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Abstract: The paper is devoted to the study of generalized fractional calculus of the generalized Mittag-Leffler function Egy o (=)
which is an entire function of the form

Where v > 0 and p > 0. For 6 = 1, it is reduces to Mittag-Leffler function E,, , (). We have shown that the generalized
fractional calculus operators transform such function with power multipliers in to generalized Wright function. Some
elegant results obtained by Kilbas and Saigo [11], Saxena and Saigo [24] are the special cases of the result derived in this
paper.
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1. Introduction

The function E, (z) is defined by the series representation

ZS

EU(Z):Zm,U>O,ZGC (1)

s=0

Mittag-LefHler [19, 20], Wimen [26, 27], Agarwal [1], Humbert and Agarwal [11], investigated the generalization of the above

function E, (z) in the following manner; see [4]

Zs

5 N ),
Eu,p(z)—;jr(vn+p) ol v>0,p>0, z€C (2)

Where C be the set of complex numbers. For a detailed study of various properties, generalizations and applications of this
function we can refer to papers of Dzherashyan [2], Kilbas and Saigo [9, 10, 11, 12], Kilbas, Saigo and Saxena [15], Gorenflo
and Mainardi [7], Gorenflo, Kilbas and Rogosin [5] and Gorenflo, Luchko and Rogosin [6]. A more generalized form of (2)
is introduced by Prabhakar [21] as:

. (9), 2°
E),(2) = Z T(on+p) s (3)
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Where v, p,8 € C' (Re(v) >0) and E°, , (2) is an entire function of order [Re (v)]™", [21]. For various properties other
detail of (3), see [14]. The generalized Wright function ,¥_ (2) defined for z € C, ai, b; € C and «;, B; € R, B; #

0,:=1,2,...,p, 7=1,2,...,q) is given by the series

p
oo I (ai + ais) =z
(a’i?a’i ) 1. zH
quq (=) = quq on # = Z
(05,85 )(1.q) 5=0

(4)

F(b + Bjs) s

S )
e L

Where C is the set of complex number and I"(z) is the Euler gamma function [3] and the function (4) was introduces by
Wright [29] and known as generalized Wright function. Condition for the existence of the generalized Wright function (4)
together with its representation in terms of Mellins-Barnes integral and in terms of H-function were established in [13].
Some particular cases of generalized Wright function (4) were presented in [13]. Wright in [28, 31] investigated by “steepest
descent” method, the asymptotic expansion of the function @ («, 8, z) for the large value of z in the cases a > 0 and
—1 < a < 0, respectively. In [28] Wright indicated the application of the obtained results to the asymptotic theory of
partitions. In [29, 30, 32] Wright extended the last result to the generalized Wright function ,¥, (z) for all values of the

argument z under the condition
q P
ﬂn:Zﬁj—Zai>—1 (5)
j=1 i=1

For the detailed study of various properties, generalizations and applications of Wright function and generalized Wright

function, we refer to papers of Wright [28, 29, 30, 31, 32], Luchko [16] and Kilbas [13].

2. Fractional Calculus Operators and Generalized Fractional Calculus
Operators

The left and right-sided Riemann-Liouville fractional calculus operators are defined by Samko, Kilbas and Marichev [23],

for a € C, Re(a) >0

= (2 e ,
B (;;)Wcﬁ Ii-a i [Re (@) /0 oo t{a(i)me(a)] dt; (z > 0) (1)
o5 p= () s o .
B ( ddx>[Re(a)] (1 ot [Re (@) / ) (tfxfit_)me(a)] dt; (z > 0) )

Where [Re («)] is the integral of Re(c).
An interesting and useful generalization of the Riemann-Liouville and Eardly-Kober fractional derivative operator has been
introduced by Saigo [22] in terms of Gauss hypergeometric function as given below. Let o, 8, v € C and = € R, then the

generalized fractional integration operators associated with Gauss hypergeometric function are defined as follows:

2@ =2 [0 (a4 8 - e 1= ) p0an (8@ > 0) (10)
(12271 @) = s [ om0 (kb <y 12 L) @ s (RG@) > 0) ()
(D5271) (@) = (lor ™71 (@) = (;;) (lop 27k ) (@) (Re (@) > 0k = [Re(e)] +1 (12)
(D2711) @) = U @) = (~ 8 ) Uratisoman D@5 (@) > 0k = (Re@)] 41 (19
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3. Left-sided Generalized Fractional Differentiation of the Mittag-
Leffler Function Using Jacobi Polynomial

In this section we consider the left-sided generalized fractional Differentiation formula of the generalized Mittag-Leffler
function using Jacobi Polynomial. We are introducing here the Jacobi Polynomial which is defined via the hypergeometric

function as

(a+1),

P D (z) = ——
n.

gFl[fn,a+B+n+1;a+1;é(172) (14)

Where (a4 1), is Pochhammer’s symbol, on taking z = ﬁ and solved. We are replacing the Gauss hypergeometric function

by the Jacobi Polynomial in equation (12) it becomes

Da+1 —a—1-n, —(a+B+n+1) (a+ )nf ( )7 (Oé+ 1)n 27" x"
nl2n n! F(—a—1+k)
></ (x—t) L p [n B+n+k—a—1+k % (1 - %)] f(t) dt (15)
0

Theorem 3.1. Let «,3,7,p,0 € C be complex numbers such that R(a) > 0, R(p+8+~v) >0, v >0 and a € R. If
the condition (5) satisfied and Dy’ By by equation (12) be the left-side operator of the generalized fractional Differentiation

associated with Jacobi Polynomial, then there holds the following relationship

at+l,—a—1-n,— (a n+1 (Oé+1)n nyp— 1 v
<D0++ (a+B+n+1) (T2 +° 1E'U,p [at"] ()

n—l—a+p
x a+1
_ ( )n atho 2 2 2

AIT(0) az” (16)

Provided each member of the equation (16) ezists.
Proof. By using the definition of generalized Mittag-Leffler function (3) and fractional Derivative formula (12), we have

p—1

—a—1—-n,—(« n 1 v
@ = pyilmeTimn (et ity <(O‘2+nn!)"t By, lat ]) (z)

_ d F —a—1+k,a+14+n—k,—B—n—k (a + 1)n p—1 16 v
- (@) {Iw S [ B @) | @)
d\*(a+1) x" o —a—14k-1 1 3 1.8 :
= — n — @ —a—1 (1= =2 P v
<d:v) il T (o =1 F) X /0 (z—1) oF n,B4+n+k;—a + k; 5 . (t E)., [at ]) dt
d\" z"(a+1) * camitho1 = | (), (B+n+k) 1 s(at”)®
= — n —t @ m m v tp dt
(dx) 2l (—a— 1+ k) /o (z—1) Z (—a+k—1),2mm! x z Z I( +V5

m=0
Now by changing the order of summation and multiplying and dividing by z*7*~! we have

{4\ a"(a+t1), (n),,(B+n+k), X/°° Lt otkdmolol gy p+us—1dt
T \dz) 2T (—a—1+k) (—a+k—-1),2mm! o x x

Let us assume that % = u so dt = xdu and limit varies from 0 to 1 we have

(6) xp+1/s—l—a+k+m—l 0
s

T'(p+vs)s!

NgE

Il
=}

s m=0

_(d kgntoth—a=l(q 4 1) i (6),(az")® i Y (B+n+k), y /1 (1 = ) ocHbm=1=1 ptve=t g,
de) 20l (—a+k—1) =T (p+vs)s! e [(-a+k—1),2mm! o
Now by using beta functions

I'(m)I'(n)

Bmn) = [ (1= @) e = T
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we have

(d kmn—a+k71+P(a+1)ni (0),(az”)® i’: mB+n+k), ><I‘(—a-&-k—&—m—l)F(p—i—us)
dx 2l (—a+k—1) =T (p+wvs)s! e [( onrkfl) 2mm! - T (—a+k—14+m+p+vs)

Multiplying and dividing by I" (p + vs — a + k — 1) we have

5 ) (az*)’
27n! — L(p+vs)T(p+vs—a+k—1

s=|

B i kxn7a+kfl+p(a 4 1)n oo (5
~ \dx

1
)2F1 (n,ﬁ—i—n—i—k;p—l—l/s—a—i—k—l;f)

Now by using Kummer’s special case

A 2°T () T (14 252)
Fl(a’ﬂ,’y,Q)F(’}/ﬁ’a)F(lﬁ*’Y;'Ba)

‘We have

:(%> a+1ni

s=0

)CLS.’L'n a+k—14p+vs F(p+Vs—a+k—1)F(1+ p+1/57a271787n)
X
F'(p+vs)slT(p+vs—a+k—1) F(P-FVS—Oé—i—k—l—i—n)F(l—&-W—Qn)

By the use of Jacobi Polynomial P,(® 6>(z) (14), series form of generalized Mittag-Leffler function (3), interchanging the
order of integration and summation and evaluating the inner integral by the use of known formula of Beta integral. Finally

by the virtue of Gauss summation theorem, we have,

e_mp+na1a+1 i GO+s)G(5-5-5-5+3+1%5) (az®)?
n!G(6 = U—a—1+n+U5)G(%—%—§_57n+%+%S) s!
or
xp+n—a—1(a+1)n (g— %—g—%"‘%,%) (631) v
= 2w2 azx

nlIl ()

Interchanging the order of integration and summations, which is permissible under the conditions, stated with the theorem

due to convergence of the integrals involved in the process. This completes the proof of the theorem. O

Corollary 3.2. For Re(a) >0, Re(p+ 8+7v) >0, v >0 and a € R. If the condition (5) is satisfied, then there holds the

formula

—a—1— +1 _
(Dgi—l, a—1-n,(a+B+n+1) <%t” By, [at“])) (z)

p+n—a—1 =
+1 v
= z (a )n 2¢2 axr (17)

n!

Provided that each member of equation (17) makes sense.

4. Right-sided Generalized Fractional Differentiation of the Mittag-
Leffler Function Using Jacobi Polynomial

In this section we have discussed the right-sided generalized fractional integral formula of the generalized Mittag-Leffler

function using Jacobi Polynomial.
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Theorem 4.1. Let o, 3,7, p,d € C be complex numbers such that Re(a) > 0, Re(p) > max[Re (a«+ 8) + k, —Re(v)], v > 0
and a eR with the condition Re(a+ B +~) + k # 0 where k = ([Re ()] + 1). If the condition (5) satisfied and DS""" be the
Right-side operator of the generalized fractional integration associated with Jacobi Polynomial, then there holds the following
relationship

(Dg,fl"a—l—m—(awwﬂ) <(a+ D, ngeti=rgd la t’“})) (z)

nl2m

_ (+1), 20, azx (18)

|
v F(5) (p+2’l’L—O¢—1,U) (g_%_g_lzg) (p,U)

Provided both the sides of (18) exists.
Proof. By using the definition of generalized Mittag-Leffler function (3) and generalized fractional derivative formula (13)

and integral formula (11), we have

—aien, — 1
A = (DgThmemtmn, —(atfintD) ((O‘ L' )"2*"t°‘+1*PEi,p [at*“]) (z))

0,—

n!
dN* (. Ttkati4n—k,—g—n Q@+ 1) av1p s v
:(_@) <I°’_ gl 0 B (7)) (@)
d\* (a+1) - < LHk—1y t _ _
= —— 7 7/n 97N _ a— —a—1 el O . a—p+1 8 v
( d$) n!F(fa—lJrk)Q /z (t—=z)” " xoF1 [n, B+ n;—a +k . (t E,, at ])dt

Multiplying and dividing by z”* by changing the order of summation, we have

(Y (a+1),

B dz F(—oc—l-i—k‘)()n !
= (6), (az™") (n),,(B+n),, o T\TaTHRlAm ik 1ontatlop-vs vs
Z p+1/s S'Z[ a71+k) ml2m ></z (1_?) t v di

—n—p+k

Multiplying and dividing by = , we have

- (_i)knmr((a—zl—)q Tk

el ax U 6+n) —n—p+k S x\ —a—1+k+m—1 /3N ptvs+n—k dt
ZF (p+vs) s'z|: aflJrk) 2mml! X/I (1_?) (?) (t):|

5=

Let us assume that ¥ = u then 0 = udt + tdu then limit varies from 1 to 0

d k oo (0), CL;L’ " (n), (B+n),, 1 otk o
— _ n 1— @ m p+rvs+n—k—1
() S S e 2 [ e« [ . "
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By using beta function we have

_(_4 G R i (9),(az™") Z (1), (B + 1), XF(—Oé—l-i-k‘-i-m)F(P-i-VS-&-n—k)
N dr ) 2"nIl (—a—1+k) p+1/s s' a71+k) 2mm F(—a—1+k+m+p+vs+n—k)

s=

Now multiplying and dividing by T' (—a— 14 p + vs + n)

A\ e+, & [(9),@)°T (p+vs+n—k)a Ptk | r
7<_%> 2! Z I'(p+vs)T'(—a—1+p+wvs+n)s! X 2b1 n,ﬁ+n,n—a—1+p+ys’§

By using Kummer’s special rule, we have

JR— n ><
dx onp) F(p+vs) T (—a—1+p+vs+n) F(Qn_a_1+p+ys)r(1+p+1/87§75*1_n)

:(_d> a+1 i[ pPTVS T ”+kf(p+us+n—k) o P(—a—1+p+us+n)f‘(ws+[w) :|
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R N e e R N R )

F(p+ys)F(2n—a—1+p+y5)l“(1+w)
F(2—2-C+14+9)T((p+n+wvs)(5+s) (az™v)"

F(p—l—Zn—a—l—l—vs)F(g—%—g—n—i—%)F(p—i—vs) s!

s=0

s=0
(a+1), z " (5-5-5+33%)  (tnv) G| _,
- T(9) sW¥s . s ax (19)
(2”—0&-{-[]—17’1}) (§_§_§_n7§) (p,v)
Provided each member of the equation (19) makes sense. O

Corollary 4.2. For Re(a+1) >0, Re(p+8+n) >0, 9 >0 and a € R. If the condition (5) is satisfied, then there holds

the formula

1
(et (3 o))

n!
@+, (5-5-5+33) (p+mn,v) wLy |,
=g Z 3¥s ax
' (2n—a—1+p,v) (g—%—a—m%) (p,v)
1 L-2-42+14.% +n,v 1,1
— (CM +' )n m—n—p 3@3 (2 2 2 2 2) (p ) ( ) CLJJ_U (20)
" 2n—a—1—|—p,v) (5_%_5_717%) (p,’U)

provided that each member of equation (20) makes sense.

5. Concluding Remarks

We conclude this paper with the remarks that the results proved in this paper are new and most likely to find some
applications to the solutions of certain fractional differential and integral equations. So that our paper is concluded that, the
function introduced and reported results are significant and can lead to yield number of other differential formulas involving

various Mittag-Leffler type functions using Jacobi polynomial.
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