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1. Introduction

Fins are extended surfaces used to increase the heat exchange from a hot or cold surface to surrounding area. There are
multifarious uses of fins such as compressors, cooling of computer processor, air-cooled craft engine, in air conditioning etc.
The heat transfer in fins of different shapes and profiles with variety of boundary conditions is described by mathematical
models [8]. There have been studies using a number of techniques to discuss the heat transfer through fin of different shapes.

For example, [15] discussed the problem
%0 0%0
I 1
ox? + 0y? 0 ™)

using separation of variables and a Newton-Raphson method to compute the temperature profiles and heat transfer per fin

length. More recently, Ali, Bokhari, Zaman [22] have considered the fin equation in cylindrical coordinates in the form

10,1 ) B
E%(mk(u)uz) + ;@(;k(u)uy) — N f(z)u = uy. (2)

They used Lie symmetry analysis to transform this equation into an ordinary differential equation and exact solution are

obtained. Pakdemirli, Sahin [20, 21] studied the problem

a% (k(O)%) — N?f(z)0 = 6, (3)

by using the Lie symmetries of the governing partial differential equation. This method was introduced by Sophus Lie that

has been applied to find exact solutions of a number of linear and nonlinear partial differential equations in engineering
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and mathematical physics. Bokhari, Kara, Zaman [5] studied the non-dimensional nonlinear fin equation in the case of

temperature dependent thermal conductivity which has the form

% (k@)%) — N?h(2)u = (4)

where u is the dimensionless temperature, k the thermal conductivity, h the heat transfer coefficient and N the fin parameter.
They considered further group theoretic analysis that leads to an alternative set of exact solution. An extension of a series
solution of the non-linear fin problem with temperature dependent thermal conductivity is performed by Sin Kim, and

Cheng-Hung Huang [9] who considered the following problem:

d du
Ac% <k(u)%> —ph(u—1us) =0, 0<z<L (5)

where h is the heat transfer coefficient that may depend on the temperature and generally it can be expressed in power form,
A, is the constant cross-sectional area of fin, p and L are the perimeter and length of fin respectively. Moitshekia, Hayat
and Malik [18] improved the result of Sin Kim, and Cheng-Hung Huang [9] by finding exact solution of problem (4). They
used the Classical Lie symmetry techniques to construct the exact solutions which satisfy the realistic boundary conditions.

Moitsheki [12] considered a radial one-dimensional fin with a profile area Ap in the following form:

i (RIOMEE) =phw) (0= ), 7o < R< ©)

where k and h are the non-uniform thermal conductivity and heat transfer coefficient, respectively, depending on the
temperature. He constructed some exact solutions for thermal diffusion in a fin with a rectangular profile and another with
a hyperbolic profile by employing classical Lie symmetry techniques. Further, Moitsheki [13] studied a heat transfer problem

of a longitudinal fin with triangular and parabolic profiles by considering the following problem:

a
Pdx

du

A (F(x)k(u)—) =ph(u) (u—u.), O0<z<L (7)

dx

where A, is profile area, F(z) is the function of fin profile, £ and h are the non-uniform thermal conductivity and heat
transfer coefficient depending on the temperature. He obtained exact solutions that satisfy the realistic boundary conditions.

Transient heat transfer through a longitudinal fin of several profiles which has the following form

pe. 5t = Ay (F@ORWSE ) = phoH() (w =), 0<w <L (8)

where k and H are the non-uniform thermal conductivity and heat transfer coefficients depending on the temperature, A,
profile area, p perimeter of the fin profile, F'(x) function of fin profiles and d is the thickness of the fin at the base, is studied

by Moitsheki and Harley [16]. They applied classical point symmetry method and performed some reductions. For heat

transfer in a two-dimensional rectangular fin, Moitsheki and Rowjee [19] considered the problem:

E)im <k(u)g—;1) + 8%1 <k(u)§—;) = s(u) ©

Here, u is the dimensionless temperature, x; is the longitudinal coordinate, y; is the transverse coordinate, s is the internal
heat generation function, and k is the thermal conductivity. They constructed exact solution for the resulting linear equation

and used symmetry analysis to classify the internal heat generating function and some reduction are executed. Many authors
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have considered the two-dimensional problem with s = 0 in equation (9) and thermal conductivity being a constant (see,
e.g. [11, 15]) and the case s = 0 with a temperature-dependent thermal conductivity [7]. Moitsheki and Harley [17] also

considered a two-dimensional pin fin with length L and radius R that has the following form.

s (Re S ) + 2 (K ) = st (10)

They employed symmetry techniques to determine forms of the source or sink term for which the extra Lie point symmetries
are admitted. Method of separation of variables is used to construct exact solutions when the governing equation is linear.
Symmetry reductions result in reduced ordinary differential equations when the problem is nonlinear and some invariant
solution for the linear case. In this paper, we intend to study the nonlinear (24 1) fin equation by considering spherical fins
with nonlinear thermal conductivity and variable heat transfer coefficient. The Lie symmetry method will be used to obtain

exact solutions to this problem. The governing equation in this case is given by

%% (r%(u)%) + rs;ne [% (%sm&k(u)g—z)} — N?f(r)u = w (11)

The above equation can be rewritten as

cos 0

P2 k(u)urr + 72kl 4 2rk(u)u, + k(u)uge + kyug + E(u)ug — > N2 f(r)u — r’us = 0 (12)

sin 6

Using the substitution » = x, and cosf =y, the above equation is transformed to
2 2, 2 2 2\ 2 2 772 2
T k(u)tze + 7 kuuy + 22k(u)us + k() (1 — ¥ ) uyy + ku(1 — y*)uy — 2yk(w)uy — 2" N7 f(z)u — 27ur =0 (13)

This paper is organized as follows. In section 2, symmetry analysis of the given problem is performed via Lie symmetry and
in section 3 complete classifications of solutions of equation (13) is presented. In section 4 symmetry generators are listed.

Reduction of the problem to an ODE are shown in section 5. Finally, we conclude some results about this problem.

2. Symmetry Analysis of the Fin Equation

In this section, we perform the symmetry analysis of (13). To this end, we use the Lie symmetry method. The symmetry

generator associated with (13) is given by

0 0 0 0
X = é‘(‘rayvtvu)% +77(x7y7t7u)67y JFT(J?:Z/’t»U)a + ¢(x7y7t7u)%7

Requiring invariance of (13) with respect to the prolonged symmetry generator yields,

XD ox 170y 0 44t 0 e O 0 gm0 0 0 gm0
Ouy Ouy Ouy Oy

xt T yy
T G Gy Y w70 B

. 14
Uyy 8utt ( )

In the above expression, the coefficients of the prolonged generator are functions of (z,y,t,u) and can be determined by the

formulae

¢" = Di(d — Eug — Ny — TUt) + Etgyi +NUyyi +TU

¢ = DiD;(¢ — Eus — uy — Tue) + Euo,ij + Nityij + Turij,
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where D, represents total derivative and subscripts of u partial derivative with respect to the respective coordinates. At
this stage we use the Lie symmetry criterion that the PDE (13) is invariant under the prolonged symmetry generator (14)
modulu the PDE, namely,

X[ k(w)uge + k(W) + zk(w)us + kw)wul + k(w)uy, — 2N f(2)u — 2%u,] — 0. (15)
13

whenever u; = 25 [£7k(u) Uz + 27 kuul + 22k (u)ue + k(w) (1 — 2 )uyy + ku (1 — y*)u; — 2yk(u)uy — 2* N? f(x)u]. Using results
from (15) and comparing terms involving derivatives of the dependent function u, leads to the following over determined

system of linear PDEs in &, 7,7 and ¢:

w=0=nu="Ty="To =Ty = duu, (16)

kud — 2kEy + kT = 0, (17)

a?n. + (1 -y°)& =0, (18)

— 2kE + 2xky ¢ 4 2°& — 2kaly + 2kyly + 2akT — kx€on — kEyy + kY Eyy + 2k Gy = 0, (19)
— 2aykn — 2kE + 2ky*E + 2k — 2y’ dky — 2xkn, + 2zky’n, + kT — xky’T, =0, (20)

— 22kn + 4kyé — 2xykyd + 0 — 2ka’n, + 2zykn, — 2xykT — 2°knwe — Tknyy + 2y knyy + 22k — 20y  kdyy = 0, (21)
— N%2? fouf — N?2° f b+ 2xkhy — 22t + 22 kpuw + kdyy — Y kpyy + N2 fudy — N2 fudy —n’a® fur, — 2yke, = 0. (22)

To determine the unknown functions £, 7,7 and ¢, we solve the above system starting by first considering (17), we have

6= (26 —m) (23
Differentiating (17) with respect to u twice yields
k
Puu = (k*)uumgx —7t) (24)
Using (16) into (24) leads to
k
(3 Juu(2e —7) = 0. (25)

In what follows, we consider the above equation to perform a complete classification of both k and f.

3. Classification

In this section, we provide a complete classification of solutions of (13). Firstly, we notice that the following three cases

arise from (25):
@ ()uu =0,
(IT) 26, — 7 = 0,
() 26 — 7 =0 = (3 )uu-

For complete classification, we consider all the three cases one by one.
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3.1. Casel

Solving the differential equation (%)uu = 0, we determine k(u) as,

Q=

k(u) = ~v(au + B)=, (26)
where 7, @ and § are some integration constants. Using (26) into (23), instantly gives
¢ = (au+ B)(26 — ). (27)
Using (26) and (27) into (19), yields
—2y(au+ B)« &+ 2zy(au+ B)* €x +27& + 2yy(au+ B) = & + (4o — )2’y (au+ B) % €uw — (1= y*)Y(au+ B) = &yy = 0. (28)
Differentiating (28) with respect to u gives
—2y(au+B) ! [§ — 26 — ¥, — (da — D2*€uw + (1 = y*)E] = 0. (29)

All constants involved in the above Eqgs. are non-zero. Thus this is satisfied only when £ — &, — y&y — (4o — 1)x2§zz +
(1 —y?)&yy = 0 (the case a = 1 not be considered as it becomes a special case of (I.b) that is dealt with later. The Ansatz

solution of the above equation is

E=M(t)x + A2(t)y. (30)

Using (30) into (28) yields
& =iz + coy. (31)

Using (31) into (18) yields
=1 e 45,0, (32)

To determine v(y,t) we use (32) into (20) to find that,

Yy, 1) = V1 - 2B(t). (33)
Therefore, (32) becomes
2
="Vt VT 520(0). (34)

Again, to determine 6(¢), we use (34) into (21), to infer that,

2 _ _
—2kx\/1—y2 — % + kx(1 — yz)TS — kxy?(1 — yQ)TB 5(t) + 2° /1 — y268,(t) = 0. (35)

The solution of the above equation is the trivial solution which is §(¢) = 0. Consequently, (34) becomes

Using (31) and (36) into (22) yields

— N3x3fxuc1 — N2m2yfxu02 — BNQme(ch —7) + xz(au + B)7ee — N2x2fu7't =0. (37)
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Differentiating (37) with respect to ¢ gives
BN?z? fryy 4+ 2° (ow + B)Teet — N?2® fury, = 0. (38)

Again, differentiating (38) with respect to t, we obtain

Tue _ N°f

o (39)
This implies that f(z) = ¢ and hence
2 N2
T(t) = %67 + cat + 5. (40)
Using (40) with f(z) = ¢ into (38), yields
1
Bea(1+ ) =0. (41)

From (41) four cases arise:

(I.a) 8=0,¢3 #0 and a > 0,
(Ib) B#0,c3 =0 and a > 0,
(Ic) B#0,c3 #0 and a = —1,
(Id) 8=0,c3 #0 and o = —1.

We first consider La.

3.1.1. Subcase (L.a.) k(u) = 'y(au)é and f(z) =c.

Using (40) into (37), leads to ca = 0. Therefore, the expression for the infinitesimal symmetry generators &, 7,7 and ¢ take
the form,

1—v° N?
E=ar+tcy, n= a-v) xy )02, T= 7;3\[0; exp (706615) + cs,

2 (42)
2 N<c
¢ =au (201 — c3cN” exp (Tt)> .
The four symmetry generators associated with above infinitesimals are given by,
1 — o2
Xm0 oyl gD =) O
ox ou oz x Oy (43)
X _&eNz%Q,aueNj”é X _9
° T eN? ot gu T ot

3.1.2. Subcase (I.b.) k(u) = v(au + ﬁ)é and f(z) =c.
Using (40) into (37) with the above values of k and f, lead to c4 = 0 = ¢;. Therefore, the expression for the infinitesimal

symmetry generators &£, 7,7 and ¢ take the form,
5202?17 nN=——_2¢C, T=C¢s ¢:O (44)

The two symmetry generators associated with above infinitesimals are given by,

_ 0 -y o 9
_y8m+ xz Oy’ ot
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3.1.3. Subcase (I.c.) k(u) = g%, and f(z) =c.
Using (40) into (37) with the above values of k& and f, lead to c4 = 0 = ¢1 = c3. Therefore, the expression for the infinitesimal
symmetry generators £,n, T, and ¢ take the form,

1—y*)

£ = coy, n:TcQ, T=c¢5, ¢=0. (46)

The two symmetry generators associated with above infinitesimals are given by,

3.1.4. Subcase (I.d.) k(u) = -2 and f(z) =c.
Using (40) into (37) with the above values of k and f, lead to ¢4 = 0. Therefore, the expression for the infinitesimal

symmetry generators &, 7,7 and ¢ take the form,

1— 2
f=azt+cey n= w@,
v (48)
— 2 2
T = ﬁ —cN*t +cs, ¢: —’LL(QCl —C3C_CN t).

The four symmetry generators associated with above infinitesimals are given by,

Xl:x%*%aa’ X = §+(1 ;yZ) 8ay’ (49)
3.2. Case Il
In accordance with 2§, — 7+ = 0, the system ((16)-(22)) becomes
fo=O=m=mu=d=m =7 (50)
#’ne + (1 - )& =0, (51)
— 2kE + 2’6 + 2kale + 2kyby — ka®Eow — kEyy + ky?Eyy =0, (52)
— 2xykn — 2k€ + 2ky*€ — 2xkny, + 2zky’n, + 2zké, — 20ky’Es = 0, (53)
— 2akn + 4ky¢ — 2xykud + x°n, — 2ka’n. + 2wykn, — daykés — 22 knee — xknyy + zy’kn,, =0, (54)
— N?22 foué — 2N%2? fut, = 0. (55)
From (51), we have
ne ==, (56)
Differentiation (52) with respect to u yields
— 2ku& + 2kumbs + 2kuyEy — kut’Eoe — kulyy + kuy’Eyy = 0, (57)
then,
ku (=26 + 260 + 2y€y — 276w — Eyy +y°€yy) = 0. (58)
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This leads to

(=26 + 26, + 2y€y — 2%€na — Eyy + Y &) =0, (59)

From previous case, the solution of (59) is given by
& =cix + c2y. (60)

We follow the same procedure followed in the previous case, we end up with the following expressions of &, 7, 7 and ¢, namely,

1— 2
E=ciz+ cay, n:%cz, T=2c, ¢=0. (61)

The above values of £, 7,7 and ¢ satisfy the system ((50)-(54)). At this stage, we use (61) in (55) to get,
— fa(cix 4+ c2y) —2c1f =0 (62)
Differentiating (62) with respect to y, we obtain
—cafs =0. (63)
From (63), two cases arise:
(IL.a) ¢z = 0,and fy # 0,
(ILb) c2 # 0,and fo = 0.

First, we consider (ILa).
3.2.1 Case Il.a

Using theses conditions arising in this case into (62), gives
—alzfe+2f]=0 (64)

From (64), two cases arise:
(IL.a.1) ¢1 =0 and zf; + 2f # 0,
(Il.a.2) ¢1 #0 and zf; + 2f = 0.

Considering first (IL.a.1).
3.2.1.1 Case IL.a.1
In the light of the conditions of this case, the k(u), and f(z) are arbitrary functions and the general expressions of &, 7, 7

and ¢, have the following form:

E=n=¢=0, T=cs. (65)
the only one generator corresponding to this case is X = %.

3.2.1.1 Case I1.a.2
C

In accordance with these conditions of this case, the k(u), is arbitrary function, f(z) = -5 and the general expressions of

¢, m, 7 and @, have the following form:

E=cx, n=0, T=2ct+c3, ¢=0. (66)
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and the generators in this case are

0 0 0
Xl —$%—2ta, X2—a (67)

3.2.2 Case IL.b (cz # 0 and f(z) =c.)
Using theses conditions arising in this case into ((62),gives ¢1 = 0. Thus, we infer that f(z) = c and k(u) is arbitrary, and

hence the general expression of £, 7,7 and ¢ are

1
£:C2y7 nN=—_¢C2 T = C3, ¢_ . (68)
The symmetry generators in this case are,
0
Xi=y—+—""F—
1=Y O +

4. Symmetry Generators

In this section, we list the Lie symmetry generators obtained above for different values of k(u) and f(z).
1-f(z) =c

a- k(u) = 'y(au)i. In this case the symmetry generators are

) 3} 0, 1=y 0 3]
Xlim8w+2au8u’ X27y6x+ ST ot’

X —iex NQCt g—auex NQct 2
17Nz P T ot P\ 7o ou’

The commutation relation for these generators are given in the following table.

XXX Xe | X5 | Xq
X [o]=x| o Xo
X2 | Xa| 0 0 X1
X5 [0] 0 e
Xs o] o [-2x4 o

Table 1. Commutator table of the fin equation

b- k(u) = v(au + ﬁ)i. In this case the symmetry generators are

The commutation relation for these generators are given in the following table.

(X, X5] | X1]| X2
X1 0|0
X2 0|0

c- k(u) = 7 BZ’U«)' In this case the symmetry generators are

_, 0 A=y o _9
Xl—yaer x oy’ Xz_at'

The commutation relation for these generators are given in the following table.
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(X, X5]| X1]| X2

X1 00

X 00

Table 2. Commutator table of the fin equation
[Xi,X]-] Xi1| Xao X3 X4
X1 0 |—Xa2 0 Xa
X2 X2 0 0 Xl
Xs | 0] 0 0 |—eNZXy

Xy | 0] 0 [eN2Xy 0

Table 3. Commutator table of the fin equation

d- k(u) = —ZL. In this case the symmetry generators are
7] 7] o  (1—-¢y*H o 0] 1 2 O 2 ,, 0
Xi=ax——2u—, Xo=y—+-—"—"—, Xz=_, Xyg=-——5 —N-ct) = —N-ct)—.
1T %% T Mo ? y8m+ z Oy’ 2T ot * NQCeXp( c)at—i—uexp( c)au
The commutation relation for these generators are given in the following table.
2- f(z) and k(u) are arbitrary functions. In this case, we have only one generator which is X = 2.
3- f(zx) = ;02 and k(u)is arbitrary. In this case, we have only two generators which are
0 0 0
X = 422 Xo= —.
e T T

The commutation relation for these generators are given in the following table.

X, X0 X1 | Xa
X1 0 |—2Xo
Xo [2X2| O

Table 4. Commutator table of the fin equation

5. Reduction Under two Dimensional Subalgebra

In what follows, we will show the reduction of the given problem to an ODE using two dimensional subalgebra.

5.1. Casel

In this subsection, we present solutions of (13) via reductions. These reductions are obtained by the similarity variables
obtained through symmetry generators. To perform reductions of (13), we first consider two symmetry generators, from
Table (1) (In this case k(u) = *y(ozu)é and f(z) = ¢). Here X, and X3 span an abelian subalgebra. To start reduction, we

first consider X3. The characteristic equation corresponding to this generator,
gr _dy _ar_ du (70)

Solving the above equation it is straight forward [1] to find that it yields the similarity variables, r = z and s = y with

w(r,s) = u. Replacing u in (13) in terms of new variables becomes,

P2 k(w)wrr + rPkww? + 2rk(w)w, + k(w)(1 — s?)wss + (1 — 3 kww? — 2sk(w)ws — N2er?w = 0. (71)
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To proceed further, we first transform X; in terms of new variables r, s and w. Thus, X, = T% + ZQw%‘ The similarities

corresponding to this generator are z = s and v(z) = r**w. This reduces (71) to a second-order differential equation given

by,

27aé+1(2a — 1)1)%'”'1 + 8’ycvé+1vé+1 + ’yaé(l — ZQ)Ué’l)zz + ’yaé_l(l — zz)vé_lvg — 2fyaézvévz —N?cv=0. (72)

5.2. Case 2

From Table 1, [X1, X4] = 0 are commutative. Thus, the reduction can be started either by X; or X4. To this end, we first

consider X;. The characteristic equation corresponding to this generator is

dr _dy _dt _ du

x 0 0 2au (73)

2

The similarity variables corresponding to above equation become r =y, s =t and u = 2°*w. These variables reduce (13)

to a PDE of the form,

1

2’yo¢%+1(2a—1)w%+1+8’yo¢é+1wé+1+fyoz%(1—r2)wéww+’yaé_l(1—rz)wé_ wf—Z’yaérwéwr—N%w—ws =0. (74)

Using similarity variables transformation obtained from X4, transforms Xi= w7z €Xp (N—zcs) % — aw exp (Nzcs> %. This

[e3 [e3

leads to the new coordinates r = z, v(z) = exp(—NZcs)w. In the light of these similarities, (74) transforms to,
2 2 1 21 o
(4a” —6a)v+ (1 — 2 )UZZ+E(1_Z )Evz —2zv, =0. (75)
Choosing o = % , the above equation takes the form,
2 2 2y1 2
(1-=2 )vzz+§(1—z )Evz —2zv, = 0. (76)

giving exact solution

3
5

u(z,y,t) = cax® exp(—NZct) (6c1 + 5In(y — 1) — 51n(y + 1)) (77)

The graph of this solution is plotted in Figure 1 and Figure 2.

9,
.4:#0‘1
o5 0y
o
o e,

Figure 1. Plot of solution given by (77) with ¢; =2, N?c =1, ¢z = 1 and = = constant.
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Figure 2. Plot of solution given by (77) with ¢; =0, N2¢c=1¢y =1, and y = constant.

5.3. Case 3

In this case we execute reduction using table (3). Here f(z) = % and k(u) is arbitrary. We consider the symmetry
x

generators X1, Xp which satisfy a commutative relationship [Xi, X2] = —2X5 as shown in table(4). First considering X5,

and follow the procedure in the previous cases, the generator X2 reduces (13) to
P2 k(w)w,r + r’kyw? + 2rk(w)w, + k(w)(1 — s3)wss + (1 — %) kpw? — 2sk(w)ws — N*cw = 0. (78)

In the light of X3, the X; transforms to )/(\'1 = T% which gives z = s with w = v(2). In the light of these similarity variables,

(78) reduces to the following ODE:
E()(1 = 2°)v.s + (1 — 22 ko2 — 22k(v)v, — N?cv = 0. (79)

The reductions performed above are given in the tabular form in the following:

Case# Algebra Reduction z v
27aé+1(2a - l)véJrl + S'yaéJrlvéJrl + yaé 1- z2)vévzz
C — 11 2y, 21,2 1, 2, — 2a
ase 1| [X1,X3]=0 +yaa T (1= 2%)va T vZ — 2yae zvav, — N2cv =0 y %%y
Case 2 [X1,X4]=0 (402 — 6a)v + (1 — 22)v,, + é(l - z2)%v§ —2zv, =0 y e~ Nietg2ay,
Case 3| [X1,X2] = —2X2 E()(1 — 22)vzs + (1 — 22)kyv? — 22k(v)vy — N2cv =0 y u

Table 5. Reduction

6. Conclusion

As a consequence of the results obtaining in this paper, we notice that the reduction of the given equation to ODE may lead
to find its exact solution. Some of these ODEs can not be solved readily. However, the reduced form is generally simpler

than the original non-linear PDE and we may use symmetry or other methods to solve them.
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