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1. Introduction and Preliminaries

Many results have been derived in fixed point theory for self-mappings in metric space and Banach spaces. But in non-self
mappings results are minimum. The author Kirk [1] had replaced Kranoselskii’s result by extending metric space to metric
space of hyperbolic type. The authors Assad [2] and Assad kirk [3] only first initiated non-self mappings in a fixed point
theory for multivalued non-self mappings in metric space.

In cone metric space many authors [4-7] have derived results in non-self mappings in fixed point theory. But very few
authors [8, 9] have derived fixed point results in metric space of hyperbolic type. Here we proved the fixed point theorem in

a metric space of hyperbolic type for a pair of weakly compatible non-self mappings satisfying the generalized contraction.
Definition 1.1 ([14]). Let (X, d) be a metric space that contains the metric segments of family L such that
(1). Seg[z,y] of L has two points x,y € X which are the end points.

(2). If r € Seglz,y] and p,q,t € X satisfying d(z,r) = vd(z,y) for some v € [0,1] then

d(p,r) < (1 =)d(p,z) +~vd(p,y) (1)

This type of space is called metric space of hyperbolic type.
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2. Main Result

Theorem 2.1. If (X,d) is a metric space of hyperbolic type and M a non-empty closed subset of X such that for each OM

be nonempty and let the two non-self mappings be T : M — X and f: M NT (M) — X satisfying the condition

d(Ta, fa) d(Tb, b)
2 ’ 2

d(fa. I5) < {d (Ta,TV), } T {d(fa,TH) + d(fb, Ta)} @)

for every a,b in M and . p are positive real numbers such that (v + 2u) < 1. If
(1) oM CTM, fMNM CTM,

(2). Ta € OM implies fa € M,

(3). fM N M is complete.

Then there exist a coincidence point z of f and T. Moreover if f and T are weakly compatible, then z is the unique common

fized point in M.

Proof. We construct the sequence {a,} and {c,} in M and a sequence {b,} in fM C X. Let co=z. Because co € OM
there exist ap € M such that co = T'ap € M. From second condition fag € M. Let us choose b1 = fag with by € fM C X
which implies that fag € fM N M C TM. We set here by = fao and we choose a1 € M such that T'a; = faog. Therefore we
get ¢1 = Ta1 = fao = b1. So, we get b2 = fai1. Since b2 € fM N M, we get bo € TM from second condition. Let a1 € M
with ¢1 = T'a; € OM such that co = T'ag = fai1 = ba. If fa1 = ba ¢ M, then there exist ca € M such that ¢z € seg[bi, b].
From first condition since az € M we have Tas = c2. Therefore co € M N seg[bi, b2]. Similarly on choosing b3 € fM N M,
and from second condition b3 € TM and let az € M such that Tas = bs = faz. In the manner of continuing this process,

we can construct three sequences {an} C M, {c,} C M and {b,} C fM C X such that

(a). b = fan—1.

(b). en= Tan.

(¢c). cn= by, if and only if b, € M

(d). If ¢p # by, whenever b, ¢ M and then from equation (2), ¢, € M such that ¢, € OM Nseg(fan—2, fan—1).

If ¢, # by, then ¢, € OM and we get cpt1 = bpt1 and ¢p—1 = by—1 € M from the above conditions. If ¢,—1 € OM, then we

get ¢, = b, € M. From all above conditions we get three possibilities.
(P.1) cn =bp € M and cnt1 = bpt1.

(P.2) cn =bp € M and cnt1 # bpt1.

(P.3) If ¢, # by, € M then we get ¢, € OM N seg[frn—2, fTn_1).
Now we discuss three cases.

Case 1: Let ¢, = b, € M and cp+1 = bpt+1. From (2) we get

d(cfh C'ﬂ+1) =d (bm bn+1)

= d(fa’n*h fa’fl)
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<~ {d (Tan_1. Tan)., d(Tan— 1,fan 1) (Tan,fan) } + 1 {d (fan_1,Tan) + d(fan, Tan_1))}
(Cn—hb Cna n+1
=7 d(cn 1>Cn 2 +N{d n7cn)+d(bn+l7cnfl))}
7{d Cn 1, Cn (Cn;17cn Cn7cn+l }"‘/’L{d cnzcn) +d(cn+17cn 1))}
d(cnfly Cn C'n,, Cn+1
=7qd(cn-1,cn), 3 + p{d(cn—1,cn) +d(cn,cnt1))}

From above atleast one of the following cases holds:

(1). d(cn,cnyr) < vd(en—1,¢n) + p{d(cn-1,cn) + d(cn,cnt1)},

<Yir7“d(

d(cn7cn+1) > Cn717cn)~

d n—1,%*n
(2). dlensensr) < 7 e C2)

(3 +n)
(1—p)

+ {d (C"*h Cn) + d(Cn, Cn+1)} )

d(cn,cn+1) < d(en—1,¢cn)-

d (Cn7 Cn+1)
2

I
d(cn,cn < ————d(ep—-1,¢n) ..
( +1) (1—%—M)( 1,Cn)

From all the above cases it follows that,

(3). d(cn,cnt1) <7v + u{d(cn-1,¢n) + d(cn,cn+1)},

d(c'ru cn+1) S kd (Cnfly Cn)

ytu (F+R) 1.
T Oy =g

Case 2: Let ¢, = b, € M but cpy1 # bny1. Then we have cpp1 € OM N seglbn, bpt1]. From equation (1) with p = b we

where, k = max{

obtain

d(b7 C) S (1 - ’Y) d(av b)

Also,

d(a,b) < d(a,c)+ d(c,b)
<~d(a,b) + (1 —v)d(a,b)

=d(a,b)

Hence ¢ € seg[a, b] implies d(a, ¢) 4+ d(c,b) = d(a,b). Since ¢nt1 € seg [bn, bnt1] = seg[cn,bn+1], we have

d(cn, cnt1) = d(bn, cnt1)
=d(bn,bn+1) — d(cn+1,bnt1)

S d(b"a bn+1)

From Case 1, we obtain, d(bn,bnt+1) < kd (¢n-1,¢n) which implies that,

d(cny cnt1) < kd(cn-1,¢n) .

Case 3: Let ¢, # by. Then ¢, € OM Nseg[fa,,_s, fa,_;] that means ¢, € IM Nseg[bp—1,by]. From the above assumptions

in possibilities, we have ¢,4+1 = bn+1 and ¢,—1 = b,—1. Therefore we get,

d(cn, Cn+1) = d(cm bn+1)
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< d(cmbn) + d(bn»bn-H)
= d(cn*h bn) - d(Cn, Cnfl) + d(bna bn+1)

= d(bn*h bn) - d(c’ﬂv c’ﬂfl) + d(b’ﬂ7 b’ﬂ+1) (3)

We need to find d(bn-1,br) and d (bn,brn+1). Since ch—1 = bp—1 we have that, d(bp—1,bn) < kd(cn—2,cn-1) from Case 2.
Also,

d(bn,bny1) = d(fa,_q, fan)
<7{d(Tan,1,Tan),d(Ta" L fan-1) (T“"z’f“")}+u{d(fan,1,Tan)+d(fan,Tan,1))}
:W{d(cn_l,cn),d(c”;’b c"’ nt1 }+ (busen) + d(bus1s 1))}
zy{d(cn,l,cn),d(c";’b C”’C”“ }+u{d by cn) + d(Cnst, 1))}
:'y{d(cn,hcn), d(b";’b C"’C"“ }—i—u{d (ot en) + d(cm ensn))}

Again the following cases hold:

(1). d(ba,busr) < (v + @)d((€n1,cn) + pd(cn, cnir)

@ dl(babon) <7 (L) b e + dlen )

k
< den-z,en-1) +p{d (cnmr,en) + dlen cni))}

(3): dl(bn,brs1) < v { X520 i {d (en1, ) + dlen, ensa))}
Substituting all the above in (3) we get three cases.

(4)- d(Cn: Cn+1) < k:d(cn,g,cn,l) - d(cn,l,cn) + (’Y + M)d((cnfh cn) + Nd(cn,cn+1)
densens1)(1 = 1) < (v + i — 1)d((en1,en) + Kd(cn—2,cn-1)
d(cn, cnt1)(1 — p) < kd(cn-2,cn-1)

k
d(cn,cn1) < md(cn,%cn,l)

d(Cru Cn+l) < kd(cnf% Cnfl)

(5) d(Cn,Cn+1) S kd(cn72>cn71) - d(Cn717Cn) + %k

eneri)1 =) < dlenzicas) (k+ 0 ) +denmson) (=)

d(cn—2,cn-1) + p{d(cn-1,cn) + d(cn, cns1))}

k+ %
< d(Cn—z’Cn—l)%
d(cngcn+l) S kd(cn72ycn71)
d(Cn7Cn+1)
(6). d(cnvcn+1) < kd(cn—2,cn-1) —d(cn-1,¢n) +7 -9 + :u{d (en-1,¢cn) + d(cnacn+l))}
d(en, cnsn)(1 = = 3) < hd(ena,enr) +d (cam,cn) (1= 1)

d(cn,cny1) < md(cn—%cn—l)

d(cn, Cn+1) S kd(cn—27 Cn—l)
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Thus in all the cases, we get d(cn,cnt1) < kd(cn—2,cn—1). That is, d(cn,cnt1) < kbn, where 6, ¢

{d((en-2,¢n-1),d(cn-1,cn)}. By Assad and Kirk [3] procedure we get, by induction for n > 1,

n—1

d(cn,cnt1) < k72

0o (4)

where 05 € {d((co,c1),d(c1,c2)}. For n > m and using (4) and the triangle inequality we have

d(cn,cm) < d(cn,cn-1) +d(cn-1,cn—2) + ... + d(Cmi1,Cm)

n—1 n—2 —1
S(kT+kT+~~ 2 )92
A/ fm—1
< i .62 = 0 as m — oo.
1-Vk

This shows that it is Cauchy sequence. Since ¢, = fan—1 € fMNM is complete, there is some ¢ € fM N M such that ¢, — c.
Let h in M be such that Th = c¢. From the construction of {c,}, there is a subsequence {cni} such that cpx = bk = fank—1

and fank—1 — c. We will prove that fh = c.

d(Fhr) < d(fh. fanes) + d(faner,0)

d(Th7 fh) d(Tank—la fank—l)
2 ’ 2

<o), AT A 4 ae ) + dte. )

<o {o, AT AN goae. )

< vy {d(Th» Tankfl)v } +p {d (fh7 Tankfl) + d(fankfh Th))}

From which we get in all cases
d(fh,c) < (v + p)d(c, fh).

Since v+ u < 1 we get d(fh,c) = 0. Hence ¢ = fh. If T and f are weakly compatible, then we have ¢ = fh = Th which

implies fc = fTh =T fh = Tc. We next prove that ¢ = fc = T'c. Suppose ¢ # fc then using (2) we obtain

d(fe,e) = d(fe, fh)

d(Te, fc) d(Th, fh)
2 ’ 2

Sw{d(Tc,Th), }+M{d(fc,Th)+d(fh,Tc))}

IN

{ate., M7 XG0 + dte )

vy
e < (3 +) e o

which is a contradiction. This implies that ¢ = fc. Therefore we get ¢ = fc = T'c. Thus T and f have a common fixed point

and it is also unique. O

Corollary 2.2. Let (X,d) be metric space of hyperbolic type, M a non-empty closed subset of X and OM the boundary of
M. Let OM be nonempty such that f: M— M satisfies the condition

d(a, fa) d(b, fb)

atfa ) <o {aten), D AT 4 g g+ acs.an) 6

for every a,b in M and vy, u are positive real numbers such that (v + 2u) < 1 and f has the additional property that for each

x € OM and fx € M. Then f has a unique fixed point.
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Corollary 2.3. If (X,d) is a metric space of hyperbolic type and M a non-empty closed subset of X such that for each OM

be nonempty and let the two non-self mappings be T : M — X and f: M NT (M) — X satisfying the condition

d(fa, fb) <~ {d(Ta, Tb), M}

2
for every a, b in M and v, u are positive real numbers such that 0 < vy < % If
(1). M CTM, fM M C TM,

(2). Ta € OM implies fa € M,

(3). fM N M is complete.

Then there exist a coincidence point z of f and T. Moreover if f and T are weakly compatible, then z is the unique common

fixed point in M.
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