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1. Introduction

All graphs G considered here are finite, undirected and simple. We refer to [1] for unexplained terminology and notations.

In 2001, Wu and Meng [3] introduced some new graphical transformations which generalizes the concept of the total graph.

As is the case with the total graph, these generalizations referred to as transformation graphs Gxyz have V (G) ∪ E(G) as

the vertex set. The adjacency of two of its vertices is determined by adjacency and incidence nature of the corresponding

elements in G. Let α, β be two elements of V (G) ∪ E(G). Then associativity of α and β is taken as + if they are adjacent

or incident in G, otherwise −. Let xyz be a 3-permutation of the set {+,−}. The pair α and β is said to correspond to x

or y or z of xyz if α and β are both in V (G) or both are in E(G), or one is in V (G) and the other is in E(G) respectively.

Thus the transformation graph Gxyz of G is the graph whose vertex set is V (G) ∪ E(G). Two of its vertices α and β are

adjacent if and only if their associativity in G is consistent with the corresponding element of xyz.

In particular the transformation graph G++− of G is the graph with vertex set V (G) ∪ E(G) in which the vertices u and v

are joined by an edge if one of the following holds

(1). both u, v ∈ V (G) and u and v are adjacent in G

(2). both u, v ∈ E(G) and u and v are adjacent in G

(3). one is in V (G) and the other is in E(G) and they are not incident with each other in G.

The transformation graphs are investigated in [4], [5] and [6].

A graph labeling is an assignment of integers to the vertices or edges, or both, subject to certain conditions. A mapping

f : V (G) → {0, 1} is called a binary labeling of the graph G. For each v ∈ V (G), f(v) is called the vertex label of the
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vertex v under f and for an edge uv the induced edge labeling g : E(G)→ {0, 1} is given by g(uv) = |f(u)− f(v)|. Then f

is called a cordial labeling of G if the number of vertices labeled 0 and the number of vertices labeled 1 differs by at most 1,

and, the number of edges labeled 0 and the number of edges labeled 1 differs by at most 1. A graph G is cordial if it admits

a cordial labeling. This concept is introduced by Cahit [2].

For convenience, the transformation graph Gxyz is partitioned into Gxyz = Sx(G)∪Sy(G)∪Sz(G) where Sx(G), Sy(G) and

Sz(G) are the edge-induced subgraphs of Gxyz. The edge set of each of which is respectively determined by x, y and z of

the permutation xyz. Sx(G) ∼= G when x is + and Sx(G) ∼= G when x is −. Sy(G) ∼= L(G) when y is + and Sy(G) ∼= L(G)

when y is −. When z is +, α, β ∈ V (Gxyz) are adjacent in Sz(G) if they are incident with each other in G. When z is −,

α, β are adjacent in Sz(G) if they are not incident in G.

The following notations are used in relation to labeling of Gxyz:

Let V0 and V1 denote the set of vertices of Gxyz labeled 0 and 1. E0 and E1 denote set of edges of Gxyz labeled 0 and 1

respectively. E0(Sx) and E1(Sx) denote set of edges labeled 0 and 1 in Sx(G). Similar meanings are associates with E0(Sy),

E1(Sy), E0(Sz) and E1(Sz) .

For P xyz
n xyz ∈ {+ +−,+−−,−+ +,−+−,−−+,−−−,+ + +} we define a vertex labeling f : V (P xyz

n )→ {0, 1} and

specify the induced edge labeling g : E(P xyz
n )→ {0, 1} then show that f is a cordial labeling.

2. Cordiality of Transformation Graphs of Path

Let Pn = v1 − v2 − v3 − . . .− vn be the path on n vertices and ej = vjvj+1 (1 ≤ j ≤ n− 1) be the edges of Pn.

Theorem 2.1.

(a). For any positive integer n ≥ 3 the transformation graph P xyz
n where xyz ∈ {++−,+−−,−++,−+−,−−+,−−−,+++}

are cordial.

(b). For 3 ≤ n ≤ 10 or n ≥ 11 and n ≡ 0, 1, 2, 3, 4, 5, 6(mod 8), P+−+
n is cordial.

Proof.

(a). In each case defined a binary labeling f : V (P xyz
n )→ {0, 1} as follows:

Case 1: When xyz = + +−.

For 3 ≤ n ≤ 8, vertices are labeled as in Table 1, which admits cordial labeling of P++−
n .

n f(v1)f(v2)...f(vn) f(e1)f(e2)...f(en−1) |V0| ∼ |V1| |E0| ∼ |E1|
3 100 01 3 ∼ 2= 1 3 ∼ 2 = 1

4 1110 000 4 ∼ 3= 1 6 ∼ 5 = 1

5 11110 0000 5 ∼ 4= 1 9 ∼ 10 = 1

6 111110 00001 5 ∼ 6 =1 15 ∼ 14 = 1

7 0111110 000001 7 ∼ 6 = 1 21 ∼ 20 = 1

Table 1. Cordial labeling of P++−
n for the case 3 ≤ n ≤ 8.

For n ≥ 8, express n as n ≡ 0, 1, 2, 3(mod 4) Let n = 4r, n = 4r+ 1, n = 4r+ 2 or n = 4r+ 3). Then the vertices

of P++−
n are labeled as in Table 2.
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Table 2. Cordial labeling of P++−
n for the case n ≥ 8.

where |V0| = d(n− 8)/2e+ 7 + b(n− 8)/2c+ 1 = n and |V1| = 2n− 9− d(n− 8)/2e − b(n− 8)/2c = n− 1

For n ≥ 8, induced edge mapping g : E(P++−
n )→ {0, 1} is given below:

Sx receives the labeling :

g(vivi+1) =

 1 i = 1, n− 1, r + 2, r + 3 + bn−8
2
c

0 otherwise

Sy receives the labeling :

g(ejej+1) =


1 j = r − 1

1 j = r + 4 + dn−8
2
e

0 otherwise

Sz receives the labeling :

when n ≡ 0, 1, 2 (mod 4)

for each 1 ≤ j ≤ r − 1 ; r + 5 + dn−8
2
e ≤ j ≤ n− 1 and i 6= j, j + 1

g(ejvi) =


1 i = 1, n

1 r + 3 ≤ i ≤ r + 3 + bn−8
2
c

0 otherwise

for each r ≤ j ≤ r + 4 + dn−8
2
e and i 6= j, j + 1

g(ejvi) =


0 i = 1, n

0 r + 3 ≤ i ≤ r + 3 + bn−8
2
c

1 otherwise

when n ≡ 3(mod 4)

for each 1 ≤ j ≤ r − 1 ; r + 5 + dn−8
2
e ≤ j ≤ n− 1 and i 6= j, j + 1

g(ejvi) =


1 i = 1, n

1 r + 4 ≤ i ≤ r + 4 + bn−8
2
c

0 otherwise

for each r ≤ j ≤ r + 4 + dn−8
2
e and i 6= j, j + 1

g(ejvi) =


0 i = 1, n

0 r + 4 ≤ i ≤ r + 4 + bn−8
2
c

1 otherwise
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|E0| and |E1| for the case n ≥ 8 are calculated as in Table 3.
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1 

34 += rn  542 +− rnr  6832 −−+ rnnr
 

1 

Table 3. |E0| and |E1| of P++−
n for the case n ≥ 8.

Therefore P++−
n is cordial.

Case 2: When xyz = + + +.

f(vi) = 1 for 1 ≤ i ≤ n

f(ei) = 0 for 1 ≤ i ≤ n− 1

Therefore |V0| = n−1 and |V1| = n and hence ||V0|− |V1|| = 1. The induced edge labeling g : E(P+++
n )→ {0, 1}

for the edges of

• Sx
∼= Pn: g(vivi+1) = 0, 1 ≤ i ≤ n− 1

• Sy
∼= L(Pn): g(ejej+1) = 0, 1 ≤ j ≤ n− 2 and

• Sz : g(ejvi) = 1 for 1 ≤ j ≤ n− 1 and i = j, j + 1.

Clearly,

|E0| = |E0(Sx)|+ |E0(Sy)|+ |E0(Sz)| = (n− 1) + (n− 2) + 0 = 2n− 3

|E1| = |E1(Sx)|+ |E1(Sy)|+ |E1(Sz)| = 0 + 0 + 2(n− 1) = 2n− 2

and |E0| − |E1| = −1. Thus P+++
n is cordial.

Case 3: When xyz = −+−.

For 3 ≤ n < 8, the vertices of P−+−
n are labeled as in Table 4 which admits cordial labeling.

n f(v1)f(v2)...f(vn) f(e1)f(e2)...f(en−1) |V0| ∼ |V1| |E0| ∼ |E1|
3 010 10 3 ∼ 2 = 1 2 ∼ 2 = 0

4 0101 101 3 ∼ 4 = 1 5 ∼ 6 = 1

5 01010 1010 5 ∼ 4 = 1 10 ∼ 11 = 1

6 010101 10010 6 ∼ 5 = 1 16 ∼ 17 = 1

7 0101010 100101 7 ∼ 6 = 1 25 ∼ 25 = 0

Table 4. Cordial labeling of P−+−
n for the case n < 8.

For n ≥ 8 the vertices of P−+−
n are labeled as in Table 5.
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Table 5. Cordial labeling of P−+−
n for the case n ≥ 8.

Therefore |V0| = n
2

+ r + 1 + (n− 2r − 4)/2 = n− 1 and |V1| = n
2

+ r + 1 + (n− 2r − 2)/2 = n.

For n ≥ 8, the induced edge mapping g : E(P−+−
n )→ {0, 1} for the edges of

• Sx
∼= Pn: for each 1 ≤ i ≤ n

g(vivj) =

 0 j = i+ 2, i+ 4, . . . , (n− 1) or n

1 j = i+ 3, i+ 5, . . . , n or(n− 1)

• Sy
∼= L(Pn):

g(ejej+1) =



0 1 ≤ j ≤ r

0 r + 2 ≤ j ≤ (2r + 2) if n ≡ 6, 7(mod 8)

0 r + 2 ≤ j ≤ (2r + 1) if n ≡ 0, 1, 2, 3, 4, 5(mod 8)

1 otherwise

• Sz : when n ≡ 6, 7(mod 8) Let n = 8r + 6 or n = 8r + 7

for each 1 ≤ j ≤ r + 1 or 2r + 4 ≤ j ≡ 0(mod 2) ≤ n− 1 and i 6= j, j + 1

g(ejvi) =

 0 i ≡ 1(mod 2)

1 i ≡ 0(mod 2)

for each (r + 2 ≤ j ≤ 2r + 3) or (2r + 5 ≤ j ≡ 1(mod 2) ≤ n− 1) and i 6= j, j + 1

g(ejvi) =

 0 i ≡ 0(mod 2)

1 i ≡ 1(mod 2)

when n ≡ 0, 1, 2, 3, 4, 5(mod 8)

Let n = 8r + k 0 ≤ k ≤ 5

for each (1 ≤ j ≤ r + 1) or (2r + 3 ≤ j ≡ 1(mod 2) ≤ n− 1) and i 6= j, j + 1

g(ejvi) =

 0 i ≡ 1(mod 2)

1 i ≡ 0(mod 2)

for each (r + 2 ≤ j ≤ 2r + 2) or (2r + 4 ≤ j ≡ 0(mod 2) ≤ n− 1) and i 6= j, j + 1

g(ejvi) =

 0 i ≡ 0(mod 2)

1 i ≡ 1(mod 2)

|E0| and |E1| in the above different cases are listed in the Tables 6, 7 and their difference in Table 8.
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Table 6. |E0| and |E1| of Sx and Sz in P−+−
n for the case n ≥ 8.
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Table 7. |E0| and |E1| of Sy in P−+−
n for the case n ≥ 8.
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Table 8. |E0| ∼ |E1| in P−+−
n for the case n ≥ 8.

Therefore P−+−
n is cordial.

Case 4: When xyz = −+ + Here the binary labeling f : V (P−++
n )→ {0, 1} is same as given to P−+−

n .

For n ≥ 8, induced edge mapping g : E(P−++
n )→ {0, 1} is given below:

Sx and Sy of P−++
n receives the labeling as mentioned in the case of P−+−

n .

Sz receives the labeling as below :

when n ≡ 0, 1, 2, 3, 4, 5 (mod 8)

for 2r + 3 ≤ j ≤ n− 1 : g(ejvj+1) = 0 and g(ejvj) = 1

for 1 ≤ j ≤ r + 1 : g(ejvj+1) =

 0 j odd

1 j even
and
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g(ejvj) =

 1 j odd

0 j even

for r + 2 ≤ j ≤ 2r + 3 (when n ≡ 6, 7(mod n)) or 2r + 2 (otherwise)

g(ejvj+1) =

 0 j even

1 j odd
and g(ejvj) =

 1 j even

0 j odd

when n ≡ 6(mod 8) let n = 8r + 6

for 2r + 4 ≤ j ≤ n− 1 : g(ejvj+1) = 1 and g(ejvj) = 0

when n ≡ 7(mod 8) let n = 8r + 7

for 2r + 4 ≤ j ≤ n− 2 : g(ejvj+1) = 0 and g(ejvj) = 1

In P−++
n , |E0(Sx)|, |E1(Sx)|, |E0(Sy)| and |E1(Sy)| are same as P−+−

n mentioned in Case 3 but |E0(Sz)| =

|E1(Sz)| = n, so that |E0| and |E1| for different cases satisfies |E0| ∼ |E1| ≤ 1.

Therefore P−++
n is cordial.

Case 5: When xyz = −−+

For 3 ≤ n ≤ 7 the vertices of P−−+
n are labeled as in Table 9 which admits cordial labeling.

n f(v1)f(v2)...f(vn) f(e1)f(e2)...f(en−1) |V0| ∼ |V1| |E0| ∼ |E1|
3 101 10 2 ∼ 3 = 1 3 ∼ 2 = 1

4 1010 110 3 ∼ 4 = 1 5 ∼ 5 = 0

5 10101 1100 4 ∼ 5 = 1 8 ∼ 9 = 1

6 101010 11001 5 ∼ 6 = 1 13 ∼ 13 = 0

7 0101010 110011 6 ∼ 7 = 1 17 ∼ 17 = 0

Table 9. Cordial labeling of P−−+
n for the case n ≤ 7.

For n ≥ 8 the vertices of P−−+
n are labeled as follows:

for allx ∈ V (P−−+
n ), f(x) ==


0 if x = vi, i ≡ 0, 2 (mod 4)

0 if x = ei i ≡ 0, 3 (mod 4)

1 otherwise

For n ≥ 8, induced edge mapping g : E(P−−+
n )→ {0, 1} for the edges of

• Sx : for each 1 ≤ i ≤ n

g(vivj) =

 1 j = i+ 2, i+ 4, . . . , (n− 1) orn

0 j = i+ 3, i+ 5, . . . , n or(n− 1)

• Sy : for each j ≡ 0, 3 (mod 4)

g(ejek) =

 0 j + 3 ≤ k ≡ 0, 3 (mod 4) ≤ n− 1

1 otherwise

for each j ≡ 1, 2 (mod 4)

g(ejek) =

 0 j + 3 ≤ k ≡ 1, 2 (mod 4) ≤ n− 1

1 otherwise

• Sz : g(ejvj+1) =

 0 j ≡ 2, 3 (mod 4)

1 otherwise

g(ejvj) =

 0 j ≡ 0, 1 (mod 4)

1 otherwise
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|E0| and |E1| of P−−+
n for the case n ≥ 7 are given in Table 10

n )(
0 xSE )(0 ySE )(

0 zSE )(
1 xSE )(1 ySE )(

1 zSE 10 ~ EE

Even 

∑

−

2

2

1

2

n

i

i ∑

−

2

4

1

2

n

i

i

n-1 

∑

−

+
−

2

4

1

2
2

2

n

i

i
n

∑

−

+
−

2

4

1

2
2

2

n

i

i
n

n-1 

0

O

d

d 

rn 43 +=

∑

−

=

+
−

2

3

1

2
2

1

n

i

i
n ∑

=

−

r

i

i
1

)12(4

∑

−

=

2

3

1

2

n

i

i

32
12

1

−+∑
−

=

ni
r

i

1

rn 41 +=

∑
=

r

i

i
1

24 22
2

1

−+∑
=

ni
r

i

1

Table 10. |E0| and |E1| of P−−+
n for the case n ≥ 7

.

Therefore P−−+
n is cordial.

Case 6: When xyz = −−−

Define a binary labeling f : V (P−−−
n )→ {0, 1} same as given to P−−+

n in Case 5 which admits cordiality.

For n ≥ 8,induced edge mapping g : E(P−−−
n )→ {0, 1} is:

Sx and Sy of receives the labeling same as in case of P−−+
n .

Sz receives the labeling :

for each j ≡ 1, 2 (mod 4) g(ejvi) =

 0 i ≡ 0, 2 (mod 4)

1 otherwise

for each j ≡ 0, 3 (mod 4) g(ejvi) =

 0 i ≡ 1, 3 (mod 4)

1 otherwise

In P−−−
n , |E0(Sx)|, |E1(Sx)|, |E0(Sy)| and |E1(Sy)| are same as P−+−

n mentioned in Case 3 but |E0(Sz)| =

n
(
bn
2

)− 1 |E1(Sz)| = n
(
dn
2
− 1) , so that |E0| and |E1| for different cases satisfies ||E0| − |E1|| ∈ {0, 1}

Case 7: When xyz = +−−

For 3 ≤ n < 11, the vertices of P+−−
n are labeled as in Table 11 which admits cordial labeling.

n f(v1)f(v2)...f(vn) f(e1)f(e2)...f(en−1) |V0| ∼ |V1| |E0| ∼ |E1|
3 000 11 3 ∼ 2 = 1 2 ∼ 2 = 0

5 01100 0101 5 ∼ 4 = 1 10 ∼ 9 = 0

6 011001 01010 6 ∼ 7 = 1 16 ∼ 15 = 1

7 0111001 010101 6 ∼ 7 = 1 23 ∼ 24 = 1

8 0111001 010101 8 ∼ 7 = 1 32 ∼ 32 = 0

9 011100101 0101010 8 ∼ 9 = 1 42 ∼ 43 = 1

10 0111001010 010101010 10 ∼ 9 = 1 54 ∼ 55 = 1

Table 11. Cordial labeling of P+−−
n for the case n < 11.

For n ≥ 11

(i). When n is odd and n ≡ 3, 5, 7, 1(mod 8) , each n is expressed in the form n − 11 ≡ 0, 2, 4, 6(mod 8)

respectively. (i.e., n = 11 + 8r, n = 11 + 8r + 2, n = 11 + 8r + 4, n = 11 + 8r + 6)

f(v1) = 0

18
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f(vi) =



0 i = 1

0 r + 5 ≤ i ≤ 2r + 7

0 i = 2r + 9, 2r + 11, 2r + 13, ..., n

1 otherise

when n ≡ 3(mod 8), f(e1) = 1 and when n ≡ 5, 7, 1(mod 8) , f(e1) = 0

f(ei) =

 0 i = 3, 5, 7, ..., n− 1

1 otherise

(ii). When n is even and n ≡ 4, 6, 0, 2, (mod 8) , each n is expressed in the form n− 11 ≡ 1, 3, 5, 7(mod 8) (i.e.,

n = 11 + 8r + 1, n = 11 + 8r + 3, n = 11 + 8r + 5, n = 11 + 8r + 7)

f(v1) = 0

when n ≡ 4(mod 8), f(vr+5) = 1 and

when n ≡ 6, 0, 2(mod 8) , f(vr+5) = 0

f(vi) =


0 r + 6 ≤ i ≤ 2r + 7

0 i = 2r + 9, 2r + 11, ..., n

1 otherise

f(ei) =

 0 i = 3, 5, 7, ..., n− 1

1 otherise

For both odd and even n, ||V0| − V1|| = 1.

For n ≥ 11, induced edge mapping g : E(P+−−
n )→ {0, 1} for the edges of

• Sx: g(vivi+1) =



0 2 ≤ i ≤ r + 3 if n is odd

0 2 ≤ i ≤ r + 4 ifn is even

0 r + 5 ≤ i ≤ 2r + 6

1 otherwise

• Sy: When n− 11 ≡ 4, 5, 6, 7, 0, 1 (mod 8)

for each 1 ≤ j ≤ n− 1, k 6= j, j + 1

g(ejek) =

 0 k = j + 2, j + 4, j + 6, . . . , (n− 1) or (n− 2)

1 otherwise

When n− 11 ≡ 0(mod 8)

g(e1ek) =

 0 k = 4, 6, 8, . . . , (n− 1)

1 k = 3, 5, 7, 9, . . . , (n− 2)

for each 2 ≤ j ≤ n− 1, k 6= j, j + 1

g(ejek) =

 0 k = j + 2, j + 4, j + 6, . . . , (n− 1) or (n− 2)

1 otherwise

• Sz: When n− 11 ≡ 1, 2, 3, 4, 5, 6(mod 8)

for each j ≡ 1 (mod 2), k 6= j, j + 1

g(ejvk) =


0 r + 5 ≤ k ≤ 2r + 7

0 2r + 9 ≤ k ≡ 1 (mod 2) ≤ n

1 otherwise

for each j ≡ 0 (mod 2), k 6= j, j + 1
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g(ejvk) =


1 r + 5 ≤ k ≤ 2r + 7

1 2r + 9 ≤ k ≡ 1 (mod 2) ≤ n

0 otherwise

When n− 11 ≡ 0(mod 8)

for each j = 3, 5, 7, ..., (n− 2) k 6= j, j + 1

g(ejvk) =


0 r + 5 ≤ k ≤ 2r + 7

0 2r + 9 ≤ k ≡ 1 (mod 2) ≤ n

1 otherwise

for each j = 1, 2, 4, 6, 8, ..., (n− 1) k 6= j, j + 1

g(ejvk) =


1 r + 5 ≤ k ≤ 2r + 7

0 2r + 9 ≤ k ≡ 1 (mod 2) ≤ n

0 otherwise

When n− 11 ≡ 1(mod 8)

for each j = 1, 3, 5, 7, ..., (n− 1) k 6= j, j + 1

g(ejvk) =


0 r + 6 ≤ k ≤ 2r + 7

0 2r + 9 ≤ k ≡ 1 (mod 2) ≤ n

1 otherwise

for each j = 2, 4, 6, 8, ..., (n− 2) k 6= j, j + 1

g(ejvk) =


1 r + 6 ≤ k ≤ 2r + 7

1 2r + 9 ≤ k ≡ 1 (mod 2) ≤ n

0 otherwise

For odd n, |E0| and |E1| can be calculated as in the above cases and |E0| − |E1| = 0.

Similar to the above discussion , ||E0| − |E1|| ≤ 1 when n is even.

Therefore P+−−
n is cordial.

(b). When xyz = +−+

Here we show that P+−+
n is cordial for n ≡ 0, 1, 2, 3, 4, 5, 6(mod 8).

Here we express n ≡ 0, 1, 2, 3, 4, 5, 6(mod 8) as n− 11 ≡ 0, 1, 2, 3, 5, 6, 7(mod 8).

For 4 ≤ n < 11 we label the vertices as in Table12 which admits cordial labeling of P+−+
n

n f(v1)f(v2)...f(vn) f(e1)f(e2)...f(en−1) |V0| ∼ |V1| |E0| ∼ |E1|
4 0110 110 4 ∼ 3 = 1 5 ∼ 6 = 1

5 01100 0101 5 ∼ 4 = 1 8 ∼ 7 = 1

6 011001 01010 6 ∼ 5 = 1 11 ∼ 10 = 1

7 0110010 010101 7 ∼ 6 = 1 14 ∼ 14 = 0

8 01100101 0101010 8 ∼ 7 = 1 18 ∼ 18 = 0

9 011001010 01010101 9 ∼ 8 = 1 22 ∼ 23 = 1

10 0110010101 010101010 10 ∼ 9 = 1 27 ∼ 28 = 1

Table 12. Cordial labeling of P+−+
n for the case n < 7.

For n ≥ 11
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(i) When n ≡ 3 (mod 8) we express n as n− 11 ≡ 0(mod 8) Let n = 11 + 8r.

f(vi) =



0 i = 1

0 r + 5 ≤ i ≤ 2r + 7

0 i = 2r + 9, 2r + 11, 2r + 13, ..., n

1 otherise

f(ei) =


0 i = 1, 3, 5, 7, ..., n− 4

0 i = n− 2

1 otherise

which admits cordial labeling.

(ii) When n ≡ 0, 1, 2, 5, 6 (mod 8) we express n as n− 11 ≡ 5, 6, 7, 0, 1(mod 8). Let n = 13 + 8r, 14 + 8r, 15 + 8r, 16 +

8r, 17 + 8r. We define binary labeling for these n values same as defined in case of P+−−
n which admits cordial

labeling.
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