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1. Introduction and Preliminaries

Many results have been derived in fixed point theory for self-mappings in metric space and Banach spaces. But in non-self

mappings results are minimum. The author Kirk [1] had replaced Kranoselskii’s result by extending metric space to metric

space of hyperbolic type. The authors Assad [2] and Assad kirk [3] only first initiated non-self mappings in a fixed point

theory for multivalued non-self mappings in metric space.

In cone metric space many authors [4–7] have derived results in non-self mappings in fixed point theory. But very few

authors [8, 9] have derived fixed point results in metric space of hyperbolic type. Here we proved the fixed point theorem in

a metric space of hyperbolic type for a pair of weakly compatible non-self mappings satisfying the generalized contraction.

Definition 1.1 ([14]). Let (X, d) be a metric space that contains the metric segments of family L such that

(1). Seg[x, y] of L has two points x, y ∈ X which are the end points.

(2). If r ∈ Seg[x, y] and p, q, t ∈ X satisfying d(x, r) = γd(x, y) for some γ ∈ [0, 1] then

d(p, r) ≤ (1− γ)d (p, x) + γd(p, y) (1)

This type of space is called metric space of hyperbolic type.
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2. Main Result

Theorem 2.1. If (X, d) is a metric space of hyperbolic type and M a non-empty closed subset of X such that for each ∂M

be nonempty and let the two non-self mappings be T : M → X and f : M ∩ T (M)→ X satisfying the condition

d(fa, fb) ≤ γ
{
d (Ta, Tb) ,

d(Ta, fa)

2
,
d(Tb, fb)

2

}
+ µ {d (fa, T b) + d(fb, Ta)} (2)

for every a,b in M and γ. µ are positive real numbers such that (γ + 2µ) < 1. If

(1). ∂M ⊆ TM , fM ∩M ⊆ TM ,

(2). Ta ∈ ∂M implies fa ∈M ,

(3). fM ∩M is complete.

Then there exist a coincidence point z of f and T. Moreover if f and T are weakly compatible, then z is the unique common

fixed point in M .

Proof. We construct the sequence {an} and {cn} in M and a sequence {bn} in fM ⊂ X. Let c0=x. Because c0 ∈ ∂M

there exist a0 ∈M such that c0 = Ta0 ∈ ∂M . From second condition fa0 ∈M . Let us choose b1 = fa0 with b1 ∈ fM ⊂ X

which implies that fa0 ∈ fM ∩M ⊂ TM . We set here b1 = fa0 and we choose a1 ∈M such that Ta1 = fa0. Therefore we

get c1 = Ta1 = fa0 = b1. So, we get b2 = fa1. Since b2 ∈ fM ∩M , we get b2 ∈ TM from second condition. Let a1 ∈ M

with c1 = Ta1 ∈ ∂M such that c2 = Ta2 = fa1 = b2. If fa1 = b2 /∈M , then there exist c2 ∈ ∂M such that c2 ∈ seg[b1, b2].

From first condition since a2 ∈M we have Ta2 = c2. Therefore c2 ∈ ∂M ∩ seg[b1, b2]. Similarly on choosing b3 ∈ fM ∩M ,

and from second condition b3 ∈ TM and let a2 ∈ M such that Ta3 = b3 = fa2. In the manner of continuing this process,

we can construct three sequences {an} ⊆M, {cn} ⊆M and {bn} ⊆ fM ⊂ X such that

(a). bn = fan−1.

(b). cn= Tan.

(c). cn= bn if and only if bn ∈M

(d). If cn 6= bn, whenever bn /∈M and then from equation (2), cn ∈ ∂M such that cn ∈ ∂M ∩ seg(fan−2, fan−1).

If cn 6= bn, then cn ∈ ∂M and we get cn+1 = bn+1 and cn−1 = bn−1 ∈M from the above conditions. If cn−1 ∈ ∂M , then we

get cn = bn ∈M . From all above conditions we get three possibilities.

(P.1) cn = bn ∈M and cn+1 = bn+1.

(P.2) cn = bn ∈M and cn+1 6= bn+1.

(P.3) If cn 6= bn ∈M then we get cn ∈ ∂M ∩ seg[fxn−2, fxn−1).

Now we discuss three cases.

Case 1: Let cn = bn ∈M and cn+1 = bn+1. From (2) we get

d(cn, cn+1) = d (bn, bn+1)

= d(fan−1, fan)
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≤ γ
{
d (Tan−1, Tan) ,

d(Tan−1, fan−1)

2
,
d(Tan, fan)

2

}
+ µ {d (fan−1, Tan) + d(fan, Tan−1))}

= γ

{
d(cn−1, cn),

d(cn−1, bn)

2
,
d(cn, bn+1)

2

}
+ µ {d (bn, cn) + d(bn+1, cn−1))}

= γ

{
d(cn−1, cn),

d(cn−1, cn)

2
,
d(cn, cn+1)

2

}
+ µ {d (cn, cn) + d(cn+1, cn−1))}

= γ

{
d(cn−1, cn),

d(cn−1, cn)

2
,
d(cn, cn+1)

2

}
+ µ {d (cn−1, cn) + d(cn, cn+1))}

From above atleast one of the following cases holds:

(1). d(cn, cn+1) ≤ γd(cn−1, cn) + µ {d (cn−1, cn) + d(cn, cn+1)} ,

d(cn, cn+1) ≤ γ + µ

1− µd (cn−1, cn) .

(2). d(cn, cn+1) ≤ γ d(cn−1, cn)

2
+ µ {d (cn−1, cn) + d(cn, cn+1)} ,

d(cn, cn+1) ≤
( γ
2

+ µ)

(1− µ)
d (cn−1, cn) .

(3). d(cn, cn+1) ≤ γ d (cn, cn+1)

2
+ µ {d (cn−1, cn) + d(cn, cn+1)} ,

d(cn, cn+1) ≤ µ

(1− γ
2
− µ)

d (cn−1, cn) ..

From all the above cases it follows that,

d(cn, cn+1) ≤ kd (cn−1, cn)

where, k = max{ γ+µ
1−µ ,

( γ
2
+µ)

(1−µ) ,
µ

(1− γ
2
−µ)}.

Case 2: Let cn = bn ∈ M but cn+1 6= bn+1. Then we have cn+1 ∈ ∂M ∩ seg[bn, bn+1]. From equation (1) with p = b we

obtain

d(b, c) ≤ (1− γ) d(a, b)

Also,

d (a, b) ≤ d (a, c) + d(c, b)

≤ γd (a, b) + (1− γ) d(a, b)

= d(a, b)

Hence c ∈ seg[a, b] implies d(a, c) + d(c, b) = d(a, b). Since cn+1 ∈ seg [bn, bn+1] = seg[cn, bn+1], we have

d(cn, cn+1) = d(bn, cn+1)

= d(bn, bn+1)− d(cn+1, bn+1)

≤ d(bn, bn+1)

From Case 1, we obtain, d(bn, bn+1) ≤ kd (cn−1, cn) which implies that,

d(cn, cn+1) ≤ kd (cn−1, cn) .

Case 3: Let cn 6= bn. Then cn ∈ ∂M ∩ seg[fan−2, fan−1] that means cn ∈ ∂M ∩ seg[bn−1, bn]. From the above assumptions

in possibilities, we have cn+1 = bn+1 and cn−1 = bn−1. Therefore we get,

d(cn, cn+1) = d(cn, bn+1)
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≤ d (cn, bn) + d (bn, bn+1)

= d(cn−1, bn)− d(cn, cn−1) + d (bn, bn+1)

= d(bn−1, bn)− d(cn, cn−1) + d (bn, bn+1) (3)

We need to find d(bn−1, bn) and d (bn, bn+1). Since cn−1 = bn−1 we have that, d(bn−1, bn) ≤ kd(cn−2, cn−1) from Case 2.

Also,

d(bn, bn+1) = d(fan−1, fan)

≤ γ
{
d (Tan−1, Tan) ,

d(Tan−1, fan−1)

2
,
d(Tan, fan)

2

}
+ µ {d (fan−1, Tan) + d(fan, Tan−1))}

= γ

{
d(cn−1, cn),

d(cn−1, bn)

2
,
d(cn, bn+1)

2

}
+ µ {d (bn, cn) + d(bn+1, cn−1))}

= γ

{
d(cn−1, cn),

d(cn−1, bn)

2
,
d(cn, cn+1)

2

}
+ µ {d (bn, cn) + d(cn+1, cn−1))}

= γ

{
d(cn−1, cn),

d(bn−1, bn)

2
,
d(cn, cn+1)

2

}
+ µ {d (cn−1, cn) + d(cn, cn+1))}

Again the following cases hold:

(1). d(bn, bn+1) ≤ (γ + µ)d((cn−1, cn) + µd(cn, cn+1)

(2). d((bn, bn+1) ≤ γ
(
d(bn−1, bn)

2

)
+ µ {d (cn−1, cn) + d(cn, cn+1))}

≤ γk

2
d(cn−2, cn−1) + µ {d (cn−1, cn) + d(cn, cn+1))}

(3). d((bn, bn+1) ≤ γ
{
d(cn,cn+1)

2

}
+ µ {d (cn−1, cn) + d(cn, cn+1))}

Substituting all the above in (3) we get three cases.

(4). d(cn, cn+1) ≤ kd(cn−2, cn−1)− d(cn−1, cn) + (γ + µ)d((cn−1, cn) + µd(cn, cn+1)

d(cn, cn+1)(1− µ) ≤ (γ + µ− 1)d((cn−1, cn) + kd(cn−2, cn−1)

d(cn, cn+1)(1− µ) ≤ kd(cn−2, cn−1)

d(cn, cn+1) ≤ k

1− µd(cn−2, cn−1)

d(cn, cn+1) ≤ kd(cn−2, cn−1)

(5). d(cn, cn+1) ≤ kd(cn−2, cn−1)− d (cn−1, cn) +
γk

2
d(cn−2, cn−1) + µ {d (cn−1, cn) + d(cn, cn+1))}

d(cn, cn+1)(1− µ) ≤ d(cn−2, cn−1)

(
k +

γk

2

)
+ d (cn−1, cn) (µ− 1)

≤ d(cn−2, cn−1)
(k + γk

2
)

1− µ

d(cn, cn+1) ≤ kd(cn−2, cn−1)

(6). d(cn, cn+1) ≤ kd(cn−2, cn−1)− d (cn−1, cn) + γ

{
d(cn, cn+1)

2

}
+ µ {d (cn−1, cn) + d(cn, cn+1))}

d(cn, cn+1)(1− µ− γ

2
) ≤ kd(cn−2, cn−1) + d (cn−1, cn) (µ− 1)

d(cn, cn+1) ≤ k

1− µ− γ
2

d(cn−2, cn−1)

d(cn, cn+1) ≤ kd(cn−2, cn−1)
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Thus in all the cases, we get d(cn, cn+1) ≤ kd(cn−2, cn−1). That is, d(cn, cn+1) ≤ kθn, where θn ∈

{d((cn−2, cn−1), d (cn−1, cn)}. By Assad and Kirk [3] procedure we get, by induction for n > 1,

d(cn, cn+1) ≤ k
n−1
2 θ2 (4)

where θ2 ∈ {d((c0, c1), d (c1, c2)}. For n > m and using (4) and the triangle inequality we have

d(cn, cm) ≤ d(cn, cn−1) + d(cn−1, cn−2) + . . .+ d(cm+1, cm)

≤
(
k
n−1
2 + k

n−2
2 + · · ·+ k

m−1
2

)
θ2

≤
√
km−1

1−
√
k
.θ2 → 0 as m→∞.

This shows that it is Cauchy sequence. Since cn = fan−1 ∈ fM∩M is complete, there is some c ∈ fM∩M such that cn → c.

Let h in M be such that Th = c. From the construction of {cn}, there is a subsequence {cnk} such that cnk = bnk = fank−1

and fank−1 → c. We will prove that fh = c.

d(fh, c) ≤ d(fh, fank−1) + d(fank−1, c)

≤ γ
{
d(Th, Tank−1),

d(Th, fh)

2
,
d(Tank−1, fank−1)

2

}
+ µ {d (fh, Tank−1) + d(fank−1, Th))}

≤ γ
{
d (c, c) ,

d(c, fh)

2
,
d(c, fh)

2

}
+ µ {d (c, fh) + d(c, fh))}

≤ γ
{

0,
d(c, fh)

2
,
d(c, fh)

2

}
+ µ {2d (c, fh)}

From which we get in all cases

d(fh, c) ≤ (γ + µ)d (c, fh) .

Since γ + µ < 1 we get d(fh, c) = 0. Hence c = fh. If T and f are weakly compatible, then we have c = fh = Th which

implies fc = fTh = Tfh = Tc. We next prove that c = fc = Tc. Suppose c 6= fc then using (2) we obtain

d(fc, c) = d(fc, fh)

≤ γ
{
d(Tc, Th),

d(Tc, fc)

2
,
d(Th, fh)

2

}
+ µ {d (fc, Th) + d(fh, T c))}

≤ γ
{
d(c, c),

d(c, fc)

2
,
d(c, c)

2

}
+ µ {d (c, fc) + d(c, c))}

d(fc, c) ≤
(γ

2
+ µ

)
d (c, fc)

which is a contradiction. This implies that c = fc. Therefore we get c = fc = Tc. Thus T and f have a common fixed point

and it is also unique.

Corollary 2.2. Let (X, d) be metric space of hyperbolic type, M a non-empty closed subset of X and ∂M the boundary of

M. Let ∂M be nonempty such that f: M→M satisfies the condition

d(fa, fb) ≤ γ
{
d (a, b) ,

d(a, fa)

2
,
d(b, fb)

2

}
+ µ {d (fa, b) + d(fb, a))} (5)

for every a,b in M and γ, µ are positive real numbers such that (γ + 2µ) < 1 and f has the additional property that for each

x ∈ ∂M and fx ∈M . Then f has a unique fixed point.
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Corollary 2.3. If (X, d) is a metric space of hyperbolic type and M a non-empty closed subset of X such that for each ∂M

be nonempty and let the two non-self mappings be T : M → X and f : M ∩ T (M)→ X satisfying the condition

d(fa, fb) ≤ γ
{
d (Ta, Tb) ,

d(Tb, fb)

2

}

for every a, b in M and γ, µ are positive real numbers such that 0 < γ < 1
2

. If

(1). ∂M ⊆ TM , fM ∩M ⊆ TM ,

(2). Ta ∈ ∂M implies fa ∈M ,

(3). fM ∩M is complete.

Then there exist a coincidence point z of f and T. Moreover if f and T are weakly compatible, then z is the unique common

fixed point in M .

References

[1] M. Abbas and G. Jungck, Common fixed point results for noncommuting mappings without continuity in cone metric

spaces, Journal of Mathematical Analysis and Applications, 341(1)(2008), 416-420.

[2] M. Abbas and B.E. Rhoades, Fixed and Periodic point results in cone metric spaces, Applied Mathematics Letters,

22(4)(2009), 511-515.

[3] N. A. Assard and W. A. Kirk, Fixed point theorems for set valued mappings of contractive typ, Pacific J.Math., 43(1972),

553-562.

[4] I. A. Bakhtin, The contraction mapping principle in almost metric spaces, Funct. Anal. Gos Ped. Inst. Unianowsk,

30(1989), 26-37.

[5] L. G. Huang and X. Zhang, Cone Metric Spaces and Fixed Point Theorems of contractive mappings, Journal of Math-

ematicl Analysis and Applications, 332(2)(2007), 1468-1476.

[6] S. Jankovic, Z. Kadelburg, S. Radenovic and B. E. Rhoades, Assad-Kirk-type fixed point theorems for a pair of Non-Self

mappings in Cone Metric Space, Fixed point theory and applications, 2009(2009), Article ID 761086, 16 pages.

[7] Z.Kadelburg, S. Radenovic, V.Rakocevic, “A note on the equivalence of some metric and cone metric fixed point results,

Appl. Math. Lett.24(2011), 370-374.

[8] P. Raja and S. M. Vaezpour, Some extensions of Banach’s contraction principle in complete cone metric spaces, Fixed

point theory and Applications, 2008(208), Article ID 768924, 11 pages.

[9] Stojan Radenovic, A pair of Non-Self Mappings in cone metric spaces, Kragujevac Journal of Mathematics, 36(2)(2012),

189-198.

[10] Stojan Radenovic and B. E. Rhoades, Fixed point theorem for two non-self mappings in cone metric spaces, Computers

and Mathematics with Applications, 57(2009), 1701-1707.

[11] R. Sumithra, V. Rhymend Uthariaraj, R. Hemavathy and P. Vijayaraju, Common fixed point theorem for Non-Self

Mappings satisfying Generalised Ciric Type Contraction condition in Cone Metric Space, Fixed point theory and Ap-

plcations, 2010(2010), Article ID 408086, 17 pages.

[12] X. J. Huang , J. Luo, C. X. Zhu and X. Wen, Common fixed point theorem for two pairs of non-self mappings satisfying

generalised ciric type contraction condition in cone metric spaces, Fixed point theory and Applcations, 2014(2014), 19

pages.

82



B. Geethalakshmi and R. Hemavathy

[13] Xianjiu Huang, XinXin Lu and Xi wen, New common fixed point theorem for a family of non-self mappings in cone

metric spaces, J. Non linear Sci. Appl., 8(2015), 387-401.

[14] Ljubomir and B. Ciric, Contractive type non-self mappings on metric space of hyperbolic type, J. Math. Anal. Appl.,

317(2006), 28-42.

[15] W. A. Kirk, A Fixed Point theorem for mappings which do not increase distances, American Math. Monthly, 72(1965),

1004-1006.

83


	Introduction and Preliminaries
	Main Result
	References

