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1. Introduction

In this paper, we consider the nonlinear Volterra integral equation of the form:

D(s) =g(s) + )\/S U(s, t)A(P(t))dt, (1)

where g(z) and the kernel W(s,t) are analytical functions on R and R? respectively, A(®(t)) is the nonlinear function of
unknown function ®(¢) and a, A are positive integers. The Adomian decomposition method was introduced by George
Adomian in 1980 [1]. Basically, the technique provides an infinite series solution of the equation and the nonlinear term
is decomposed into an infinite series of Adomian polynomials [2-5, 11, 12]. Until recently, the application of the ADM
and MADM [8-10, 13] in nonlinear problems has been developed by scientists and engineers, because this method deforms
the difficult problem under study into a simple problem which is easy to solve. Moreover, convergence of the solution of
nonlinear Volterra integral equations have been studied by several authors [6, 7].

The main objective of the present paper is to study the behavior of the solution that can be formally determined by analyt-
ical approximated methods such as the Adomian decomposition method and the modified Laplace Adomian decomposition
method for nonlinear Volterra integral equation. The rest of the paper is organized as follows: In Section 2, Adomian
Decomposition Method is constructed for solving Volterra integral equations. In Section 2.1, modified Adomian Decomposi-
tion Method is constructed for solving Volterra integral equations. Section 2.2 a new modified on Adomian Decomposition
Method is constructed for solving Volterra integral equations. Section 3 modified Laplace Adomian Decomposition Method is

constructed for solving Volterra integral equations. Section 3.1 a new modified on Laplace Adomian Decomposition Method
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is also constructed for solving Volterra integral equations. Section 4 presents analytical examples to illustrate the accuracy

of the methods used in this study. The final Section 5 gives a report on the paper along with a brief conclusion.

2. Adomian Decomposition Method

We consider the equation (1), the Adomian’s method defines the solution ®(s) by the series

and the nonlinear function F' is decomposed as

where A,, are the Adomian polynomials given by

Ao = A®),
A = &,A' (Do),
’ 1 "
Ay = DA (Pg) + E‘IﬁA (o),
’ " 1 11
Ay = B30 (D) + B1 DA (q>0)+§<1>§A (Do),
(4)
The components @, ®1, P2,... are determined recursively by
o = g(s),
B, — )\/ U(s, t)An_rdt, n> 1. )
Having defined the components ®g, ®1, Ps,..., the solution ® in a series form defined by (2) follows immediately. It is

important to note that the decomposition method suggests that the 0" component ®¢ be defined by the initial conditions

and the function g(x) as described above. The other components namely ®1, ®,. .., are derived recurrently.

2.1. First Modified Adomian Decomposition Method

The modified Adomian decomposition method was introduced by Wazwaz [14, 15]. This method is based on the assumption

that the function g(s) can be divided into two parts, namely ¢1(s) and g2(s). Under this assumption we set

9(s) = g1(s) + g2(s). (6)
The components ®g, ®1, P2,... are determined recursively by
o = gi(s),
® = 92(8)+)\/ U(s,t)Aodt, (7)
o, = )\/ U(s,t)An—1dt, n>1. (8)
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2.2. Second Modified Adomian Decomposition Method

The main idea of the second modified technique is replacing the non-homogeneous function g(s) by a series of infinite

components. Ref. [9] expresses ¢(s) in term of the Taylor series and introduces the recursive formula:

Do = gi(s),

o, = gk(S)—f—)\/ \I/(Sﬂf)Akfldt, k> 0. (9)

3. Modified Laplace Adomian Decomposition Method

Consider the nonlinear Volterra integral equation (1) with difference kernel i.e. k(z,t) = k(z — t) defined as:

We apply the Laplace transform to both sides of Eq.(10):

£10(s)] = Llo(a)) + 21| (s~ DA@()dr) ()
Using the differentiation property and convolution theorem of the Laplace transform [9] we get:

L[®(s)] = L[g(z)] + LY (s — )] L[A(D(2))dt]. (12)

Substituting (3) and (4) into (2), we get

LY @u(s)] = Llg(x)] + LNV (s — )]L]D  Andt]. (13)

Using the linearity property of Laplace transform, we get
o o]
Zc[cp Llg(x)] + LINY(s — 1)] Z L[Andt). (14)
To determine the terms ®g, 1, P2, - - - of infinite series, comparing both sides of (6), we have the following iterative scheme

L[®o] = Llgi(s)],

L@ = Llga(s)] + LA [ (s — ) Aad), (15)

L[®n]

L[A/ U(s — ) Ap_dt], n>1. (16)
Employing the inverse Laplace transform to (7) and (8), we get

o = L7'[Lgi(s)]],
b = c*l[L[gQ(s)}+.c[x/s\p(sft)Aodt]], (17)

2

LML / V(s —t)Ap_1dt]], n>1. (18)
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3.1. New Modified Laplace Decomposition Method

The main idea of the new modified technique is replacing the non-homogeneous function g(s) by a series of infinite compo-
nents. Ref. [14] expresses g(s) = g1(s) + g2(s) + g3(s) + ga(s) + g5(s) + - -+ in term of the Taylor series and introduces the
recursive formula:

Ll®o] = Llgi(s)],
V(s —t)Apdt],
£®a) = Llga(s)] + £ [ W(s— ) Arat),
L[®3] = Lga(s)]+ LI\ | T(s—t)Adt],

L[®4]

I
5
)
ot
=
+
D
>

W(s — t)Asdt],

To determine the terms ®g, ®1, P2, - - - of infinite series, comparing both sides of (6), we have the following iterative scheme

o = L7[L[gi(s)]],

1 = L7VL[g2(s)] + LA [ W(s — 1) Aodl],

s

©2 = L7[Llga(s)] + LIN [ W(s — ) Audt],

S

By = L£7'[Llga(s)] + LI [ W(s — 1) Adt],

K

®s = L7 [Llgs(s)] + LIN [ W(s — 1) Asdt],

4. TIllustrative Examples
Example 4.1. Consider the non-linear Volterra integral equation:
®(s) =secs+tans — /s O3 (t)dt, (19)
0
To investigate the first modified technique, we split g(s) into two parts, say
g(s) =secs +tans = g1(s) + g2(s)
The modified recursive Formula (3.2) reads

Dp(s) = secs,
Dq(s) = tans— / Aodt =tans — / sec’ tdt = 0,
0 0

Bp(s) = 0, k> 1.

This leads to the exact solution ®(s) = secs. To investigate the second modified technique, let us first expand the function

g(s) in term of Taylor series expansion. This reads

L
3

2 1
7554_67564,_...

_ 15 3, 5 4
g(s)—1+s+2s+ s+24s +15 720
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Next, the second modified recursive formula (12) gives:

CI)()(S) =

By (s) = s_/ Aodt = 0,

CI)Q(S) = 255 —/ 1dt
0

D3(s) = %53—/ Azdt =0,

Dy(s) = —s —/ Asdt = —87

This leads to

. 1 5 4 61
Phi(s) = 14 55" + s +ﬁo Z

2n

This is the Taylor series expansion of sec s, where E, represents the n'® Euler number.

First Laplace Modification: Using the recursion relation (3), we get

L{Po(s)}
L{®1(s)}

L{secs},

L{tan s} — £{/: Aodt} = L{tans} — L{/OS sec’ tdt} = 0,

L{®u(s)} —c{/s Aprdt} =0, k> 1.

L{®(s)}

Zﬁ{@k )} = L{secs} +0+0+--

Taking Laplace inverse transform on both sides of the above equation, this leads to the exact solution ®(s) = secs.
Second Laplace Modification: To apply the second modified technique, let us first expand the function g(s) in terms of

Taylor series expansion. The recursive formula (3.3) gives:

L{®o(s)} = L{1},
L{DL(s)} = L{s}— L] /0 " Apdt} = 0,
L{®a(s) = L’{%f}—ﬁ{/osAldt}:E{%sQ ,
L{®a(s)} = c{%s?’}—c{/os Asdt} = 0,
£(B()) = Llyps'h— £ [ Avy = £{5ps"),
This leads to
L{B()) = L{1} + LL58°} + L{oys' T+

Taking Laplace inverse transform on both sides of the above equation, this is the Taylor series expansion of sec s.

5. Conclusion

This paper successfully applied the application of four modifications of decomposition method for solving nonlinear Volterra
integral equations. Exact solutions of the tested problems, arising in many physical and biological models are calculated by
using modifications. We note that second modification minimizes the size of the calculations which produced in the first

modification.
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