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1. Introduction

Let H be an infinite dimensional complex Hilbert and B(H) denote the algebra of all bounded linear operators acting on
H. Recall that an operator T' € B(H) is positive, T' > 0, if (T'z,z) > 0 for all x € H. An operator T' € B(H) is said to
be hyponormal if 7*T > TT™. Hyponormal operators have been studied by many authors and its known that hyponormal
operators have many interesting properties similar to those of normal operators. An operator T is said to be p-hyponormal
if (T"T)? > (TT*)P for p € (0,1] and an operator T is said to be log-hyponormal if T is invertible and log | T |> log | T™ | .
p-hyponormal and log-hyponormal opertaors are defined as extension of hyponormal operator.

An operator T is called paranormal if ||Tz|® < ||T2xH ||lz|| for all z € H.An operator T is called quasi-paranormal if
”T2xH2 < ”T3m|| ||Tz|| for all x € H. An operator T is called k-quasi-paranormal if ”TIH'I:EH2 < ||Tk+2x|| HTka for all
x € H. An operator T' € B(H) is said to be m-quasi k-paranormal for some positive integer m and k if for all x € H,

”Tm+k+1$” ||Tmm||k: Z ||Tm+lx||k+1.
1.1. Preliminaries

Let L? = L*(Q, A, i) denote the space of all complex-valued measurable function for which fQ If |2 dp < co. A composition
operator on L?, induced by a non-singular measurable transformation T, is denoted by C7 and is given by Crf = f o T for
each f € L?. Then for f € L? and for any positive integer k, C5f = foT*, Cirf = h.E(f)oT ™" and C3* f = hy. E(f)oT™F,
where hy = d,quk/d,u. Let W = W(, 1), denote the weighted composition operator on L? given by (f = u.f oT) induced
by a complex-valued measurable mapping u on €2 and the measurable transformation 7" : Q —— Q. The adjoint W™ of the

weighted composition operator W is given by

W*f=hE(u.f)oT "
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W*f =up.foT"
W**f = hp. E(up.f) o T™F
W*Wf=hE@u*)oT"

WW*f =u(hoT).E(u.f) for each f € L*.

The operator Cr are not necessarily defined on all of H?(3). They are ever where defined in some special cases in the

0o n,—n
classical Hardy space H2. Let w be a point on the disk. Define kﬁ(z> = > Z[;: Then the function k2 is a point
n=0 n
oo 2n
evaluation for H?(8). Then k2 is in H?(3) and HkE,HQ = > |l;2| . Thus, ||kw| is an increasing function of | w | . If
n=0 n

f(z) = > anz™ then <f, k5’>6 = f(w) for all f and k2 is known as the point evalution kernal at w. It can be easily shown
n=0

that Crkl, = ki, and kg = 1.

2. m-Quasi k-Paranormal Composition Operators

In this chapter, some properties of m-quasi k-paranormal composition operators are discussed.
Theorem 2.1. Let Cr € B(L?). Then the following are equivalent
(a). Cr is m-quasi k-paranormal.

1

(b). (k+1)7 u*

Vi ER) o T=f | = k3 ™5 |V | < | Vomsn ER) o T=C0 | for each f € L*.
(c). (k4+1) P hmE(h) o T™™ — k" hpy < Bunyx E(R) o T~ where by, = duT™™ /dp.

(d). (k41)pfhpm 1ho T ™ VEMR) o T™™ — kp*  hy, 1ho T™m™Y < by E(R) o TR,

(e). (k+1)p*hhm 10T YE() o T™™ — kT hhy 1 0 T < hyyw E(h) o T HR),

Proof.
To prove (a) = (b)

Let Cr is m-quasi k-paranormal.

(kDb ((CF P CF) 1) = k(e ey £ ) < ((Cm T ep ) 1) (1)
Consider
(CF" I OF) f = hmE(R) o T f (2)
CF"CFf = hnf (3)
CHm ORI = han i B(h) 0 ™0 ()

Sub (2), (3) and (4) in (1)

(k+ D (b B() o T f, ) = ki i f £) < (hnn B(R) o T~ 0 1, 1)
(k+ 1) o E(h) o T~ f — k"™ A f < by E(h) 0 T~ M) f

1 k41
VhmE(R) o T*me —krur

1

(k+1)% 2

Vind| < H¢hm+kE(h) oT*’”*’“fH
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To prove (b) = (c)

Consider

1

(k+1)% p*

Vi B o T f]| - kT

(k+ D) b E(h) o T™™ — k" hypy < honyw E(h) 0 T~ (MHF)

\/ﬁfH < H\/hm+kE(h) ° T*(erk)fH

To prove (c¢) = (d)

Consider

(k+ D" b B(h) 0 T™™ — k" oy < hy i E(R) 0 T~ (5)

B = W™ (B) (©)
We have,

W (B) = ut (170 (B))

= / mdu
T-(m=1)(B)

pIT~™(B) = /B hm_1ho T~ (M Vay (7)
Sub (7) in (6)
B = hm_1h o T~ (™= (8)
Sub (8) in (5)
(k+1) (P hmtho T™ ™ VEMR) o T™™ — k" hpn_1h o T-™ Y < bk E(R) o T~ ™0

To prove (c) = (e)

Consider

(k+ D b B(h) o T~ — kpt* b < him 1 B(R) 0 T~ ") 9)

hm = pT~™(B) (10)
‘We have,

W™ (B) = uT™ " (171(B))

= / hm_ld,u
T—(B)

pI~"™(B) = /Bh.hm_1 oT 'du (11)
Sub (11) in (10)
Bom, = DB 1 0T " (12)
Again sub (12) in (9)
(k+1) b1 o T E(R) o T™™ — kpt" ™ hob 1 0 T < hypyx E(R) 0 T~ FF)

Hence the proof. O
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Corollary 2.2. If T"'(A) = A then Cr is m - quasi k-paranormal if and only if (k+1) Wb h o T™™

hm+k.h o T_(m+k> .

Theorem 2.3. If C} is m - quasi k-paranormal then (k+1)p* (hmy1 0o TYE(f), f) — kpF T (R o TTE(f), )

(Pmsrsr 0o THRHLE(F), f).

Proof.

Case (i): Let CF is m-quasi k-paranormal.

(k+ DpkCpiommt — gt tiopogm < optkriogmtitt

(kb ((CFT ) £, 1) = kit (RO 1) < ((Cr e ) 1 )

Consider

(CTTCE™ ) f = b o T E(f)
CHCF" f = hm o T™E(f)

Cpt e N f = b 0 T L B(f)
Sub (14), (15) and (16) in (13)
(D (mss o T B(f), £) = ot om0 TB(f), £) < (Bt o T LB (S), £)
Case (ii): Let (k+ 1)p* (hmy1 o T E(f), f) — kp* T (hm o T E(f), f) < (Bmars1 o T"T*TLE(f), f).
(k4 D" i1 o T"FLE(f) = kp" By 0 T"E(f) < hynprn o T T*FLE(S)
Consider

hmsr o T LE(f) = C7 O7" f
ho o T™E(f) = CRCF™ f

Bumiigr o TR B(f) = Cpthtiopmth+l g
Sub (18), (19) and (20) in (17)

(k+ Dt CP ot f — T op ot f < Cp T O

(k + 1)“k0$+lc;m+1 _ k“k-&-lc%nc;m S C,}n-‘—k-&-lc;m-‘—k-&-l

Hence C7T is m - quasi k-paranormal. Hence the proof.

1

Corollary 2.4. If T '(A) = A then C% is m - quasi k-paranormal if and only if (k+1)2 ,u,g

k41

k%,u 2 H\/hm OTme < H\/hm+k+1 on“'k'*‘lfH for each f € L*.

_ kMkJrlhm

hmy1 o Tm+Lf

IN

IN

(13)

(14)
(15)

(16)

(17)

(18)
(19)

(20)

O
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3. m-Quasi k-Paranormal Weighted Composition Operators

In this Chapter,m-quasi k-paranormal weighted composition operators on a Hilbert space are characterized.

Theorem 3.1. Let W is m-quasi k-paranormal if and only if (k+ 1) p* ||um+1fOTm+1H2 — EpF |l f o T™||

”um+k+1f o T"”"“'HH2 for each f € L2.

Proof.

Case (i): Let W is m-quasi k-paranormal.

(k + D)W ym g Mgy < ek gy meked
(kD (WL W) — T W W < (W R

(1) W =t ) < [ g

Consider

Wm+1f = um+1.f o Tm+1
W™ f = wupm.foT™

WML £ = kg1 f o T TFH
Sub (22), (23) and (24) in (21)
(s 1) i umsn f o T * = k™ ffum f o T < |fumsnsn f o 7745 H2
Case (ii): We have
(k+1)p* ||ums1fo TmHH2 — k" Jum f o T™|)? < Hum+k+1f o T’”*’““H2

Consider

Wm+1f — um+1-f ° Tm+1
W™ f = tm.foT™

Wm+k:+1f _ um+k+1~f ° Tm+k+1
Sub (26), (27) and (28) in (25)

(k+ 1) i WP = g < W

‘ 2

(k‘ + 1)’uk:W*m+1Wm+lf _ k/,bk+1W*mef S W*m+k+1wm+k+1f

(k + 1)MkW*m+1Wm+1 _ kuk+1W*me S W*m+k+1wm+k+l

Hence W is m - quasi k-paranormal. Hence the proof.

? <

(25)

O

Corollary 3.2. If T"'(A) = A then W is m - quasi k-paranormal if and only if (k—+1) " hmi1.u?, 1 0 T—(m+D _

k+1 2 — 2 — k+1
ku + B2, 0 T™™ < Bpy k12 ogosq © T (m+k+1)
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2
Theorem 3.3. Let W* is m-quasi k-paranormal if and only if (k+1)p~ "hm+1E(um+1f)oT7<m+1)H —

2
/f,uk“ ||hmE(umf) ° Tﬁm”2 < Hhm+k+1E(Um+k+1f) ° Tﬁ(mMH)H for each f € L.

Proof.

Case (i): Let W* is m-quasi k-paranormal.

(k‘ + 1)/.LkW*m+1Wm+1 _ ki/.Lk+1W*me S W*m+k+lwm+k+1

(k+ 0 (W W) £ ) = kW £ ) < (W) g p) (29)
consider
W = byt By f) o T~ D (30)
W™ f = hpnE(um.f)oT™™ (31)
W = g1 B g f) 0 T 0 FEFD (32)

Sub (30), (31) and (32) in (29)

2

- 2 —m|2 _
(k’ + 1) 'uk Hhm+1E(um+1.f) oT (m+1) _ k’uk-‘rl ||hmE(Umf) oT mH < Hherk+1E(um+k+l~f) oT (m+k+1)

Case (ii): We have
2 2
(k+ 1) 4f HhmHE(umﬂ.f) o T’“”“)H — b | hn B (. f) o T|° < HhmMHE(umMH.f) o T’(’”*"“)H (33)
Sub (30), (31) and (32) in (33)

(4 1) [ = bl e g < e
(k1) (W W)k (W) < (W g e
(D (W) £ < kW 1) < (W) g
(k A+ DWW — W W f S W R

(k+ DpFwm T gy < kg em ke

Hence W™ is m - quasi k-paranormal. Hence the proof. O

Corollary 3.4. If T"Y(A) = A then W* is m - quasi k-paranormal if and only if (k+ 1)t ums1hmi1 0 T™ i 0

Tm+1 — k’/LkJrlumhm o Tm.um o™ S um+k+1hm+k+1 o Tm+k+1.um+k+1 o Tm+k+1.

4. m-~Quasi k-Paranormal Composition Operators On Weighted
Hardy Space

In this Chapter,m-quasi k-paranormal composition operators on weighted Hardy space are characterized.

Theorem 4.1. If Cr is m-quasi k-paranormal operator on H*(B) then u= 1.
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Proof.  Assume that Cr is m-quasi k-paranormal operator on H?(3).

To prove: Let Cr is m-quasi k-paranormal operator.

Let f =kl then

Ifk=1,

C;m+k+1cm+k+1 _ (k + 1) C*m+1C;n+1 + kuk+10;mc’}n Z 0

ezt = e+ vut llez I + ket e A1 2 0
lezs g || = e+ ot lop g+ e |opsg]| = 0
Hc@“(oﬁmﬂ B-(k+1ﬁﬁ”6&(0?@ﬂ +kﬂM4HC$k§H >0
Hc“%w k+1uHamﬂ‘+k““kﬂ‘>0
HGﬂ&MH k+1uHomﬂ]+kM“()>0
A e
‘k&%“ (k4 Dp*(1) + k> 0
R

1—(k+1Dp (1) + k"™ >0

1—2u+p*>>0

By elementary properties of real quadratic form, we get u = 1.

Theorem 4.2. If C4 is m-quasi k-paranormal operator on H?(B) then p = 1.

Proof.  Assume that C4 is m-quasi k-paranormal operator on H?(f).

To prove: Let CT is m-quasi k-paranormal operator.

Let f =k then

Cm+k+lc*m+k+1 _ (k + 1)Mkc}n+1c;m+1 + kﬂk+lc;nc;m 2 O

ezt a | = e+ v flez 1| + b Ci 1P 2 0

HCW*“%ﬁH k+1uHC +km*10?%ﬂr20
‘p”“ “%w k+1u]k&c MH+¢J“ *me>w
R A S e

Hc @ww k+1uHawﬂ R >0

o - -t e 2

(Mﬂ‘ (k4 Dp*(1) + k> 0
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(1) = (k+1)p" + kp™*t >0

1—(k+D)p* + k™ >0

Ifk=1,

1—2u+p*>>0
By elementary properties of real quadratic form, we get pu = 1. O
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