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1. Introduction

Pricing of options become highly demanded problem in the financial markets. There are various options pricing models

which are being used to derive the fair market value of an option. Among these, the Black-Scholes-Merton (BSM) model

is the most widely used. The very first European BSM model derived for plain vanilla option [10]. After that many BSM

models have been derived for different payoff functions [7]. There are various methods like analytical method, Binomial

method, Mellin transform, Projected Differential Transform method (PDTM) etc, to solve BSM differential equation for

different payoff functions. The closed form solutions of BSM differential equation for different payoff functions have been

derived. But the financial market point of view, it is demanded to derive solution of BSM differential equation with time

dependent parameters. Further, the BSM differential equation with time dependent parameters has been derived [8]. Also,

the solution of that equation for plain vanilla call option has been derived [9]. In this paper, the solution of BSM differential

equation with time dependent parameters for standard powered call option has been derived which is a generalization of plain

vanilla call option. The solution involves the technique of change of variables so that one can transform BSM differential

equation with time dependent parameters into constant parameters directly. We derive the BSM model with time dependent

coefficients is a product of option price with constant parameters, the ratio of strike prices in the original problem and in the

transformed problem, a discount factor involving parameterized time variable. In section-2, the derivation of BSM model

with time dependent parameters for standard powered call option has been discussed.

2. Solution of BSM Differential Equation

In this section, we derive the solution of BSM differential equation with time dependent parameters for standard powered

call option, max{Sp −K, 0}, where p ∈ R+, S is the value of underlying asset at expiration time T , and K is the striking
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price of the option.

The BSM differential equation on non dividend paying asset with time dependent parameters is given by

∂FC
∂t

+
1

2
(σ(t))2S2 ∂

2FC
∂S2

+ r(t)S
∂FC
∂S
− r(t)FC = 0, (1)

where FC(S, t) is the value of call option at time t which expires at T , σ(t) and r(t) are volatility and risk free interest rate

at time t, respectively, S is the value of underlying asset at time t. Further, the payoff for standard powered call option is

given by

FC(S, T ) = max{Sp −K, 0}. (2)

Now, the BSM differential equation with constant parameters is given by

∂FC

∂t
+

1

2
σ2S

2 ∂2FC

∂S
2 + rS

∂FC

∂S
− rFC = 0, (3)

where FC(S, t) is the value of call option having asset price S at time t < T , σ and r are constant volatility and constant

risk free interest rate. Further, the payoff for standard powered call option of the equation (3) is given by

FC(S, T ) = max{Sp −K}, (4)

where K is the strike price of the option. We transform the equations (1) and (2) into equations (3) and (4) such that t = T

when t = T . Taking transformations

FC(S, t) = η(t)FC(S, t), S = λ(t)S and t = ρ(t). (5)

Thus equation (1) reduces to

∂FC

∂t
+

(σ(t))2(λ(t))2S2

2ρ′(t)

∂2FC

∂S
2 +

[r(t)λ(t) + λ′(t)]S

ρ′(t)

∂FC

∂S
+
η′(t)− r(t)η(t)

η(t)ρ′(t)
FC = 0. (6)

From equations (3) and (6), we get

(σ(t))2(λ(t))2S2

2ρ′(t)
=

1

2
σ2(λ(t))2S2,

[r(t)λ(t) + λ′(t)]S

ρ′(t)
= rλ(t)S, and

η′(t)− r(t)η(t)

η(t)ρ′(t)
= −r. (7)

Further simplifying equation (7), we get

ρ(t) = − 1

σ2

∫ T

t

σ(s)ds+ C1, λ(t) = C2e
−

∫ T
t (rρ′(s)−r(s))ds, and (8)

η(t) = C3e
−

∫ T
t (r(s)−rρ′(s))ds, (9)

where C1, C2 > 0 and C3 > 0 are constants of integration which are to be determined so that equations (2) and (4) satisfies

when t = T . The equations (2), (4) and (5) yields

η(T )(λ(T ))p = 1, (λ(T ))p =
K

K
.

Substituting these values in equation (9), we get

C1 = T , C2 =

(
K

K

) 1
p

and C3 =

(
K

K

)
.
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Hence, solution of BSM differential equation (1) with time dependent parameters is given by

FC(S, t) =

(
K

K

)[
e
−

∫ T
t

(
r(s)− r

σ2
(σ(s))2

)
ds

]
FC(S, T ), (10)

S =

(
K

K

) 1
p

e
−

∫ T
t

(
r
σ2

(σ(s))2−r(s)
)
ds
, and t = − 1

σ2

∫ T

t

(σ(s))2ds+ T ,

where FC(S, T ) is the closed form solution of equation (3) and (4), which is given by

FC(S, T ) = S
p
e(p−1)(r+pσ

2

2
)(T−t)N(d1)−Ke−r(T−t) N(d2),

d1 =
ln( S

K
) + (r + (2p− 1)σ

2

2
)(T − t)

σ
√
T − t

, d2 =
ln( S

K
) + (r − σ2

2
)(T − t)

σ
√
T − t

and

N(·) is a cumulative distribution function of standard normal random variable.

3. Conclusion

The BSM model with time varying parameters for plain vanilla option become special case by taking p = 1 in the equation

(10). The described method shows that the price of European call option on a non dividend paying asset is a product of

solution of BSM equation with constant parameters, ratio of strike prices and discounted factor with parameterized time.

This method is applicable for European put option also. Further, the solution of BSM differential equation with time

dependent parameters can be derived for general payoff functions.
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