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Abstract: In the era of soft skills and almost every area of physical activity and space, the shied ankle role player is data security.

However safe the data may be today by creating the firewall, in few hours or days, those firewalls are pierced through and
the data will be hacked/stolen. So, every moment, there is a need for creating new firewalls or new techniques in security

systems. Ciphering through algebraic techniques is my view point and taking a lattice based on algebra and failure of

distributive property may be considered as a productive approach that enciphers a code and deciphering may be difficult
while there is no regularity/balance in the system. The polynomial ring defined over a finite field of residue classes modulo

p where p is a prime, is a commutative ring with unity. A principal ideal generated by an irreducible polynomial is a

maximal ideal in that ring. So, the theorem ‘if R is a commutative ring with unity, M is an ideal of R, then M is maximal
if and only if the quotient ring of R by M is a field”, helps us to construct a field. Defining the ‘join’ denoted by ‘∨’ and

‘meet’ , ‘∧’ operations on this field using the modulo p operation both on the coefficient and exponent of each monomial
of each polynomial will allow the closedness under these operations and thus the formed lattice is a closed algebra. In the

present discussion, we restrict our view to the elements of Z5
5 [x] up to distributive property.
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1. Introduction

Finite field of residue classes modulo 5 is considered and polynomial ring is defined on it. The lattice in which the distributive

property is not assumed is a non distributive lattice and the one in which the distributive property is assumed but failed is a

not distributive lattice. The present discussion is about not distributive lattice. We deal with the sets of polynomials in the

perspective of Birkhoff [3]. The modulo 5 operation is used on both the coefficient and exponent of each of the monomials

of each of the polynomials is defined and so, the formed set denoted by Z5
5 [x] read as ‘multi modulo 5 set of polynomials

over integers. The ‘multi modulo 5’ operation is written as

∫
Z5
5

f (x) g (x) dx

mod 5 and
(

d
dx

(f (x) g (x))
)
mod 5 according

to the operation used.

1.1. Polynomial Ring over a finite field

Z5 = {[0] , [1] , [2] , [3] , [4]}

Z5
5 [x] =

{
0, 1, 2, 3, 4, x, 2x, 3x, 4x, x + x2, ..., 4 + 4x + 4x2 + 4x3 + 4x4}

These are the all polynomials possible by restricting the degree to 4 using the modulo 5 and taking coefficients from the

field Z5. ∣∣Z5
5 [x]

∣∣ = 3125
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Definition 1.1. Let f (x) , g (x) ∈ Z5
5 [x], then

f (x) ∨ g (x) = sup 〈f, g〉 =

(∫
Z5
5

f (x) g (x) dx

)
mod 5 (1)

Where (∫
Z5
5

xnxmdx

)
mod 5 =

(
mod

(
xn+m+1

n + m + 1
, 5

))
= (n + m + 1)mod 5 · x(n+m+1)mod 5 (2)

Definition 1.2. Let f (x) , g (x) ∈ Z5
5 [x], then

f (x) ∧ g (x) = inf 〈f, g〉 =

(
d

dx
(f (x) g (x))

)
mod 5 (3)

Where (
d

dxZ5
5

(f (x) g (x))

)
mod 5 = mod (n + m, 5) · x(n+m−1)mod 5 (4)

2.
(
Z5
5 [x] ,∨,∧

)
is a Lattice

Every two members of Z5
5 [x] can be compared using ∨ or ∧. So, reflexive, anti-symmetry and transitive properties follow.

The uniqueness of integral and that of the derivative confirms that the supremum ‘sup’ or ∨ and infimum ‘inf’ or ∧ are

unique for each pair of members of the set Z5
5 [x]. This establishes the lattice structure of Z5

5 [x].

Theorem 2.1.
(
Z5
5 [x] ,∨,∧

)
is not a distributive lattice.

Proof. Consider

f (x) = 3x4 + 2x,

g (x) = 4x3 + 2,

h (x) = x2 + 2x + 4 ∈ Z5
5 [x]

Then

f (x) g (x) = 4x4 + 2x2 + 4x(∫
Z5
5

f (x) g (x) dx

)
mod 5 =

{
4

(
mod

(
x5

5
, 5

))
+ 2

(
mod

(
x3

3
, 5

))
+ 4

(
mod

(
x2

2
, 5

))}
f ∨ g = 4x3 + 2x2 (5)

f (x)h (x) = 2x4 + 2x3 + 4x2 + x + 1(∫
Z5
5

f (x)h (x) dx

)
mod 5 = 2x4 + 3x3 + 2x2 + x

f ∨ h = 2x4 + 3x3 + 2x2 + x (6)

Therefore Equations (3), (5) and (6) result in

(f ∨ g) ∧ (f ∨ h) =

(
d

dxZ5
5

(
4x3 + 2x2) (2x4 + 3x3 + 2x2 + x

))
mod 5

= 2x3 + x2 + x + 1 (7)
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g (x) ∧ h (x) =

(
d

dxZ5
5

(
4x3 + 2

) (
x2 + 2x + 4

))
mod 5 (8)

= 2x3 + 3x2 + 4x + 4 (9)

f (x) ∨ (g (x) ∧ h (x)) =?

Using (8) in the Definition 1.2,

(∫
Z5
5

(
3x4 + 2x

) (
2x3 + 3x2 + 4x + 4

)
dx

)
mod 5 = x4 + 3x3 + x2 + 2x (10)

Equations (7) and (8) confirm that the distributive law fails in the ring of residue polynomials over the field of residues.

Therefore
(
Z5
5,∨,∧

)
is a lattice in which the distributive property fails.

3. Conclusions

The set of lattices defined over numerous algebraic structures that failed to admit the distributive property are of the purpose

serving towards the information technology where there is the construction of firewalls and keeping the hacking away and

maintain the security systems intact. Representing a text or a message with the help of polynomial and applying the not

distributive condition, it would be difficult to hack the information.
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