise, where P is the identity matrix

a 0 0 a 00 00 10 01
Proof. Let E = , , , , , , where a € U(n). Then clearly E = SUQ",

00 00 a 0 0 a 01 10

where S and Q* are disjoint and Q" = @Q \ {0}. Define an operation * on E as follows. For A, B € E,

APB if A,B € S,where P is the regular matriz over U(n)
AxB=

APB otherwise, where P is the identity matriz

Clearly the operation * is well-defined on E and * is an associative binary operation on E. Then FE is a semigroup under

the operation *. Now we show that F is an ideal extension of S by Q. In order to prove this, we first verify that S is an
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ideal of E. Let p € S and g € E. Then there are two possibilities ¢ € S or ¢ € Q. Suppose p € S and ¢ € Q*. Then

p S ) ) ) )

=ethenpg=pe=peS. Ifqg= , then pq € S for all choices of P.

01 10
If pe S and g € S. Since S is a Rees matrix semigroup using closure propety of S pg € S. Hence SE C S.

where a is an element in U(n). If ¢ =

Similarly we can show that ES C S. Therefore S is an ideal of E. Consider the Rees quotient E/S. Then
10
E/S={S}uU , =45, , ,
where S is the zero element of E/S. Define a map ¢ from E/S to Q by

if A=S
A otherwise

Then ¢(A * B) = , if either A or B isin S or both A = B =5 and ¢(A).¢(B) is equal to in either cases.

00 00

Otherwise

¢(A* B) = Ax B = AB and $(A).¢(B) = AB

Hence the map ¢ preserves the operation as defined in (1). In order to show ¢ is one-one, let ¢(A) = ¢(B)

00

Case 1: If ¢(A) = ¢(B) = , then from the definition of ¢ this is possible only if A = S and B = S. Therefore

00
A=B.

Case 2: If ¢(A) and ¢(B) are non-zero elements in Q. Then by the definition of ¢ it is clear that A = B. Hence in either

cases we get ¢ is one-one. Thus we get there is an isomorphism from E\ S to Q. Also all the five products defined in an ideal

a 0

extension holds from the definition of * on E. Therefore £ =

is an ideal extension of S by Q.

00

0 a 00 00 10 01

00 a 0 0 a 01 10

Corollary 3.3. Let S = M(G,I,A, P) be a Rees matriz semigroup over the multiplicative group U(n) with |I| = |A| =n

00 ... ... 0 10 ... ... 0 00 ... ... 1
00 ... ... 0 01 ... ... 0 00... 10
and @ = ol > ol > 0 be a semigroup under matrix multiplication. Then an
00... 00 00 ... 10 01... 00
00... 00 00 ... 01 10... 00
ideal extension of S by Q is the semigroup E under the operation  defined as follows.
For A\ B€eFE
APB if A,B € S,where P is the regular matriz over U(n)
AxB =
APB otherwise, where P is the identity matriz
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4. Idempotents of a Rees Matrix Semigroup

In this section we study the idempotents of a Rees matrix semigroup and evaluate the Sandwich set of idempotents of a

Rees matrix semigroup.

Lemma 4.1. Let e = (i,a,A) and f = (j,b, u) be two non zero idempotents in a Rees matrix semigroup, then
(1). ew” fif and only if j =4 and pu; = b~ ',

(2). e fif and only if X = p and pr; = b~ ".

Proof. Let e = (i,a,\) and f = (j,b, 1) be two idempotents in a Rees matrix semigroup. Assume e w” f, that is fe = e.
Then (j,b, 1) (%,a, A) = (4, bpuia, X). But by the definition (3, bpuia, A) = (4,a, ), that is j = ¢ and bpy;a = a. Since f is an
idempotent, p,; # 0 by Remark 2.2 and since j = 4, pu; # 0. Thus bp,; = e and hence p,; = b~ . Conversely if j = i and
pui = b ' then e w” f by the definition of the quasi order w”.

Similarly let e w' f that is ef = e. Then (i,a,\)(4,b,1) = (i,a,)). So that (i,apr;b,u) = (i,a,\). Hence A\ = u and
apxjb = a. Since f is an idempotent p,; # 0. We have p = A, therefore px; # 0 and so pajb = e. Hence py; = bt

Conversely if A = p and py; = b™" then e w' f by the definition of quasi order w'. O

Theorem 4.2. Let S be a Rees matiz semigroup M°(G, I, A, P) for a regular matriz P over G. Then for a fized X and j the

sandwich set S(e, f) of idempotents e, f where e = (i,a,\) and f = (j, b, ) is given by S(e, f) = {(4,9,\)} where g = p;jl.

Proof. Let e = (i,a,\) and f = (j,b, ) be two idempotents in a Rees matrix semigroup. Here each entry in the regular
matrix P is non-zero. Using Remark 2.2 corresponding to each entry in the regular matrix there exist only one idempotent
in E(S). From Lemma 3.2 we have e w' f if and only if A = p and px; = ™. Hence w'(e) contains idempotents of the form

(3,9, ) for every i € I and g = p;1

;- Hence in particular (j,g,\) € w'(e), where g = p;].l.

Similarly w”(f) contains idempotents is of the form (7, g, ) where p € A and g = p;jl. Therefore (j,9,A) € w"(f) when
A=pand g = p;jl. Thus w'(e) Nw”(f) contains idempotents of the form(j, g, \) where g = p;jl. Corresponding to (), j)"
entry in P there exist only one idempotent in w'(e) N w"(f). Then M(e, f) contains only the element (j,g,A) and hence

S(es ) = {0, 9, M)} -
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