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Abstract: The rings considered in this article are commutative with identity. We denote the set of all maximal ideals of a ring R
by Max(R) and we denote the Jacobson radical of R by J(R). Let R be a ring. Recall from [2] that the unit graph of R,

denoted by G(R), is an undirected graph whose vertex set of all elements of R and distinct vertices x, y are joined by an

edge in this graph if and only if x + y ∈ U(R). In this article, we studied Complement of unit graph and we denoted it
(UG(R))c. Hence, in this graph two elements x, y are joined by an edge in (UG(R))c if and only if x + y ∈ NU(R). In

this article we proved some results on connectedness of (UG(R))c.
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1. Introduction

Let R be a nonzero ring with identity. Let U(R) denote the set of all units of R and let us denote the set of all nonunits

of R by NU(R). Recall from [2] that the unit graph of R, denoted by G(R), is an undirected graph whose vertex set of all

elements of R and distinct vertices x, y are joined by an edge in this graph if and only if x+ y ∈ U(R). Let G = (V,E) be a

simple graph. The complement Gc of G is defined by taking V(Gc)=V(G)=V and two distinct vertices u and v are adjacennt

in Gc if and only if they are not adjacent in G. In this article, we studied Complement of unit graph and we denoted it

(UG(R))c. Hence, in this graph two elements x, y are joined by an edge in (UG(R))c if and only if x + y ∈ NU(R). In this

article we proved some results on connectedness of (UG(R))c. Subgraph H of G is said to be a spanning subgraph of G, if

V (H) = V (G).

2. Some Results on the Connectedness of (UG(R))c

Let R be a ring. The aim of this section is to discuss some results on the connectedness of (UG(R))c.

Proposition 2.1. Let R be a ring. The following statements are equivalent:

(i). (UG(R))c is connected.

(ii). |Max(R)| ≥ 2.
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Proof. (i)⇒ (ii) Assume that (UG(R))c is connected. Suppose that R is quasilocal with m as its unique maximal ideal.

Let V1 = m and let V2 = R\m. It is clear that Vi 6= ∅ for each i ∈ {1, 2}, R = V ((UG(R))c) = V1 ∪ V2, and V1 ∩ V2 = ∅.

Let x ∈ V1 and let y ∈ V2. Then x + y ∈ U(R). Hence, x and y are not adjacent in (UG(R))c. Thus there exists no edge of

(UG(R))c whose one end vertex is in V1 and the other in V2. Therefore, we obtain from [4, Theorem 2.1] that (UG(R))c is

not connected. This is a contradiction and so, |Max(R)| ≥ 2.

(ii)⇒ (i) We are assuming that |Max(R)| ≥ 2. Let m1,m2 be any two distinct maximal ideals of R. Note that m1 +m2 = R

and so, there exist x ∈ m1 and y ∈ m2 such that x + y = 1. Let a, b ∈ R be such that a 6= b. We show that there exists a

path of length at most two between a and b in (UG(R))c. We can assume that a and b are not adjacent in (UG(R))c. Then

a+ b ∈ U(R). Observe that a+ (−ax− by) = a(1−x)− by = ay− by = (a− b)y ∈ m2 and b+ (−ax− by) = −ax+ b(1−y) =

−ax + bx = (b− a)x ∈ m1. Thus a− (−ax− by)− b is a path of length two between a and b in (UG(R))c. This proves that

(UG(R))c is connected.

Corollary 2.2. Let R be a ring such that |Max(R)| ≥ 2. Then (UG(R))c is connected and moreover, diam((UG(R))c) =

r((UG(R))c) = 2.

Proof. Since |Max(R)| ≥ 2, we know from (ii) ⇒ (i) of Proposition 2.1 that (UG(R))c is connected and moreover, we

know from the proof of (ii) ⇒ (i) of Proposition 2.1 that diam((UG(R))c) ≤ 2. Let r ∈ R. We claim that e(r) ≥ 2 in

(UG(R))c. Suppose that r ∈ U(R). Then r and 0 are not adjacent in (UG(R))c) and so, d(r, 0) ≥ 2 in (UG(R))c. Hence,

e(r) ≥ 2 in (UG(R))c. Suppose that r ∈ NU(R). Note that r 6= 1− r and r + 1− r = 1 ∈ U(R). Hence, r and 1− r are not

adjacent in (UG(R))c. Therefore, d(r, 1 − r) ≥ 2 in (UG(R))c and so, e(r) ≥ 2 in (UG(R))c. Since diam((UG(R))c) ≤ 2,

we obtain that e(r) = 2 in (UG(R))c for any r ∈ R. This proves that diam((UG(R))c) = r((UG(R))c) = 2.

Corollary 2.3. Let R be a ring. Then (UG(R[X]))c is connected and diam((UG(R[X]))c)

= r((U(R[X]))c) = 2, where R[X] is the polynomial ring in one variable X over R.

Proof. Let m be any maximal ideal of R. Observe that R[X]
m[X]

∼= R
m

[X] as rings. Let us denote the field R
m

by F . Since

F [X] has an infinite number of maximal ideals, it follows that Max(R[X]) is infinite. Therefore, we obtain from Corollary

2.2 that (UG(R[X]))c is connected and diam((UG(R[X]))c) = r((UG(R[X]))c) = 2.

Proposition 2.4. Let R be a ring. The following statements are equivalent:

(i). (UG(R))c is connected.

(ii). |Max(R)| ≥ 2.

(iii). NU(R) is a dominating set of (UG(R))c.

Proof. (i)⇒ (ii) This follows from (i)⇒ (ii) of Proposition 2.1.

(ii)⇒ (iii) Let m1,m2 be any two distinct maximal ideals of R. From m1 + m2 = R, we obtain that there exist x ∈ m1 and

y ∈ m2 such that x + y = 1. Let a ∈ U(R). Note that −ax ∈ m1 ⊆ NU(R) and a + (−ax) = a(1− x) = ay ∈ m2. Hence, a

and −ax are adjacent in (UG(R))c. This proves that NU(R) is a dominating set of (UG(R))c.

(iii)⇒ (i) We are assuming that NU(R) is a dominating set of (UG(R))c. We want to prove that (UG(R))c is connected.

In view of (ii)⇒ (i) of Proposition 2.1, it is enough to show that |Max(R)| ≥ 2. Suppose that R is quasilocal with m as its

unique maximal ideal. Observe that NU(R) = m. For any m ∈ m, 1 + m ∈ U(R). Hence, 1 is not adjacent to any nonunit

m of R in (UG(R))c. This is in contradiction to the assumption that NU(R) is a dominating set of (UG(R))c. Therefore,

we obtain that (UG(R))c is connected.
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Let (R,m) be a quasilocal ring. We know from (i)⇒ (ii) of Proposition 2.1 that (UG(R))c is not connected. In Theorems

2.5 and 2.6, we determine the number of components of (UG(R))c under the assumption that R
m

is finite.

Theorem 2.5. Let (R,m) be a quasilocal ring such that R
m

is finite and char(R
m

) 6= 2. Then the number of components of

(UG(R))c equals
|( R

m
)∗|

2
+ 1.

Proof. Observe that V ((UG(R))c) = R = m ∪ (R\m). For any x, y ∈ m, x + y ∈ m = NU(R). Hence, the subgraph of

(UG(R))c induced on m is a clique. Moreover, if x ∈ m and y ∈ U(R) = R\m, x+y ∈ U(R) and so, x and y are not adjacent

in (UG(R))c. This shows that the subgraph of (UG(R))c induced on m is a component of (UG(R))c and let us denote it

by H. We are assuming that R
m

is finite and char(R
m

) 6= 2. Therefore, |R
m
| = pn for some odd prime number p and n ≥ 1.

Hence, |(R
m

)∗| = 2t for some t ≥ 1. Therefore, there exist ui ∈ U(R) for each i ∈ {1, . . . , t} with u1 = 1 such that (R
m

)∗ =

{ui +m,−ui +m|i ∈ {1, . . . , t}}. Let i ∈ {1, . . . , t} and let us denote {x ∈ U(R)| either x ≡ ui(modm) or x ≡ −ui(mod m)}

by Wi. It is clear that U(R) = ∪t
i=1Wi and Wi∩Wj = ∅ for all distinct i, j ∈ {1, . . . , t}. For each i ∈ {1, . . . , t}, let us denote

by Hi, the subgraph of (UG(R))c induced on Wi. We claim that Hi is a component of (UG(R))c. First, we show that Hi

is connected. Let x, y ∈ Wi be such that x 6= y. Suppose that x and y are not adjacent in (UG(R))c. Then x + y ∈ U(R).

Therefore, either both x and y are congruent to ui modulo m or both x and y are congruent to −ui modulo m. We consider

the following cases.

Case (i): x ≡ ui(mod m) and y ≡ ui(mod m).

Note that −ui ∈Wi and x− ui, y − ui ∈ m. Hence, x− (−ui)− y is a path in Hi between x and y.

Case (ii): x ≡ −ui(mod m) and y ≡ −ui(mod m).

Observe that ui ∈Wi and x + ui, y + ui ∈ m. Hence, x− ui − y is a path in Hi between x and y.

This proves that Hi is connected. We next verify that there is no edge of (UG(R))c whose one end vertex is in Wi and

the other end vertex not in Wi. Suppose that x − y is an edge of (UG(R))c such that x ∈ Wi and y /∈ Wi. Hence,

x + y ∈ NU(R) = m. As x ∈ U(R), it follows that y ∈ U(R). Therefore, y ∈ Wj for some j ∈ {1, . . . , t} with j 6= i.

Note that x ≡ ±ui(mod m) and y ≡ ±uj(mod m). As ±ui ± uj ∈ U(R) and x + y ≡ ±ui ± uj(mod m), we obtain that

x+ y ∈ U(R). This is a contradiction. Therefore, there exists no edge of (UG(R))c whose one vertex is in Wi and the other

end vertex not in Wi. This proves that Hi is a component of (UG(R))c.

It is clear from the above discussion that {H,Hi|i ∈ {1, . . . , t}} is the set of all components of (UG(R))c. Therefore, the

number of components of (UG(R))c equals t + 1 =
|( R

m
)∗|

2
+ 1.

Theorem 2.6. Let (R,m) be a quasilocal ring such that R
m

is finite and char(R
m

) = 2. Then the number of components of

(UG(R))c equals |R
m
|.

Proof. It follows as in the proof of Theorem 2.5 that the subgraph of (UG(R))c induced on m is a component of (UG(R))c.

Let us denote this component by H. As R
m

is finite and char(R
m

) = 2, we obtain that |R
m
| = 2n for some n ≥ 1. Let

{ui ∈ U(R)|i ∈ {1, . . . , 2n − 1}} with u1 = 1 be such that (R
m

)∗ = {u1 + m, . . . , u2n−1 + m}. Let i ∈ {1, . . . , 2n − 1}.

Let us denote {x ∈ U(R)|x ≡ ui(mod m}} by Vi. Let us denote the subgraph of (UG(R))c induced on Vi by Hi. Note

that U(R) = ∪2n−1
i=1 Vi and Vi ∩ Vj = ∅ for all distinct i, j ∈ {1, . . . , 2n − 1}. Let i ∈ {1, . . . , 2n − 1}. We claim that

Hi is a component of (UG(R))c. First, we show that Hi is connected. Let x, y ∈ Vi be such that x 6= y. Observe that

x + y ≡ 2ui(mod m) and as 2 ∈ m, we get that x + y ∈ m and so, x and y are adjacent in Hi. This shows that Hi is

complete. We next verify that there is no edge of (UG(R))c whose one end vertex is in Vi and the other end vertex not in

Vi. Suppose that x − y is an edge of (UG(R))c such that x ∈ Vi and y /∈ Vi. Hence, x + y ∈ NU(R) and so, y ∈ U(R).

Therefore, y ∈ Vj for some j ∈ {1, . . . , 2n − 1} with j 6= i. Now, x + y ≡ ui + uj(mod m). As ui − uj ∈ U(R) and 2 ∈ m,
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we obtain that ui + uj = ui − uj + 2uj ∈ U(R). Therefore, it follows that x + y ∈ U(R). This is a contradiction. Hence,

there is no edge of (UG(R))c of the form x− y with x ∈ Vi and y /∈ Vi. This proves that Hi is a component of (UG(R))c for

each i ∈ {1, . . . , 2n − 1}. It is clear from the above discussion that {H,Hi|i ∈ {1, . . . , 2n − 1}} is the set of all components

of (UG(R))c. Therefore, the number of components of (UG(R))c equals 2n = |R
m
|.
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