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Abstract : The aim of this paper is to investigate the Dirichlet averages of the K- series. Representations
for such constructions in two and multi- dimensional cases are derived in term of the Riemann-Liouville
fractional integrals and of the hypergeometric functions of several variables. Special cases when the
above Dirichlet averages coincide with different type of the Mittag-Leffler functions and hypergeometric

functions of one and several variables are obtained.
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1 Introduction

The K-series defined by Gehlot and Ram [3], as
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where a;j,bs,0; €C; 0; €eR,(j=1,...,p;s =1,...,¢;i =1,...,m).
The series (1.1]) is valid for none of the parameters by (s = 1,...,q) is negative integer or zero. If any

parameter a; (j =1,...,p) in (1.1 is zero or negative, the series terminates in to polynomial in z, and

(i) if p < g+ >_ d;,then the power series on the right side of 1) is absolutely convergent for all z € C,
i=1

m m
(ii) if p =g+ Z 8; and |z| = 1, then the series is absolutely convergent for all |z| < [](|d;])% and
i=1

m

1= [ 0807, Re( 500+ 3580 — 3 (ay) > 2estece

=1 =1
When p =g =1,a1 = p and b; = 1, (1.1)) coincide with the generalized Mittag-Leffler function studied
by Kilbas et al. [5],
k

KD (01 (0,8 ) = 3 e O = By((,8)m; 2)- (1.2)
=0 1 D0k + a)T(k + 1)

<.
—

In (L.1), if we set p = ¢ = 1,417 = p,by = 1 and m = 1, we get the generalized Mittag-Leffler function
studied by Prabhakar [6],

k

a‘s)rn(é"l’(a 6 17 :i _ (p)kZ
=0 [[T(0k + )T(k+1)

=1

= B2 5(2). (1.3)

For m = 1,0y = a and a; = 1 in 1) function pKéﬁ’n)m (z) reduces to the M-Series introduced by
Sharma [§]

P
o lj( i)k?
p KD (ay, ooy api by, o by, (0, 1)15 2 Z — =p M2 (2). (1.4)
=0 H( skl (ak + 1)

The Dirichlet averages of a function is a certain kind integral averages with respect to Dirichlet measure.
The concept of Dirichlet averages was studied by Carlson [2]. A detailed and comprehensive account of
various types of Dirichlet averages has been given by Carlson in his monograph [IJ.

We will need some notations in the further exposition. First, the symbol E,_; will denote the Euclidean
simplex in R"~ !, n > 2 defined by

En—l = {(ul, ...,’U,n_l) LUy Z O, ey Unp—1 Z 0,11,1 + .ot Up— S 1} (15)

Next, the concept of the Dirichlet average. Let Q2 be a convex set in C and let z = (21, ...,2,) € Q",n > 2
and let f be a measurable function on €2, then the general Dirichlet averages of a function was defined

by Carlson [I] in the form

= / f(uoz)dpy(u), (1.6)
n—1
where dp,(u) is the Dirichlet measure

1, - _
dpip(u) = mu?l Ll N =g — =) (1.7)
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with the multivariate Beta function

L(b1)..0(b,)

B(b) = ———— i ) =1,... 1.
and
(uoz) Z iz + (1 —ug — .. — Up—1)2n. (1.9)
For n =1, F(b;z) = f(z). In particular if n = 2, we have
L(B+p8) s
dpgp (u) = —————~u’"1du. 1.10
Carlson [1] investigated the average (1.6 for f(z) = 2*, k € R in the form
Ri(b:z) = / (uoz)*dus, (1.11)
En_1
and for n = 2, Carlson [I] 2] proved that
1
Ry (8,85 z,y) /uw—i— (1 —wy)*u”~1(1 — u)’~du, (1.12)
0

where 8,3 € C, min{Re(), Re(8')} > 0; z,y € R and B(3, ') is standard Beta function. The Dirichlet
average of the K- series (|1.1) is given by

M(];[(O‘iv 5i)1,m; (57/81; $7y)] = /[Pthaﬁ)m (ala -y Qp3 bla EE) bQ7 (CY, 5)7717 (UOZ)]CZ/,LBﬁ'(U), (113)
Eq
where a;,aj,bs € C;0; € R, (i =1,..m;j=1,...,p;s=1,...,q), z = (z,y) € R, {Re(B), Re(p')} > 0.

We prove the representation for (1.13]) in terms of the Riemann-Liouville fractional integral of order
a € C,Re(a) > 0([7])

x
o @0
) )

a

(I (z) = (r > a,a € R), (1.14)

and in terms of the Srivastava-Daoust generalization of the Lauricella hypergeometric function in n vari-
ables defined by [9]

g ([(@) 0 001 @ [(00) ™)
DI\ [() 2 e ] (@) 2 ) [(d) 6]
A B’ B(™ )
> H (a )m 0%+ +mn9(n) H( )mlapj"' H (bJ )m1¢’(-n) my m
o Jj=1 j=1 ! Ty " 1 15)
- Z _c D’ Do ma! my!’ (1.
=0 jl;ll(cj)mﬂﬁ,' +mn1/1(") H ( )m15/ jl;ll (d] )mlégn)

Srivastava and Daoust [I0] reported that the series in (1.15]) convergence absolutely
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C DW A B
(i). for all zq,...,z, € C, when A; =1+ Zl wj(-l) + Zl (5]@ — Zl 95” — Zl <p§l) >0,l=1,n
j= j= j= j=

p) B c n @) p® )
W _ 0 O (135
.. 1+JZ 5 Zl i 7‘1;11(121 Y ) 7'1;[1 (6j )7
(ii). for |z1| < m when A; = 0,1 = 1,n, where g = ¢ 1, : :

A n @ BM )
1)\0 1 .

[T (2 16$)"% " T1 ()%

j=11=1 j=1

(n)
When all A; <0, SC D B(n) (21, ..., xn) diverges expect at the origin.

The paper is organized as follows. In section 2 we give representation of and in terms
of the Riemann-Liouville fractional integral . Section 3 is devoted to special cases involving the
m- series, generalized Mittag-Leffler functions and the Gauss hypergeometric function. In section 4 we
obtain the modification of Dirichlet averages of and express special cases. Section 5 deals with
representation of Dirichlet averages in terms of Srivastava-Daoust function and Dirichlet averages

of multivariate function is consider by authors in section 6.

2 Two—Variate Dirichlet Averages

In this section we give representation of (1.12)) and (1.13]) in terms of the Riemann- Liouville fractional

integral (L.14)).

Theorem 2.1. Let a;,a;,bs, 8,8 €C;6;, € R, (i=1,...m;j=1,....p;s = 1,...,q), min{Re(8), Re(8')} >
0,z = (x,y) € R such that x >y > 0 and convergence conditions of the K- series are satisfied. Then the
Dirichlet averages of the K- series is given by the formula MP[(c;,8:)1,m; (8, 85 2,y)]

- F(ﬁ)lga(cﬁ__;)ﬁﬁ/iﬁ’l x {Ig-;-(tg_lf(éavé)m)(al, ey Api b1, oy b, (0, 0) s (y +8)) Hz — y) (2.1)

Proof. According to and ( , we have

Hl = qu[(ai75i)1,'rn; (676/; '7771/)] = /[Ptha’(;)m (ala ceey ap; b17 eeey bCIa (Oé,(S)m; (U,OZ))]d,LL/},ﬁ/(U)

E;
1 oo ﬁ(a])k[y—i—u(x—y)]k
A g2 T,
B(p, B ; k=0 Hl(bs)kljl(élk—i_al)
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p
n oo I1 (a;)s g+p' -1 7Y
T R L (R
k=0 T[(b)i [T 6k +ai) M7 0
s=1 i=1
p
- ey | o Drly + ]k
_ < 1 )B+ﬁ ‘T8 / Z gl;ll(a]>k[y ] 81 (2 —y— )% Lt
=y F(/B)F(B/) 5 =0 H (bs)k ﬁ ((5116 + 041)
s=1 i=1
p
’ xr— o . + t k
_ ( 1 )B“F,B -1 F(ﬁ + 5/) 1 /y Z jl;[l(aj)k[y ] tﬁ_l(x e t)ﬁ/_ldt
Ty S R L= | (318 (e
s=1 i=1
r ! /
- r(ﬁ)(iﬁiﬁiﬁ/1{1€+<t§‘1f<§°‘>5>m><ah s 3B, g (0, 6)n (y 4+ 6) }( — ).
This yields and thus the Theorem is proved. O

3 Special Cases

In this section we consider some particular cases of Theorem [2.1

Corollary 3.1. Let the conditions of Theorem[2.1] are satisfied with m = 1,81 = pu and oy = 1, then the
following result holds MP[(1, p)1; (8, 8';2,y)]
I+ p) (B
= T g « {I(?Jr (tﬁ 1pK(51,u)1(a1, e Gp3 b1,y b, (1, )15 (y + t)) } (x —y)
__ TB+s)
I(B)(x —y)Ptr =t

This is the new result for the M-series [q].

(3.1)

X {Igjr (tﬁ—lpK(‘;(al, vy Ui b1,y ooy by (Y + t))} (z —y).

Corollary 3.2. Let the conditions of Theorem [2.1] are satisfied with p=q =1,a1 = p and by =1, then
the following result holds M[(c, 8)m; (B, B';x,y)]

L(B+p) it s
TT@) @y {I‘i (tB VK™ (031, (0, 8) s (y + t))} (z—y)
L(B+p)

T I(B)(a - y)H

This is a new result for the generalized Mittag-Leffler function studied by Kilbas et. al [5].

(3.2)

x {Iéijr (t°" " Bpl(c, 6:)1.m; (v + t))} (z —y).

Corollary 3.3. Let the conditions of Theorem[2.1] are satisfied withp =q=1,a; = p,by =1 and m =1
then we reach at following result
’ ’ -~ a8
MY, 0013 (8, 852, y)] = mze el {15, (£ 1K1 ™ (01, (0,015 (w + ) (@ )
Hence,
LB +p5)
L(B)(x —y)pth =1

MY 58,83 ,) = (@ (B +0) @ —y) (3.3)
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If we set o =1 in above result , we come to the

F(ﬁ)gﬁ—zglﬁ/—l {5 @R+ 0) | - ). (3.4)

These are the well known results earlier given by Kilbas et al. ( [4],p.476-477).

[
Ml,é -

Corollary 3.4. Let the conditions of Theorem [2.]] are satisfied with y = 0, then Theorem [2.] gives

)
ME (e, 0)ms (8, 5'50,0)) = 5 e ( K97 (g, .oy api b, -y by, (a,é)m;x)) (3.5)
Corollary 3.5. Let the conditions of Theorem [2.]] are satisfied with x = 0, then Theorem [2.]] gives
ME[(008)t (B 3:0.9)] = O (K (ar, oy, by (0.0 0)) (3.6)
B+ Bk

4 Modification of the Dirichlet Averages

In this section we consider a modification of the Dirichlet averages MP[(«;,d;)(1,m); (8, 8'; =, y)] described

in (1.13), in the form

"/Mé)[(ai; 5i)1,m; (57 5/; xz, y)] = /(uoz)vil |:PKI§Q)5)"L ((11, cey ap; bl, ceey bqa (Oé, 5)m; (uoz)a) d”ﬁ,ﬁ’ (u)a
Eq

(4.1)
where z = (z,y),v € C, Re(y) > 0.

Theorem 4.1. Let o, a;,bs,8,8 € C;6;, € R, (i =1,....,m;j =1,...,p;s =1, ...,q), min{Re(B), Re(8')} >
0, z = (x,y) € R, such that x >y > 0 and convergence conditions of the K- series are satisfied. Then
for all such that Re(vy) > 0, , MP[(ci, 6:)1,m; (B, 85 2, )]

B rw)ff—ﬁlﬂ,l ) {12 (071 = )T KO 1,y b s by (0,0); (%) } (). (42)

Proof. By using the equation ([1.10) and (4.1), we obtain

Hy =, MP[(i, 8:)1,m: (B, 852, y)] = / (w02) T K O™ (ay, oy i bty oy by (0, 8) s (w02) ™) g, g ()
B,

; o T@ly+u@ -y
ﬁ-*-ﬁ /y+u z— )" 1u5—1(1_u)5’—121=1q du.
0 k=0 H (bs)k (52/€ + Cvi)

s=1 =1

By interchanging order of integral and summation, we have

o - ; 1
H, = F(/B+ﬂ) Z - le’m /Uﬁ 1 1*’1,6 B’ 1[y+u( y)}akJﬂ*ldu
k=0 I (bs)x IT(0ik + i)
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)

let [y +u(w —y)] = ¢,

/N 0O ﬁ(aj) 1 Z
e a— : ( : )M [ e gt
(/8) (ﬂ ) k=0 1:[ (bs)k l:[ (61k' + ai) €T Y Y
. 1 (a)e()"
= AN YCE D) y—1 N = _oN\B=1( _ B 1
(=) F“W')y/t Bt froea [0
. . T (a)e(t)*
(L) rEes | 1 3 1 ) — )B L
- (=) Te) W)y/ kz—:oﬁ(bakﬁ(am@z) e

-5 B)fiﬁ_*y)ii I (= )P KD (a1, ey s b s by, (0 6) i ()} ):

This complete the proof of the Theorem. O

Corollary 4.2. Let the conditions of Theorem[].1] are satisfied with m = 1,81 = u and oy = 1, then the
following result holds  MP[(1, u)1; (8, B'; %, y)]

- F(ﬁ)?_%(‘ﬂ_zglﬂ’—l X {15+ (t%l(t —y)? K @y, aps by, b, (1, )1 (ta))} (z)
- F(ﬁ)l(—‘l(-ﬁ_—;)ilﬁ’—l X {15; (Ot —y)P K (ar, ..y ap; by, - by (ta))} (z).

This is the new result for the M-series [§].

(4.3)

Corollary 4.3. Let the conditions of Theorem[[.1] are satisfied with p=q = 1,a1 = p and by =1, then
the following result holds Mi (v, 8)m; (B, 85z, y)]

= F(ﬁ)féﬁ_—;)ﬁﬁ/iﬂ’—l X {15_;_ (t7*1(t _ y)ﬁ*llKia,é)m (P; 1 (a’ 5)m; (ta))} (x)
_ (B +6')
L(B)(z —y)r+o -t

This is a new result for the generalized Mittag-Leffler function studied by Kilbas et. al [5].

X {1’5/+ (t”_l(t — y)ﬂ_lEP[(aia 0i)1,m; (ta))} (z).

Corollary 4.4. Let the conditions of Theorem[].1] are satisfied withp =q=1,a; = p,by =1 and m =1

then we reach at following result

’ ’ _ _ ,(51 a
AR {(0,8)13 (B, 85 ,9)) = wesiterr {1 (071 =) K (i1, (0,0)15 () § (@)
Hence,

T ! / -
MG B = it {1 (P e B ) ) e
If we set a = 1 in above result , we come to the
T ! /
T MYy = F(ﬁ)(l(-ﬂ_—zl)ﬁﬂ-)&-ﬁ’—l {15+ ("t —y)P L Fi(p; 6; (t))} (). (4.6)

These are the well known results earlier given by Kilbas et al. ( [4],p.480).
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5 Representation of Dirichlet Averages in terms of Srivastava-

Daoust Function

In this section we consider an another kind characterization of the modified Dirichlet averages of the K-

series with v = p in (4.1]) presented as the following result:

Theorem 5.1. Let o, a;,bs,8,8 € C;6; € R, (i=1,....m;j =1,...,p;s =1, ...,q), min{Re(B), Re(8')} >
0, z = (x,y) € R, such that x >y > 0 and convergence conditions of the K- series are satisfied. Then
for all such that Re(vy) >0, ,MP[(1,1)(c, 0i)2,m; (8,85 2,9)]

_ simt | =6 —a,1] 5 (a5) s T 16 1w, (1-2) o)
fr) o\t B=8:—aln) : Uigl(@) : dami (845 : 1]

Proof. Using (4.1)) and the integral representation ([1.12)), we have

Hy =, MP[(1,1)(cvi, 6i)2,m; (B, Bs 2, )]

P
1 oo 11(aj)kly + ulz —y))**
/8+/8 /y+ul‘— plﬁ 1(1 u)ﬁ*lZJ:ql Jk du
0 k=0 H (bs ) H (0ik + ;) k!
s=1 i=2

By interchanging order of integral and summation, we have

ﬂ 5 N ﬁ<aj> ()oKt wetst
Jr Z 7 7=1 — /[ <1> u] uﬁfl(lfu)ﬁlfldu
k:Ol:[( )kH 5]€+Oélk/"0
o (e
LB+p8) i=1 LB+p) ko (T
FETE) 2% T (s Tl (0 1 o TOTEN (s1-ak-psrs(1-5))

1 =2

T (@)l

i) (ﬁ,l—ak—p;/3+6'; (1—;”))

e -3

0
p1§

k=

[}

1§< Ok TGk + )k

=2

Y
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Now Since (1 - ak - p), = Hi2hpid = Gflsetes and thus

0o 00 12[ (Clj)k (1 _ )7a r( a)k(ﬂ)r 1_=z r
Hy=y ™' Y 3 7 ’ :j ’ ( y>
=0 k=0 l:[l(bs)k (1 - p)*ak H (5Zk + az)(ﬁ + BI)TT!k!

=2

) (L= p)—aktr I (a;)k (y*)*(B), (1 — §>T

_ Y j=1 y
11000 70550 (1= p)-or T ()i [T (@0)s(8+ 311k
T [ o]l B e (1 7)
- m 0:g:m;1
Ir) o\ =0 =ali[(bn) : igs (@) : Sloms [B+ B+ 1]
=2
This complete the Theorem [5.1] O

6 Dirichlet Averages of Multivariate Function

Let us make the convention that,(A) denotes the n-tuple of Ay, ..., \,,. The Dirichlet averages M, 7 and its
modification , MP are discussed here, where the complex variable vector is (2) = (21, ...,2,) € C and the

prescribed parameters vector are (dy, ..., d, ). Our results are based on the following preliminary assertion:

Lemma 6.1 ([4],p.483, Lemma 1). Let n be a positive integer, d;,r; be complex numbers such that
Re(d;) > 0,Re(r;j) > —1. Let E,_; be the Euclidean simplex and stands for the Dirichlet measure
, then there holds the formula

(dl)n“'(dn)rn

W (= g = = 1) dpa() = . (6.1)
En/1 1 1 (d1 + ...+ dn)rl"r-“-‘r’ml

The Lauricella functions Fp defined for complex parameters d € C" in term of the multiple series [I1]
is defined by

o0

@) miyt.ctmn (A1) my (), 2702
FD(a, (d);c; z) = Z ( ) 1+ (z)ml(+1)+7; ( ) Trlll!mmn! (6.2)

mi,...,Mypy=0
Series (6.2)) converges for all variables inside unit circle, that is for max;<;<, |2;| < 1. Let us remind the
Srivastava-Daoust generalization S(u) of the Lauricella Fp. Now, we will study the following Dirichlet

average

ng[(ai, 5i)1,m§ ((d>7 (1—2))] = / (l_uoz)p_l[PKémé)m (ala weey Qp3 bla tey th (a’ 6)771; (1_uoz)a)]d/féd(u)'

E, 1
(6.3)
we will also need the directly verified formula
1 - > Zit..zm 1 6.4
(I-z— .. —2)7 = Z (—Tl)n+...+rnm7 (Jz1 4 .. + 20| < 1). (6.4)

T1yee, T =0
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Theorem 6.2. Let a;,a;,bs,8,8 € C;6, € R, (i=1,...m;j =1,....p;s = 1,...,q), min{Re(B), Re(8')} >
0, z = (x,y) € R, such that x >y > 0 and convergence conditions of the K- series are satisfied. Then
there holds the following formula ,MP[(1,1)(cv,di)2,m; ((d); (1 — 2))]

g [ @) Ui el @) L (=)

T1 T(cv) Hamd \ p:as(-1)] : [ij( ) 10510 [(bn) < 113 (@) : O]om: — (6.5)

Proof. Consider equation ([6.3]), we have
Hy = ,ME[(ci, 05)1,ms ((d); (1 — 2))]

= / (1— uoz)pfl[pK(go"‘;)m(al, ey Api b1, o, by, (0 0) s (1 — wo2) )| dpa(w)
Enfl

o TT(a)e(1 = uoz)

- / D D T dpea(u)
En_1 k=0 H (bS)k H (§ik + Oéz‘)k!
s=1 =2
« I (e,)s
=) T m (1 — u0z) ™+~ dpy(u)
k=0 H (bs)k 1:[ (51]6 + Oéi)k‘!En71

Applying the Lemma (6.1) and the polynomial expansion (6.4)), letting |u121 + ... + upz,| < 0, to Hy

we obtain that

0 IEI (a;)x 0

H4: Z 7 ]:in Z (I*Oék'* )T1+ ATn rl'...wz"n f U 1 Uyp—.. 7un_1)rnd'u,d(u)
k=0 Ul(bs)k 1:[2(6ik+0412)k! T1yeeny =0

P

H (aj)x .

! & (1_ak_P)r1+u-+rn (dl)nm(dn)rn Z;I"'Z’:‘Ln
(d1+"'+d")7‘1+---+7‘n ril.ory!

-2,

the n- fold inner sum (with respect to rq, ...

ﬁ (b)i [T (ckta)ht 1y, 57 =0

= i=

, ) forms a Lauricella Fp function, so

s=1 =2
since, (1 — ak — p)p 4. 4r, = (—1)T1+“'+T"M(p)7"‘k, by applying above transformation to Hy, we
P,
arrive at
p
) . [Il(aj)k(ﬂ)ak(dl)rl~~~(dn)rn(*21)”-~-(*Zn)”"
PREEEVARE S B~
HQ k,(r)=0 (p)ak—rl—...—rn H (bs)k H (az)(i k(dl + ...+ d )k'rllrn'
i= s=1 i=2
1 So‘p‘l (1) - [(aJ) : 1]1717 : [p : Oé], [(d) : 1}’ 1’ (_217...7—,2”)

T ™ o s (<] (X (da) 2 011 [(b) = Va3 () £ Blzms —

i=1
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