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1. Introduction and Preliminaries

Throughout the paper denoted by R is the set of real numbers, by R™ is the set of all positive real numbers and by N is the
set of natural numbers. The Banach contraction principle [2] is the simplest and one of the most versatile elementary results
in fixed point theory. After that many mathematicians generalized the Banach contraction principle in different directions.
Some of these works may be noted in [1, 3-9, 15]. Mustafa and Sims [10]introduced the concept of G—metric space in the
year 2006 as a generalization of the metric space. In this spaces a non-negative real number is assigned to every triplet
of elements. Several other studies relevant to metric spaces are being extended to G—metric spaces for examples [11-14].

Consistent with Mustafa and Sims [10], the following definitions and results will be needed in the sequel.

Definition 1.1 ([10]). Let X be a non empty set, G : X x X x X — R be a function satisfying the following properties:
(Gh) G(z,y,2) =0 ifz =y =2,

(G2) 0 < G(z,z,y) for all z,y € X with x # y,

(Gs) G(z,z,y) < G(z,y,2) for all z,y,z € X with xz # vy,

(Ga) G(z,y,2) = G(z,2,y) = Gy, z,z) = ... (symmetry in all three variables),

(Gs) G(z,y,2) < G(z,a,a) + G(a,y, z) for all x,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or, more specially, a G- metric on X, and the pair (X,G) is called a G-

metric space.
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Definition 1.2 ([10]). Let (X,G) be a G-metric space, and let {x,} be a sequence of points of X, therefore, we say that
{zn} is G- convergent to x € X if limn,m—too = G(T,Tn,xTm) = 0, that is, for any € > 0, there exists n € N such that

G(z,Zn,xm) < € for alln,m > N. We call z the limit of the sequence and write Tn — T OT liMp—s4ooTn = T.
Lemma 1.3 ([10]). Let (X,G) be a G- metric space. The following statements are equivalent:

(1). {zn} is G- convergent to z,

(2). G(xn,xzn,x) = 0 as n — +o0,

(3). G(xzn,z,2) = 0 as n — 400,

(4). G(xn,Zm,z) = 0 as n,m — +00,

Recently, Wardowski [16] introduced a new concept of F-contraction and proved a fixed point theorem which generalizes
Banach contraction principle in a different direction than in the known results from the literature in complete metric spaces.
In present article, an attempt has been made to introduce a new type of contraction called F'—contraction in G-metric space
and prove a some fixed point theorem concerning F'—contraction. The article includes the examples of F'—contractions and

an example showing that the obtained extension is significant.

2. Main Results

Consider, together with Wardowski, the following properties for a mapping

Definition 2.1. Let F: Ry — R be a mapping satisfying:

(F1) F is strictly increasing, i.e. for all a, B € Ry such that o < B8, F(a) < F(B);

(F2) For each sequence {aun }nen of positive numbers nango an = 0 if and only if limy, oo F(an) = —00;

(F'3) There exists k € (0,1) such that lim+ ofF(a) = 0.
a—0
We denote the set of all functions satisfying properties (F1)(F3), by F.

Following the concept of F-contraction due to Wardowski [16], we define F-contractions in G-metric space as follows:

Definition 2.2. A mapping T : X — X is said to be F'—contraction if there exists T > 0 such that
G(Tz,Ty,Tz) >0= 71+ F(G(Tz,Ty,Tz)) < F(G(z,y,z) Vz,y,z€ X (1)

We obtain the variety of contraction, when we consider the different types of the mapping F' in 1. Some of them are of a

type known in the literature. See the following examples:

Example 2.3. Let F': Ry — R be given by the formula F(o) = Ina. It is clear that F satisfies F(1) — (F3), (F'3) for any

k € (0,1). Each mapping T : X — X satisfying 1 is an F—contraction such that
G(Tz,Ty,Tz) <e "G(z,y,z), Vr,y,z€ X, Tae #Ty#T=z. (2)

It is clear that for z,y, z € X such that Tx = Ty = Tz the inequality G(T'z, Ty, Tz) < e~ "G(z,y, z) is also holds.
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Example 2.4. If F(a) =Ina+ a,a > 0 then F satisfies (F1) — (F'3) and the condition 1 is of the form

Tz, Ty, T
70(6’?9;, yzf,z) 2) CIeTyT2)=C@w2) < =7 gy 2e X, Tax#Ty# Tz 3)
Example 2.5. Consider F(a) = %,a > 0. Then F satisfies (F1) — (F'3), (F3) for any k € (1/2,1). . In this case, each

F—contraction T satisfies,

1

(1+7yG(2,y,2))°

G(Tz,Ty,Tz) < G(z,y,z), Vx,y,z€ X, Te #Ty#T=z. (4)

Here, we obtain a special case of nonlinear contraction of the type

G(Tz, Ty, Tz) < a(G(z,y,2))G(x,y, 2).

Example 2.6. Let F(a) = In(a® 4+ a),a > 0. Obviously F satisfies (F1) — (F3) and for F—contraction T, the following

condition holds;

GTz, Ty, Tz)(G(Tz, Ty, Tz) + 1)
G(z,y,2)(G(x,y,2) +1)

<e", Va,y,z€ X, Ta#Ty#T=. (5)

Let us observe that in Example 2.3- 2.6 the contractive conditions are satisfied for z,y, z € X such that Tx =Ty = Tz.

Remark 2.7. From (F1) and 1 it is easy to conclude that every F—contraction T is contractive mapping, i.e.

G(Tz, Ty, Tz) < G(z,y,2), Vr,y,z2 € X, Tx #Ty #T=z.

Then every F—contraction is continuous mapping.

Remark 2.8. Let F1 and F»> be the mappings satisfying (F1) — (F3). If Fi(a) < Fa(a) for all & > 0 and a mapping

P = Fy — Fy is nondecreasing then every I —contraction T is Fo—contraction.

Indeed, from Remark 2.7 we have P(G(Tx,Ty,Tz) < P(G(z,y,z)) for all z,y,z € X, Tx # Ty # Tz Thus, for all
z,y,z € X, Tx # Ty # Tz we obtain

T+ F(GTx, Ty, Tz)) = F1(G(Tx,Ty,Tz))+ P(G(Tz,Ty,Tz))

< Fl(G(m7 Y, Z)) + P(G(mvyv Z)) = FQ(G(xvy7 z))

Theorem 2.9. Let (X,G) be a complete G—complete metric space and let T : X — X be an F—contraction. Then T has

a unique fized point z* € X and for every xo € X a sequence {T" o }nen is convergent to ™.

Proof.  First, we shall show the existence of fixed point of T'. Let zo € X be an arbitrary point of X. We define a sequence
{Zn}nen C X, 2nt1 = Txy, for all n > 0. If there exists ng € N for which n,4+1 = @, then z,, is a fixed point of T, that
is Tny, = Tn,. Therefore, assume that xn41 # x, for every n € N. Denote v, = G(Tn, Tn+1,Tny2). Then v, > 0 for all

n € N and the following holds for every n € N by successive applications of using (1) that

F(yn) < F(yn—1) =7 < F(yn—2) — 27 < ... < F(y) — nr. (6)
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From 6, we obtain limn— o F'(70) = —o0 that together with F' € F gives

lim ~, = 0. (7)
n—o0
From F' € F there exists k € (0,1) such that
lim 7% F(y,) = 0. (8)
n—o0
From 6, the following hold for all n € N,
k k k k .k
M F (1) = Y (70) < Y (F(v0) =n7) = mF(v0) = —mnt < 0. (9)
Letting n — oo in 9, and using 7 and 8, we obtain
lim n’y,’f =0. (10)
n—o0

It follows from 10 that there exists n; € N such that ny¥ < 1 for all n > n,. Consequently we have

1
Tn S nl/k7 (11)

for all n > ni. Further we show that {z,}nen is a Cauchy sequence. For this consider m,n € N with m > n > ni. From

the definition of the G—metric space and from 11 we get

G(@m, TnyTn) < Ym-1+ Ym-2 + . + 10 < Liopyi < E?inm.

As k € (0,1), the series E{’inﬁ converges and so {Zn }nen is a Cauchy sequence. From the completeness of X there exists

x* € X such that lim,— o0 ©, = z*. Finally from the continuity of T', we have

G(Tz",z",z") = lim G(TZn,Tn,xn) = lim G(Tnt1,Tn,zn) =0,

n—00 n—00

which completes the proof. O

Note that for the mappings Fi(a) = In(a),a > 0, Fz2(a) = In(a) + o, > 0, F1 < F> and a mapping F» — Fi is strictly
increasing. Hence, by Remark 2.8, we obtain that every contraction 2 satisfies the contraction condition 3. On the other
side in next example, we show that a mapping 7' which is not Fi— contraction, but still Fx—contraction. Consequently,

Theorem 2.9 gives the family of contractions which is general are not equivalent.

Example 2.10. Consider a sequence {Sp}nen as follows;

S1 = 1,
Sy = 142,
Sy = 14+2+4 3,

n(n+1)

5 Vn € N.

Sn = 142434+ ...4+n=
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Let X = {Sn :n € N} and G(z,y,2) =|x—y |+ |y—2z |+ |z—z|,z,y,2 € X. Then (X,G) is complete metric space.
Define mapping T : X — X by the formulae; F(S,) = Sn—1, for m>1 and TSy = S1. First, let us consider the mapping

F1 defined in Example 2.3. The mapping T is not the F1—contraction in this case. Indeed, we have

. G(T(Sn)vT(Sn—1)7T(Sl)) . G(Sn—lvsn—271)

1 = 1 _— =7 7
nee G(Sn, Sn1,S1) w00 G(Sn, Sn_1,1)
hm|Sn71_Sn72|+|Sn72_1|+|1_sn71|
n—roo ‘Sn_Sn—l|+|Sn—1_1|+|1_sn‘

= 1.

On the other side taking F» as in Example 2.4, we obtain that T is Fa—contraction with 7 = 1. To see this, let us consider

the following calculations;
T(Sm) #T(Sn) & (m>2An=1)V(m>n>1)) VmneN

For every m € N, m > 2 we have

G(L(Sm), T(Sm), T(81)) ,G(T(5) T(Sm) T(S51)=C(SmSmiS1) _ Smo1 =1 s, 15,
G(Sm, Sm. S1) Sm — 1

For every m,n € N, m > n > 1 the following is holds,

G(T(Sm), T(Sn), T(Sn)) [G(T(8m),T(Sn),T(Sn)~G(Sm S, Sn) _ Fm=1 = Sn-1 8,8 148 _1-Sm

G Sm7Sn7 n) Sm - Sn
_miAn—lam _ nem -1
m+n+1
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