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1. Introduction

In the study of spectrum of an operator T ∈ β(H), we have seen that if T is an operator on H, then the set of all eigen

values of T is a non-empty finite set of the complex plane and the finite number of eigen spaces corresponding to different

eigen value or closed subspace for normal operator. The spectral theorem gives the relation among the eigen values, closed

eigen spaces and the projection on these spaces [2,3]. Some authors studied spectral theorem of Some operators in Hilbert

spaces see [4,6]. In the sequel, the following definitions are needed [1].

2. Main Results

Definition 2.1. Let T be an operator on H. Then the scalar is called an eigen value of T if there exists a non-zero vector

x in H such that Tx = Ωx.

Definition 2.2. If Ω is an eigen value of T, then any non-zero vector x in H such that Tx = Ωx is called an Eigenvector.

Definition 2.3. The closed subspace MΩ is called the Eigen space of T corresponding to the eigen value Ω.

Definition 2.4. Let H be a Hilbert space and let N ∈ β(H) and N∗ be the adjoint of N. Then N is said to be normal if

NN∗ = N∗N (i.e.,) N is said to be normal if it commutes with its adjoint. Every self-adjoint is normal.

Theorem 2.5. Let T be an operator on a finite dimensional Hilbert space H with Ω1,Ω2, . . . ,Ωm as the distinct eigen values

of T and with M1,M2, . . . ,Mm be their corresponding eigen spaces. If P1, P2, . . . , Pm are the projections on the spaces, then

the following conditions are equivalent.
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(1). The Mi’s are pair-wise orthogonal and span H.

(2). The Pi’s are pair-wise orthogonal and P1 + P2 + · · ·+ Pm = I and T = Ω1P + Ω2P + · · ·+ ΩmP .

(3). T is a normal operator on H.

Theorem 2.6. Let T be any arbitrary operator on H and N a normal operator on H. Then if T is commute with N, then

T also commutes with N∗.

Proof. From hypothesis, we get TN = NT . We shall show that TNn = NnT , for any positive integer n by induction.

The result is true for n = 1. Let us assume that it is true for (n− 1). That is TNn−1 = Nn−1T . Now TNn = (TNn−1)N =

(Nn−1T )N = Nn−1(TN). But Nn−1(TN) = Nn−1(NT ) = (Nn−1N)T = NnT , which proves that the conclusion is true

for n. Therefore it is true for all values of n.

Let p(t) = a0 + a1t+ · · ·+ ant
n be a polynomial with n degree whose coefficients are complex. Then we have

p(N) = a0I + a1N + · · ·+ anN
n.

Tp(N) = T (a0I + a1N + · · ·+ anN
n)

= a0TI + a1TN + · · ·+ anTN
n

= (a0IT + a1NT + · · ·+ anN
nT )

= (a0I + a1N + · · ·+ anN
n)T

= p(N)T.

Hence we have proved that Tp(N) = p(N)T . Thus we have also shown that if T commutes with N, then T also commutes

with any polynomial in N. Let N = Ω1P1+Ω2P2+· · ·+ΩnPn be the spectral resolution of the normal operator N. Then N∗ =

(Ω1P1+Ω2P2+· · ·+ΩmPm)∗ = Ω1P
∗
1 +Ω2P

∗
2 +· · ·+ΩmP

∗
m. Since P ∗

i = Pi for all n, we get, N∗ = Ω1P
∗
1 +Ω2P

∗
2 +· · ·+ΩnP

∗
n .

Each operator Pi is a polynomial in N. Therefore N∗ is also a polynomial in N. So T commutes with N∗.
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