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1. Introduction

Let A denote the class of functions of the form

f(2) :z—i—Zanzn (1)

n=2

which are analytic in the open unit disc Y = {z: z € Cand|z| < 1}. Let S denote the familiar class of functions f € A
which are univalent in ¢. A function f(z) € A in (1) is said to be in the generalized sakaguchi class S(«, s,t) defined by

frasin [1] if it satisfies

(s — 0)=f'(2)
" { 17 - f(tZ)} > @

for some a(0 < a < 1),[t| < 1,s # ¢t and for all z € Y. In 1910, Jackson [4, 5] presented a precise definition of ¢-difference

operator and developed g-calculus in a systematic way.

Duf) = LEIED o200 <q<n). @uf©) =70, 3)

Equivalently (3), may be written as
Dyf(z) =1+ Z[n]qanz”kl z#0,
n=2

where

O
q = 1—q°

Note that as ¢ — 1, [n]; — n. Using the concept of g-derivative we introduce new subclasses of functions associated with

generalized sakaguchi type functions as follows.
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Definition 1.1. Let Sy(a, s,t) denote the family of functions f € A which satisfies

s =DDf D\ o o o all »
%{f(sz)—f(tz)}>’ f Il zel. (4)

For arbitrary fixed numbers g, and ¢, 0<¢g<1, 0<a<l1l, -1<t<l1,s#t

Remark 1.2. As ¢ — 1, the class Sq(a, s,t) reduces to the subclass S(a, s,t) studied by Frasin [1], for s = 1, the class
Sq(a, s,t) Teduces to the subclass Sq(a,t) studied by Hamid et. al. [3], also S1(a,1,t) = S(a,t) the class introduced and
studied by Owa et al. [6], S1(0,—1) = S§(0,—1) the class introduced and studied by Sakaguchi [8] and S1(0,t) = S(t) the

class introduced Ronning [7].

The subclasss Tq(, s,t) is defined by f € Tq(a, s,t) if 2D, f(2) € Sq(, s,t). The following lemma is necessary to prove our

main results.

Lemma 1.3 ([2]). Let P(z) =1+ i pnz", (2 €U), with the condition R{p(z)} > 0, then |pn| <2, (n>1).

n=1

2. Main Results

Theorem 2.1. If the function f € A and satisfies
D Allnle = wals, )] + (1= Qun(s, O} an| <1 —a, uals,t) =D "¢, (5)
n=2

then f € Sq(a, s,t).

Proof. We show that if f satisfies (5) then

(s = t)2Dqf(2)

f2) — f) ST

Evidently, since

(= 02Du0() | _ iz e
f(SZ) - f(tz) z+ i anun(57 t)zn
ni:Z([n]q - Un(S,t))anz"*1
- 1+ ij: anun(s,t)zn—l
‘We have )
> [[n)g — un(s, t)|lan]

2

. .
1= 3 fan]un(s.)

(s—0)Dof(z) .| _ 4
1(s2) — f(t2) 1’ =

Therefore if f satisfies (5), then we have
(s —1)2Dq f(2)
f(sz) = f(tz)

This completes the proof of Theorem 2.1. O

—1’<1—a.
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Theorem 2.2. If the function f € A satisfies

Sl {Ilnly — un(s, 0] + (1= @)un(s, O} lan] <10, ua(s,t) = 36" 707, (6)

n=2 j=1

for 0 <a <1, then f € Ty(a, s, t).
Proof. Since f € Ty(a, s,t) if and only if 2D, f(2) € Sy(a, s,t), the result follows. O
We discuss the coefficient inequalities for function f in the subclasses Sq(a, s,t) and T4(«, s, t).

Theorem 2.3. If f € Sq4(a, s,t), then

91— @y (5, 0)] + [[ile — us(5,0)]
Janl < U T ) — @)

Proof. We define the function p(z) by

L1 (-0 ) L
P(Z)*l_a(ﬂsz)—f(w) ) Hn;pn’

where p(z) is Carathéodory function and f(z) € Sq(«, s,t). Since

(s =1)2Dqf(2) = (f(s2) — f(tz))(a + (1 — a)p(2)),

we have

Z([n]q —un(s,t))anz" = (z + Z anun(s,t)z"> (1 +(1-0a) anz">

n L
where uy,(s,t) = 3. s" 7t/ Equating coefficients of 2™ on both sides we have

n—1
(1-a)
"7 (Inlg — un(s. 1)) n—j(8,t)an—jpj, ar=1.
T [y — un(s, ) ;“ i(s,)an—jpj, ar
By Lemma 1.3, we get
2(1_0é) n—1
an) < (o ooy 2 (s Dlasls a1 =1. .

q n 5 =

Now we prove that

(1-a) 2(1 — a)uy (s, t)] + |5]q — us(s,t)]
[n] —unst|z‘“’”|a" H 17+ g — wjta(s, 1) ' )

We proof (9) by the induction method.

For n = 2, from (8), we have

a 21 - a)
o2 < T, — (s 0]
(9) yields
2= (s 0+ M~ w0 2(1—a)+1
Jaal < 2y — (s, S 2l — w0l

For n = 3, from (8), we get

sl < T 2020) (1 4 (s, ) Jas)

3]4 - U3(87 t)'
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2(1 — ) wsls 2(1 —«)
< Bl —us(s,0)] (1 Tz, Oy == u2<s7t>|> '

Also from (7), we derive

l\D

2(1—a) + 2(1 — a)fua(s, )] + |[2]q — ua(s,?)|

sl = (I[ lg — ua(s, t)l) ( |[8lg — ua(s,1)] )
(
]

< (Fraran) Clan et +1)-

Let the hypothesis be true for n = m. From (8), we have
m—1
2(1 —«a)
. T PT] i(s,V)|aj], a1 = 1.
ol = [[m]q — um(s,t)] Z |uj (s, t)las], ax
j=1

From (8), we have

= 20— e 01+l (5.0
Ja| < H G+ 1e— w0l

By the induction hypothesis , we have

m—

20— 2) Z i(s,8)aj] < H 1_O‘|“33t)|+|[] —uy(s,t)|

Hm]q_“m s,1)] J"'l] —uj41(s,1)]

Multiplying both sides by
2(1 = ) |um (s, )] + [[mlg — um (s, t)|
[[m + 1] = tm41(s,1)]

)

we have
i (1 —a)|u;(s, t)] + —u,(s,t 2(l —« 2(1 — a)|lum(s,t)| + m(s,t)
H s (5, )] + [l = us(s, )| ( ) ( Mum (s, )] + [Imlq — |Z|uast\%|
e 7+ g — uja(s, 1) [[m]q — um (s, t)] [[m +1]q — tmta (s, t)l
m—1 m—1
2(1 —«) 2(1 — a)|um(s,t)]
= u;(s,t)|aj| + u;(s,t)]a
[m+1]q—um+1<s,t>|{|[ T—um(er 0] 2 (1ol + 2 sl
m—1
2(1 — )
> Um (8, t)||am| + uj(s,t)|a;
[m+1]q—um+1<s,t>|{' (Dl + 3 fus(s.) J|}
2(1 —a) -
uj(s,t)|a
2 T 1l — ey 25 (el
Hence
2(1-a) M o)|us| + |[5lg — us(s,t)|
u;(s,t)]a .
11, —um+1st|2'f Mag] < E[ 5+ 1y (s, 0
which shows that the inequality (9) is true for n = m + 1, and the result is true. O

Theorem 2.4. If f € Tq(a, s,t), then

e LT 20 - (s, Ol Bl —ws O],
ol =, 13 G+l 0 e (10)

We now define Sp q(, s,t) and To,q(c, s,t) as follows.

So,q(a,s,t) ={f(z) € A: f(z) satisfies (5)}

To,q(a,s,t) ={f(z) € A: f(z) satisfies (6)}.

For functions f in the classes So,q(c, s,t) and To,q(a, s,t) we derive the following results.
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Theorem 2.5. If f € So q(a, s,t), then

J J
|2l = > lanllzl" = 4312 < If(2)] < L2l + Y lanll2l” + Al (11)
n=2

n=2

where

l—a— 2 {lln)g — un(s, ) + (1 = @) |un(s, t)[} |an]

A; = 2 i > 2). 12
! ]+ 1 —Oé|’u]'+1(8,t)‘ (‘] - ) ( )

Proof.  From the inequality (5), we know that

> Ay = un(s, )]+ (1= @)un(s, )]} an] < T —a =Y {|[nly = un(s, )] + (1 = @)lun(s, )]} |anl.

n=j+1

On the other hand

|[nlq = un(s, )| + (1 = @)|unls, )] = [n]q — afun(s, )],

and hence [n]q — alun (s, )| is monotonically increasing with respect to n. Thus we deduce

(G +1=aluj(s, ) D lanl S1—a =3 {|[nlg —ua(s, )] + (1 = a)|un(s, )|} an]-
n=j+1 n=2

which implies that

oo

Y lan| < 45

n=j+1

Therefore we have that

J
1FE)] < J2l + D lanll2]™ + Ayl

n=2
and
J
n j+1
[F()] > 12l =D lanll2]" = Azl
n=2
This completes the proof of the theorem. O

Analogously we prove

Theorem 2.6. If f € To,q(v,t) then

J J
j+1 i+1
|2l = > lanllzl" = Bilzl " < If(2)| < |2] + Y lanllzl” + Byl *,
n=2

n=2

and _ _
) )
L= 3 lnldanaf"™ = Gl ™ < 1@< 14 3 a2+ Clef ™
Where _
1= a= 3 ol s — un(s, 0] + (1= @)fun(s, D)1} o]
B; = G0 1= a0 » 122)
and

1= a= 3l {linly — (5, 0] + (1 = @) fun(s, )]}

O, = n=2 i , (1 >2).
) T T aluy (s D) G232
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Remark 2.7. By the definitions of the classes So,q(cv, s,t), and To,q(a, s,t), evidently we have Soq(a, s,t) C So,q(8,s,t);
0<B<ax<l), and Toq(a,s,t) C To,q(B,8,t); (0 < B < a < 1). Let us discuss the relation between So,q(8,s,t) and

76711(045 S,t)-
Theorem 2.8. If f € Toq(a, s,t), then € S q(152, 5,1).

2

Proof. Let f(z) € To,q(a, s,t). Then if f(z) satisfies

|[nlg = un(s, )] + (1 = B)|un(s, t)] |[n]g = un(s, )] + (1 = &)un(s,t)]

<
s < [nl, 1+ 0 (13)
for all n > 2, then we have that f(z) € So,q(8, s,t). From 13, we have
. (1= o)y — un(s.) |
= [nlalinlg —un(s, ) + (1 = a)([nlg — 1)lun(s, )]
Furthermore, since for all n > 2
|[n]q — un(s,?)| <11
[nlal[nlg — un(s, )] + (1 — ) ([n]g — Dlun(s,t)] = n = 27
we obtain
1
f(Z) € S()’q (%75715) .
O

Remark 2.9. As ¢ — 1, s =1 we obtain the results in [6], and for s =1 we obtain the results in [3].
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