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1. Introduction

All graphs G considered here are finite, undirected and simple. We refer to [1] for unexplained terminology and notations.
In 2001, Wu and Meng [3] introduced some new graphical transformations which generalizes the concept of the total graph.
As is the case with the total graph, these generalizations referred to as transformation graphs G*¥* have V(G) U E(G) as
the vertex set. The adjacency of two of its vertices is determined by adjacency and incidence nature of the corresponding
elements in G. Let a, 8 be two elements of V(G) U E(G). Then associativity of o and j is taken as + if they are adjacent
or incident in G, otherwise —. Let zyz be a 3-permutation of the set {4+, —}. The pair o and § is said to correspond to x
or y or z of zyz if @ and B are both in V(G) or both are in F(G), or one is in V(G) and the other is in E(G) respectively.
Thus the transformation graph G*Y* of G is the graph whose vertex set is V(G) U E(G). Two of its vertices o and 3 are
adjacent if and only if their associativity in G is consistent with the corresponding element of zyz.

In particular the transformation graph G+~ of G is the graph with vertex set V(G) U E(G) in which the vertices u and v

are joined by an edge if one of the following holds

(1). both u,v € V(G) and u and v are adjacent in G

(2). both u,v € F(G) and u and v are adjacent in G

(3). one is in V(@) and the other is in E(G) and they are not incident with each other in G.

The transformation graphs are investigated in [4], [5] and [6].
A graph labeling is an assignment of integers to the vertices or edges, or both, subject to certain conditions. A mapping

f:V(G) — {0,1} is called a binary labeling of the graph G. For each v € V(G), f(v) is called the vertex label of the
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vertex v under f and for an edge uv the induced edge labeling g : E(G) — {0, 1} is given by g(uwv) = |f(u) — f(v)]. Then f
is called a cordial labeling of G if the number of vertices labeled 0 and the number of vertices labeled 1 differs by at most 1,
and, the number of edges labeled 0 and the number of edges labeled 1 differs by at most 1. A graph G is cordial if it admits
a cordial labeling. This concept is introduced by Cahit [2].

For convenience, the transformation graph G*¥* is partitioned into G*¥* = S, (G) U Sy, (G) U S;(G) where S.(G), Sy(G) and
S.(Q) are the edge-induced subgraphs of G*¥*. The edge set of each of which is respectively determined by z, y and z of
the permutation xyz. S,(G) = G when z is + and S, (G) 2 G when z is —. S,(G) = L(G) when y is + and S, (G) = L(G)
when y is —. When z is +, o, 8 € V(G*Y?) are adjacent in S (G) if they are incident with each other in G. When z is —,
a, B are adjacent in S, (G) if they are not incident in G.

The following notations are used in relation to labeling of G*¥*:

Let Vo and Vi denote the set of vertices of G*¥* labeled 0 and 1. Ep and E; denote set of edges of G** labeled 0 and 1
respectively. Fo(S;) and F1(S;) denote set of edges labeled 0 and 1 in S, (G). Similar meanings are associates with Eo(Sy),
Eq1(Sy), Eo(S:) and E1(S-) .

For PV ayz e {++—,+——,—++,—+—,— —+,— — —,+ + +} we define a vertex labeling f : V(P7¥*) — {0,1} and

specify the induced edge labeling g : E(P3¥?) — {0,1} then show that f is a cordial labeling.

2. Cordiality of Transformation Graphs of Path

Let P, = v1 —v2 —v3 — ... — v, be the path on n vertices and e; = v;vj41 (1 < j < n —1) be the edges of P,.
Theorem 2.1.

(a). For any positive integer n > 3 the transformation graph PyY* where zyz € {++—,+——, —++, —+—, ——+, ———, +++}

are cordial.
(b). For3<n <10 orn>11 and n=0,1,2,3,4,5,6(mod 8), Py~ is cordial.
Proof.
(a). In each case defined a binary labeling f : V(P7¥*) — {0,1} as follows:

Case 1: When zyz =+ + —.

For 3 < n < 8, vertices are labeled as in Table 1, which admits cordial labeling of P +~.

n| f(v1)f(v2)...f(vn) | f(e1) fe2)-.-flen—1) [[Vo| ~ [Vil| [Eo| ~ | En|
3100 01 3~2=1 3~2=1
41110 000 4~3=1 6~5=1
5(11110 0000 5~4=1 |9~10=1
6111110 00001 5~6=1 [15~14=1
710111110 000001 T~6=1|21~20=1

Table 1. Cordial labeling of Pj*i for the case 3 < n <8.

For n > 8, express n asn =0,1,2,3(mod 4) Let n =4r,n =4r+1,n = 4r 4+ 2 or n = 4r + 3). Then the vertices

of P,F*~ are labeled as in Table 2.



S. B. Chandrakala, K. Manjula and B. Sooryanarayana

n ) fe) ‘Vo‘ ~‘V1‘
n =4r 0 i=1

0 r+3$i£r+3+[n_8J

n=4r+1 2
0 i=n

n=4r+2 1\l otherwise 0 rSiSr+4+(nz_8—‘ |
0 i=Il g 1 otherwise
0 r+4$i£r+4+r1J

n=4r +3 2
0 i=n
1 otherwise

Table 2. Cordial labeling of P:’rJr* for the case n > 8.

where [Vo| =[(n—8)/2]+ 7+ |(n—8)/2]+1=nand |[Vi|=2n—-9—[(n—8)/2] — |[(n—8)/2] =n—1
For n > 8, induced edge mapping g : E(P, ) — {0, 1} is given below:

Sz receives the labeling :

1 i=1ln—1r+27r+3+ %58

9(vivig1) =
0 otherwise

Sy receives the labeling :
1 j=r—1
glejejrn) =9 1 j=r+44[252]

0 otherwise

S. receives the labeling :
when n=0,1,2 (mod 4)
foreach 1 <j<r—1;r+5+[23%] <j<n—landi#j, j+1
1 i=1,n
glesvi) =q 1 r+3<i<r+3+[258

0 otherwise

foreach r < j <r+4+ T[22 andi#j, j+1
0 1=1,n
glejui) =4 0 r+3<i<r+3+[%58]

1 otherwise

when n = 3(mod 4)
foreach 1 <j<r—1;r4+5+[2%8]<j<n-Tlandi#j, j+1
1 i=1,n
glejui) =9 1 r4d4<i<r+4+4|258
0  otherwise
foreach r <j<r+4+[22]andi#j,j+1
0 1=1,n
glejui) =3 0 r+4<i<r+4+|258]

1 otherwise
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|Eo| and |E1| for the case n > 8 are calculated as in Table 3.

n ESOl| [E(s,)|  |EoS | [ESI [ |EG)|  |E(S) [|Eo| - |Ey||
n=4r 2nr—n+9—6r 2nr+n—-7—-6r 1
n=4r+1 2nr—n—4r+7 2nr+2n—8r—38 1

n-5 n-4 4 2
n=4r+?2 2nr—6r+6 2nr+2n—6r—10 1
n=4r+3 2nr—4r+5 2nr+3n—8r—06 1

Table 3. |Ey| and |E;| of P, T~ for the case n > 8.

Therefore P+~ is cordial.
Case 2: When zyz = + + +.
fluoi)=1 for1<i<n
fles) =0 for1<i<n-1
Therefore |Vo| = n—1 and |Vi| = n and hence ||Vo| — |Vi|| = 1. The induced edge labeling g : E(P**) — {0,1}
for the edges of
e S 2 Pn: g(vivi1)=0,1<i<n-—1
o Sy X L(P.): g(ejej+1)=0,1<j<n-—2and
e S.: gleju,)=1for1<j<n-—1landi=jj+1.

Clearly,

[Eo| = [Eo(S2)| + [Eo(Sy)| + |Eo(S:)| = (n = 1)+ (n =2) + 0 =2n -3

[Ex| = [Ev(S2)| + [En(Sy)[ + [Er(S:)[ =0+ 0+2(n— 1) =2n — 2

and |Eo| — |FE1| = —1. Thus Pt is cordial.

Case 3: When zyz = — + —.

For 3 < n < 8, the vertices of P, 7~ are labeled as in Table 4 which admits cordial labeling.

n| f(v1)f(v2)...f(vn) | f(e1) fe2)-.-flen—1) [[Vo| ~ [Vi]| [Eo| ~ | En|
3010 10 3~2=1|2~2=0
410101 101 3~4=1| 5~6=1
5101010 1010 5~4=1|10~11=1
6010101 10010 6~5=116~17=1
710101010 100101 T~6=1|25~25=0

Table 4. Cordial labeling of P, 7~ for the case n < 8.

For n > 8 the vertices of P, 7~ are labeled as in Table 5.
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" fle;) ) Vol ~ Vil

n=_8r
n=8r+1 0 r+2<i<2r+2
n=8rt2 150 2r+4<i=O(mod 2<n-1 1
n=8r+4 I otherwise 1 i=024.6(mod 8)
n=8r+> 0 otherwise

—_— 0 r+2<i<2r+3
n=3r+ i
n=8r+7 0 2r+5<i=l(mod 2)<n-1 1

1 otherwise

Table 5. Cordial labeling of Pn_'*'_ for the case n > 8.

Therefore [Vo| =45 +r+1+(n—2r—4)/2=n—-1and Vi| =5 +r+14+(n—-2r—-2)/2 =n.
For n > 8, the induced edge mapping g : E(P, *~) — {0,1} for the edges of

e S, P, foreach1<i<n

0 j=i+2,i+4,....,(n—=1)orn

g(vivy) =
1 j=i+3,i+5,...,nor(n—1)
e S, 2 L(P,)
0 1<j<r
0 r+2<ji<2r+2)if n=6,7(mod 8)
glejej) =
0 r+2<j<(2r+1)if n=0,1,2,3,4,5(mod 8)
1 otherwise
oS, : when n =6,7(mod 8) Let n=8r+6orn=8r+7

foreach1 <j<r+4+lor2r+4<j=0(mod2)<n—1landi#jj+1

0 i = 1(mod 2)

g(ejvi) =
1 1 = 0(mod 2)

foreach (r+2<j<2r+3)or 2r+5<j=1(mod2)<n—1)andi#j,j+1
0 i = 0(mod 2)

glejvi) =
1 i = 1(mod 2)

when n =0,1,2,3,4,5(mod 8)

Let n=8r+k 0<k<5H

foreach (1 <j<r+4+1)or(2r+3<j=1(mod2)<n—1)andi#j,j+1
0 i = 1(mod 2)

g(ejvi) =
1 i = 0(mod 2)

foreach (r+2<j<2r+2)or (2r+4<j=0(mod2)<n-—1)andi#j,j+1
0 i = 0(mod 2)

g(ejvi) =
1 i = 1(mod 2)

|Eo| and |E1| in the above different cases are listed in the Tables 6, 7 and their difference in Table 8.
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Table 6.

Table 7.

Table 8.

Case 4: When zyz = — + + Here the binary labeling f : V(P, *) — {0, 1} is same as given to P, .

n Ey(S,) [Ey(S.) E,(S,) E(S.)
n2 nd
2 _ 2
Even | 5% Lt P o
il (n—1)(n—2) 2 il (n—-1)(n—2)
n-2 2 2
n—1 & n3
+2) -
0dd |5 +22 N
i=1
|Eo| and |Eq| of S and S in P,,j*i for the case n > 8.
n E, (8, | |EiS,)
n=0,,2,345 (mod 8) 2r n-2r-2
n=6,7 (mod 8) 2r+1 n-2r-3
|Eo| and |E;| of S, in P, T~ for the case n > 8.
n Eo| ~ |Ey| | |Eo| ~ |Ey|

n=_8r 1
n=8r+2 8r—n+2 0
Even n=8r+4 2 1

8r—n+6
n=8r+6 % 0
n=8r+1 1
n=8r+3 8r—n+3 0
0dd n=8r+5 2 1

8r—n+7
n=8r+7 % 0

|Eo| ~ |E1] in P T~ for the case n > 8.

Therefore P, 7~ is cordial.

For n > 8, induced edge mapping g : E(P, t1) — {0, 1} is given below:

S; and S, of P, ™" receives the labeling as mentioned in the case of P, .

S receives the labeling as below :

whenn =0,1,2,3,4,5 (mod 8)

for2r+3<j<n-—1:

g(ejvj+1) = 0 and g(e;v;) =1

0

for 1 <j<r+1: g(ejvjs1) =

1

j odd
and
7 even
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1 j odd
g(ejv;) =
0 jeven

for r+2 < j <2r+3 (when n =6,7(mod n)) or 2r + 2 (otherwise)

0 j even

1 7 even

glejvjr1) = and g(e;jv;) =

1 jodd

0 jodd

when n = 6(mod 8) let n = 8r + 6

for2r+4<j<n-—1: g(ejvj4+1) =1 and g(eju;) =0

when n = 7(mod 8) let n =8r + 7

for 2r+4<j<n-—2: g(ejuj+1) = 0 and g(ejv;) =1

In Py, |Eo(Sa)|, |E1(S2), [Eo(Sy)| and |E1(Sy)| are same as P, t~ mentioned in Case 3 but |Eo(S.)| =

|E1(S2)| = n, so that |Ey| and |E;| for different cases satisfies |Eg| ~ |E1| < 1.

Therefore P, T is cordial.

Case 5: When zyz = — — +

For 3 < n < 7 the vertices of P, T are labeled as in Table 9 which admits cordial labeling.

n| f(v1)f(v2)...f(vn) | f(e1) fe2)...flen—1) [[Vo| ~ |Vi]| | Eo| ~ |E|
31101 10 2~3=1|3~2=1
4 (1010 110 3~d4=1|5~5=0
5/10101 1100 4n5=1|8~9=1
6101010 11001 5~6=1[13~13=0
710101010 110011 6~T=1[1T~17=0

Table 9. Cordial labeling of P, ~" for the case n < 7.

For n > 8 the vertices of P, ~ T are labeled as follows:

if x=v;, 1=0,2 (mod 4)

0
forallz e V(P ™), f(z)==< 0

1

ifx=e i=0,3 (mod4)

otherwise

For n > 8, induced edge mapping g : E(P; ~+) — {0, 1} for the edges of

e S, :foreach1<i<n

g(vivj) =

—_—

e S, : for each j = 0,3 (mod 4)

glejer) =
1 otherwise
for each j = 1,2 (mod 4)
g(ejex) =
1 otherwise

1 j=i+2,i+4,...,(n—1) orn
0 j=i+3,i+5,...,nor(n—1)

0 j=2,3 (mod 4)

o S.: glejujt1) =

1 otherwise

0 j=0,1(mod 4)

g(ejv;) =
1 otherwise

0 j+3<k=0,3(mod4)<n-—1

0 j+3<k=1,2(mod4)<n-—1



Cordiality of Transformation Graphs of Path

|Eo| and |E1| of Py~ for the case n > 7 are given in Table 10

n EoSO | B8y | IESl [E(S) Es)| | [E(S.) | [Eol~|Ed
2 4 4 n4
Even 2 2 n—>2 2 n—2 2 0
2y i 2y i 20| 2
r 2r-1 n-1
=AY i-n| el n-3 2y i+n-3 1
. n=73+41 n_1+2ii ;(l ) 22 . ;l "
n=1+4n 2 i=1 . Zl 2
d 432 i=1 2) i+n-2 1
i=1 i=1

Table 10. |Ey| and |E| of P, ~" for the case n > 7

Therefore P, ~ T is cordial.

Case 6: When zyz = — — —
Define a binary labeling f : V(P; ~~) — {0, 1} same as given to P, ~* in Case 5 which admits cordiality.
For n > 8,induced edge mapping g : E(P, ~ ) — {0,1} is:
S; and S, of receives the labeling same as in case of P, ~+.

S, receives the labeling :

0 1=0,2 (mod 4)
for each j = 1,2 (mod 4) g(e;jvi) =
1 otherwise

0 1=1,3 (mod 4)
for each 7 = 0,3 (mod 4) g(ejv;) =
1 otherwise

In P, ™7, |Eo(Ss)|, |F1(Sz)|, | Eo(Sy)| and |E1(Sy)| are same as P, ™~ mentioned in Case 3 but |Eo(S.)| =

n (L%) —1 |Ei(S:)] = n( % —1), so that |Eo| and |E:| for different cases satisfies || Eo| — |E1]| € {0,1}
Case 7: When zyz =+ — —

For 3 < n < 11, the vertices of Py~ are labeled as in Table 11 which admits cordial labeling.

n | f()f(v2)...f(vn) | fle1)f(e2)...f(en—1) |[Vo| ~ [Vi| | [Eo| ~ | E1]
3 |000 11 3~2=1]2~2=0

5 01100 0101 5~4=1[10~9=0
6 |011001 01010 6~7=1 [16~15=1
7 0111001 010101 6~7=1 [23~24=1
8 |0111001 010101 8~T7=1 [32~32=0
9 |011100101 0101010 8~9=1 [42~43=1
10/0111001010 010101010 10~9=1|54~55=1

Table 11. Cordial labeling of P =~ for the case n < 11.

For n > 11

(i). When n is odd and n = 3,5,7,1(mod 8) , each n is expressed in the form n — 11 = 0,2,4,6(mod 8)
respectively. (i.e, n=11+4+8r, n=1148r+2, n=11+8r+4, n=11+48r+6)
flv1) =0
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0 i=1
0 r+5<1<2r+7
fui) =
0 1=2r+9,2r4+11,2r4+13,...,n
1 otherise

when n = 3(mod 8), f(e1) =1 and when n =5,7,1(mod 8) , f(e1) =0

0 i=357..n—1
fle:) =

1 otherise

(ii). When n is even and n = 4,6, 0, 2, (mod 8) , each n is expressed in the form n — 11 = 1, 3,5, 7(mod 8) (i.e.,

n=114+8+1, n=114+8r+3, n=114+8r+5, n=114+8r+7)

fv1) =0
when n = 4(mod 8), f(vr4+5) = 1 and
when n = 6,0,2(mod 8) , f(vr45) =0
0 r+6<i<2r+7
fw)=<¢0 i=2r+9,2r+11,...n
1 otherise
0 i=357T.,n—1
1 otherise

For both odd and even n, ||Vo| — V|| = 1.

For n > 11, induced edge mapping g : E(P,f =) — {0, 1} for the edges of

0 2<i<r+3ifnis odd

0 2<i<r+4+4ifnis even
.Szt g(vivi+l):
0 r+5<i<2r+6

1 otherwise

e Sy: When n—11=4,56,7,0,1 (mod 8)

foreach1<j<n-—-1, k#j,j+1

0 k=j+2,j+4,j+6,....,(n—1)or (n—2)

g(ejex) =
1 otherwise

When  n— 11 = 0(mod 8)
0 k=4,68,...,(n—1)

glerey) =
1 k=3,579,...,(n—2)

foreach2<j<n-1, k#j,j+1

0 k=j+2,j+4,j4+6,....,(n—1)or (n—2)

g(ejex) =
1 otherwise

e S.: When n—11=1,2,3,4,5,6(mod 8)
for each j =1 (mod 2), k#jj+1
0 r+5<k<2r+7
g(ejve) =9 0 2r+9<k=1 (mod2) <n

1 otherwise

for each j =0 (mod 2), k#j,j+1
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g(ejvr) =

When

for each j =3,5,7,...,(n — 2)

glejvr) =

for each 7 =1,2,4,6,8,...,(n — 1)

glejur) =

When

for each j =1,3,5,7,...,(n — 1)

g(ejvr) =

for each j =2,4,6,8,...,(n — 2)

1
1
0

0
0
1

1
0
0

0
0
1

r+5<k<2r4+7

2r+9<k=1(mod2)<n

otherwise

n — 11 = 0(mod 8)

k#3,5+1
r+5<k<2r4+7
2r+9<k=1(mod?2)<n
otherwise
k#35,5+1
r+5<k<2r4+7
2r+9<k=1(mod2)<n

otherwise

n— 11 = 1(mod 8)

k#35,5+1
r+6<k<2r4+7
2r+9<k=1(mod?2)<n

otherwise

k#3,5+1

1 r46<k<2r+7
glejoe) = ¢ 1 2r+9<k=1(mod2) <n
0 otherwise
For odd n, |Ep| and |E1| can be calculated as in the above cases and |Eg| — |E1| = 0.

Similar to the above discussion , ||Eo| — |E1]| < 1 when n is even.

Therefore P =~

(b). When zyz =+ — +

is cordial.

Here we show that P~ is cordial for n = 0,1,2,3,4,5,6(mod 8).

Here we express n =0, 1,2,3,4,5,6(mod 8) asn—11=0,1,2,3,5,6, 7(mod 8).

For 4 < n < 11 we label the vertices as in Tablel2 which admits cordial labeling of Py~

n [ f(v1)f(v2)...f(vn) | f(e1) f(e2)...f(en—1) | Vo] ~ [Va| | [ Eo| ~ | E1]
4 10110 110 4~3=1]|5~6=1
5 01100 0101 5~4=1|8~7=1
6 |011001 01010 6~5=1 [11~10=1
7 10110010 010101 T~6=1 [14~14=0
8 01100101 0101010 8~T7=1 [18 ~18 =0
9 011001010 01010101 9~8=1 [22~23=1
10|0110010101 010101010 10~9=1|27T~28=1
Table 12. Cordial labeling of P;r7+ for the case n < 7.
Forn > 11
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(i) When n = 3 (mod 8) we express n as n — 11 = 0(mod 8) Let n = 11 + 8r.

0 i=1
0 r+5<i<2r+7
fvi) =
0 1=2r+9,2r+11,2r+13,...,n
1 otherise

0 i=1,3,5,7,...n—4
fles)=4 0 i=n—2

1 otherise

which admits cordial labeling.

(i) When n =0,1,2,5,6 (mod 8) we express n asn— 11 =5,6,7,0,1(mod 8). Let n = 13+ 8r, 14 + 8r, 15+ 8r, 16 +
8r,17 + 8r. We define binary labeling for these n values same as defined in case of P, =~ which admits cordial

labeling.
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