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Abstract : In this article we present the following definition of asymptotic equivalence which is natural
combination of the definition for asymptotically equivalent and lacunary statistical convergence of interval
numbers. Let § = (k) be a lacunary sequence, then the two sequnces T = (Tx) and 0 ¢ § = () of

interval numbers are said to be asymptotically lacunary statistically equivalent to multiple 1 = [1,1]

{ke[r:d(xk,l) zs}‘ —0.
Yk
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provided that for every ¢ > 0
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1 Introduction

The idea of statistical convergence for single sequences was introduced by Fast [7] in 1951. Schoenberg
[15] studied statistical convergence as a summability method and listed some elementary properties of

statistical convergence. Both of these authors noted that if a bounded sequence is statistically convergent,
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then it is Cesaro summable. Existing work on statistical convergence appears to have been restricted
to real or complex sequence, but several authors extended the idea to apply to statistically sequences of
fuzzy numbers and also introduced and discussed the concept of statistically sequences of fuzzy numbers.

Chiao in [I] introduced sequence of interval numbers and defined usual convergence of sequences of
interval number. Sengéniil and Eryilmaz in [I6] introduced the concepts of bounded and convergent
sequence spaces of interval numbers and showed that these spaces are complete metric spaces. Later,
Esi [4] introduced and studied strongly almost A—convergence and statistically almost A—convergence
of interval numbers. Recently, Esi [5] introduced and studied asymptotically A—statistical equivalent
sequences of interval numbers.

A set consisting of a closed interval of real numbers x such that a < = < b is called an interval
number. A real interval can also be considered as a set. Thus we can investigate some properties
of interval numbers, for instance arithmetic properties or analytic properties.We denote the set of all
real valued closed intervals by IR. Any element of IR is called closed interval and denoted by Z;that is
T ={reR: a<z<b}. An interval number T is a closed subset of real numbers and the set of all
interval numbers is denoted by IR[I]. Let x; and x, be first and last points of an interval number Z. For
T1,T2 €IR, we have Ty = Ty & x1,=22,, 1,=%2,. T1 + T2 = {x € R 12y, + 2o, < <21, +22,.}, and
if @ >0, then aZ = {x €R: azy, <z <azx; } and if @ < 0, then o = {z € R: az;, <z < awxy,},
where a € R.

Let us suppose that A = {x1,.z9,, z1,.%2,,1,.22,,1,.22, } . Then the multiplication of Z; and T
defined by

T1. Ty ={r €R: minA <z <maxA}.
Also % can be defined as similar to multiplication if 0 ¢ Z5.The set of all interval numbers IR is a

complete metric space defined by
d(Z1,%2) = max {|z1, — @z, |, w1, — z2, [} [1].

In the special case T1 = [a,a] and To = [b, b], we obtain usual metric of R.

Let us define transformation f: N — Rby k — f (k) =Z, T = (Tx) . Then T = (Ty,) is called sequence
of interval numbers. The Ty, is called k*" term of sequence T = (Zy). w’ denotes the set of all interval
numbers with real terms and the algebric properties of w® can be found in [16].

Now we give the definition of convergence of interval numbers:

A sequence T = (Ty) of interval numbers is said to be convergent to the interval number %, if for
each € > 0 there exists a positive integer k, such that d (T, T,) < ¢ for all k > k, and we denote it by
limg, T, = T,.Thus, limy, T, = T, < limyg, zy, = z,, and limy x5, = x,,. [1.

By a lacunary sequence 6 = (k,.), r = 0,1,2,...,where ko = 0, we shall mean increasing sequence of

non-negative integers h, = k. — k,_1 — oo as r — o0o0.The intervals determined by 6 are denoted by

I, = (ky—1,k;] and the ratio kfil will be denoted by ¢,. The notion of lacunary sequences have been
discussed in [6, [8, T4}, 17, [6], 8, 14} [I7] and many others.
Marouf [18] presented definition for asymptotically equivalent sequences as follows: Two non-negative
sequences = = (x) and y = (yi) are said to be asymptotically equivalent if
T

=1, (denoted by z ~ y)
Yk
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In [I9], Patterson extended those concepts by presenting an asymptotically statistical equivalent analog
of these definitions and natural regularity conditions for non-negative summability matrices. In [20],
Patterson and Savas extended the definitions presented [I9] to lacunary sequences. This paper extend

the definitions of asymptotical equivalent sequences to interval sequences by using lacunary sequences.

2 Definitions and Notations

Definition 2.1. Let 0 = (k,) be a lacunary sequence. Two non-negative sequences T = (Tx) and 0 ¢
y = (y) of interval numbers are said to be asymptotically lacunary statistical equivalent of multiple
L = [Ly, L,] provided that for every e > 0,

1 Tk — sy
lim—|<kel.:d|—,L|>e;| =0, denoted by T ~ 7
r r Yi
and simply asymptotically lacunary statistical equivalent if L = 1 = [1,1]. Furthermore, let EGZ denotes
T

ol

the set of T = (Tx) and 0 ¢ § = () of interval numbers such that T ~ 7.

Definition 2.2. Let § = (k,) be a lacunary sequence. Two non-negative sequences T = (Ty) and 0 ¢ § =

(Uy) of interval numbers are strong asymptotically lacunary statistical equivalent of multiple L provided
that ) B
lim— 3" d (”L) =0,
T T kel, yk
NI =1
denoted by T ~° y | and simply strong asymptotically lacunary statistical equivalent if L =1 = [1,1].

~L

In addition, let N{; denotes the set of T = (Ty) and 0 ¢ § = (Y,) of interval numbers such that T e .

3 Main Results

Theorem 3.1. Let 6 = (k) be a lacunary sequence. Then

Sl

_ T
(a) IfENN Y then T < 7, where 0 ¢ 5 = () -

. _
(b) If T = (%)) and 0 £ Y = (Y),) €loo and T 2y then T 8 7.

%)
D

(c) SEn Ty = N;ﬂ loo, where log = {T = (Tx) : supg {|2k, |, |7k, |} < 00}, which introduced in [16] .
Proof.

_Np
(a) Ife >0 and T ~ 7, then

Yk i
kel k€l & d(& L)>e

{ke[r:d<xk,L> 25}‘.
Yi

> €.
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T
Therefore 7 <2 .

- gf —
b) Suppose that T = () and 0 ¢ ¥ = (7,) € loo and T < 7. Then we can assume that d (2=, L) < T
k Yk
for all k. Given € > 0

~T
Therefore T No(F) 7.

(c) Tt follows from (a) and (b).

T
Theorem 3.2. Let 6 = (k,) be a lacunary sequence with liminf, ¢, > 1, then T ~ 7 implies T i v,

where 5L the set of T = (Ty) and 0 ¢ § = (7,) of interval numbers such that

{kgn:d<xk,L) 25}’:0.
Yk

Proof. Suppose that liminf, ¢. > 1, then there exists a 4 > 0 such that ¢, > 1+ ¢ for sufficiently large

1
lim —
non

r, which implies that

>

. )
>
“1+96

kol

T
If 7~ 7 , then for every ¢ > 0 and for sufficiently large r, we have

{k<kr:d(xk,L> >}| > L {keIT:d<xk,L> >H
Y k; Yk

1

V

T

1) 1 T —
——— Rkel.:d|{—,L) >
—1+6hr{ <yk )—EH
O
T T
Theorem 3.3. Let § = (k;) be a lacunary sequence with limsup,. ¢» < oo , then T % 7 implies T ~ 7.
T

Proof. If limsup, ¢, < oo,then there exists B > 0 such that ¢, < C for all r > 1. Let T < § and

€ > 0.There exists B > 0 such that for every j > B
1

A — —

J h:

{kelj:d(zk,L> 25}’ <e.
j Yk

We can also find K > 0 such that A; < K for all j = 1,2,3,.... Now let n be any integer with
k._1 <n < k,,where r > B. Then
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1 Tr — 1 Ty —
= {kellzd(gjk,L>Zs}‘+ {kzelgzd(zk,L>25}
krfl Yi krfl Yk
+ ...+ {k‘EIT:d<$k,L>2€}’
krfl yk
e (Gn) s e im g e e o (5 7) 2
= kelh:d|=,L|>¢cs|+—-——Rkelr:d|—=,L)>c¢
kr_1k1 ! Y. kr_1(ks — k1) ? Y
kp —kp_1 { <5Ek ) }
+ ...+ kelg:d|—,L)>¢
kr—1(kp — kp—1) B U

Ky — ko H <xk > H
4+t —————Rkel.:d|—,L| >¢
krfl(kr - krfl) Y
k1 ko — k1 kp —kp_1 kr — kr—1

= A As+ ...+ ———A b ——A,
krfl L k’rfl 2 N k:'rfl B * krfl

k k. —k
< {s_uij} k—B + {suij} TB
j>1 r—1 j=B r—1

< K. L)
k'r‘fl

O

Theorem 3.4. Let § = (k) be a lacunary sequence with 1 < liminf, ¢, < limsup, ¢, < oo, then

<L

S

—L
7T 27y, where 0 ¢ = ().

T ~
Proof. The result follows from Theorem and Theorem |3.3 O
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