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1 Introduction, Definitions and Notations

Let

P(z)=ag+a1z+ asz? + asz® + ... +an_ 12" 4 a2 |an| # 0
be a polynomial of degree n. Datt and Govil [2]; Govil and Rahaman [4]; Marden[8]; Mohammad[9];
Chattopadhyay, Das, Jain and Konwer[I]; Joyal, Labelle and Rahaman[5]; Jain [0l [7]; Sun and Hsieh[12];
Zilovic, Roytman, Combettes and Swamy [14]; Das and Datta[3] etc. worked in the theory of the distri-

bution of the zeros of polynomials and obtained some newly developed results.
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In this paper we intend to establish some sharper results concerning the theory of distribution of zeros
of entire functions on the basis of slowly changing functions.

The following definitions are well known :
Definition 1.1. The order p and lower order A of an entire function f are defined as

(2] (2]
p = lim supM and A =lim infM

r—00 1Og r r—00 log r

where log[k] T = 1og(10g[k_1] x) for k=1,2,3,... and log[o] T =z

Let L = L (r) be a positive continuous function increasing slowly i.e., L (ar) ~ L(r) as r — oo for

every positive constant a. Singh and Barker[10] defined it in the following way:

Definition 1.2. [T0] A positive continuous function L(r) is called a slowly changing function if for e

(>0),

<

x
ke
uniformly for k(> 1).

If further, L(r) is differentiable, the above condition is equivalent to

i
rhoo L(r)

Somasundaram and Thamizharasi [I1] introduced the notions of L-order and L-lower order for entire

functions defined in the open complex plane C as follows:
Definition 1.3. [11] The L-order p* and the L-lower order A of an entire function f are defined as

logm M(r, f) logm M(r, f)
L _ 1 =Bl SR R L — liminf==—_"3\J7
P g log[rL(r)] and A Fats log[rL(r)]

The more generalised concept for L-order and L-lower order are L*-order and L*-lower order respec-

tively. Their definitions are as follows:

Definition 1.4. The L*-order p~~ and the L*-lower order \Y~ of an entire function f are defined as

. log? M . loel2) A/
pY" = limsup ) (r ) and A =liminf—8 22\ J) (r. f)

rooo  log[rel(m] r—oo  log[rel(r)]

2 Lemmas

In this section we present some lemmas which will be needed in the sequel.
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Lemma 2.1. If f () is an entire function of L-order p*, then for every e > 0 the inequality

N (r) < [rL(r)]*"*
holds for all sufficiently large r where N (r) is the number of zeros of f (z) in |z| < [rL(r)].

Proof. Let us suppose that f (0) = 1. This supposition can be made without loss of generality because if
f (2) has a zero of order 'm’ at the origin then we may consider g (z) = c¢- f(z) where ¢ is so chosen that
¢ (0) = 1. Since the function g () and f () have the same order therefore 1t will be unimportant for our
investigations that the number of zeros of g (z) and f (z) differ by m.

We further assume that f (z) has no zeros on |z| = 2[rL(r)] and the zeros z;’s of f (z) in |z| < [rL(r)]
are in non decreasing order of their moduli so that |z;| < |z;41]. Also let p” supposed to be finite.

Now we shall make use of Jenson’s formula as state below

2m
1 .
log|f (0 Zlog %/log |f (R e“i’) | do. (2.1)
0
Let us replace R by 2r and n by N (2r) in
N(2r) 2m
=~ log|f (0 Zlog /log|f(2re )| do.
0

Since f (0) =1,.".1og|f (0)] =logl = 0.

N(2r) 27

Z log /log |f (2r e’ )| do. (2.2)
0

N(2r) N(r)

LHS. = Zlog >Zlog (r)log 2 (2.3)

because for large values of r,

log |2 | > log 2.
1 2
RHS = g/log ‘f (2r e“j’)‘ do
0
1 s
< 2—/10gM(2r) d¢ =log M (2r). (2.4)
T
U
Again by definition of order p” of f (z) we have for every ¢ > 0 and as L (2r) ~ L (r),
log M (2r) < (2rL(2r))" +</?
ie,logM(2r) < (2rL(r))?""". (2.5)
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Hence from (2.2) by the help of (2.3),(2.4) and (2.5) we have
N () log2 < (2rL(r))* </

20" +e/2 (pL(r))” T
log 2 (rL(r))e/2

This proves the lemma.

In the line of Lemma 2.1, we may state the following lemma:

Lemma 2.2. If f (2) is an entire function of L* -order p*, then for every € > 0 the inequality

N(r) < [7"6L(T)]pL*J“S

holds for all sufficiently large v where N (r) is the number of zeros of f (z) in |z| < [re™(")].

< (rL(r))” <.

Proof. With the initial assumptions as laid down in Lemma 1, let us suppose that f (z) has no zeros on

|z| = 2[re’(")] and the zeros z;’s of f(2) in |z| < [re®(")] are in non decreasing order of their moduli so

that |z;| < |ziz1]. Also let p~” supposed to be finite.

In view of (2.1),(2.2),(2.3) and (2.4), by definition of p*~ and as L (2r) ~ L (r), we get for every ¢ > 0

that

log M (2r) < [2reL(27‘)]PL*+s/2

i.e.,log M(2r) < [QTeL(T)]”L*+E/2.
Hence by the help of (2.3),(2.4) and (2.6) we obtain from (2.2) that
N (r)log2 < [2reL(T)]pL*+6/2

op™ " +e/2 [TeL(r>]pL*+e

N(r) < ogs L2 <

Thus the lemma is established.

3 Theorems

In this section we present the main results of the paper.

Theorem 3.1. Let P(z) be an entire function defined as

P(z)=ap+arz+ ........ +apz™ + ...

[reL(r)]pL* +e

with L-order p*. Also for all sufficiently large v in the disc |z| < [rL(r)], ap # 0 and an(y # 0. Also

an — 0 as n > N(r). Then all the zeros of P(z) lie in the ring shaped region

1
- <zl <to
0

where to and t{, are the positive roots of the equations

g(t) = ‘aN(T)’tN(T) — |aN(T),1‘ Nr=1 — lao|
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and
h(f) = |a0\ tN(T) - |a1\ tN(T)71 T ieeeiees — |a'N(r)} =0

respectively in |z| < [rL(r)] and N(r) denotes the number of zeros of P(z) in |z| < [rL(r)] for sufficiently

large r.

Proof. Since P(z) is an entire function of L-order p”, then from Lemma 2.1 we have for sufficiently large
r in the disc |z| < [rL(r)],
N(r) < (7“L(7“))”L+6 for e > 0.

Also ag # 0 and ap () # 0. Further a,, — 0 as n > N(r).

Hence we have

P(z)=ap+a1z+ ........ +apz" 4+ ..

~ag+ a1z + ... —&—aN(T)zN(T).
Therefore

‘P(Z)| ~ ’a0+alz+ ........ +CLN(7.)Z

> lane | 12177 = Janey-a | 121707 s — |ao| (3.1)

in the disc |z| < [rL(r)] for sufficiently large r. In fact (3.1) can be deduced in the following way

N(r)—1

A
=
=
+

N(T)*l‘ ..... + |aN(T)71| ||

‘a0—|— ..... +aN(T),1Z

1 . 7121\/(7«)—1‘.

IA

|

<
(=)

_l’_

_|_

S
=

ie, —lag|..... - ’aN(T),ll \2|N(T)_

Hence

> lan | 12177 = aney-1| 121N = = Jao] -

Now let us write

9(t) = lane [tV = |an -1 | VO — = aol . (3.2)
Since (3.2) has one change of sign, by Descartes’ rule of sign, the maximum number of positive root of
(3.2) is one. Moreover

9(0) = —lao| <0

and g(co) is a positive quantity.

Clearly t > to implies g(t) > 0.

If not, let for some t; > tg, g(t1) < 0.

Then g(¢) = 0 has another positive root in (¢1, c0) which gives a contradiction. Hence g(t) > 0 for ¢ > ¢.
Therefore |P(z)| > 0 for |z| > tg. So P(z) does not vanish in |z| > t; and therefore all the zeros of P(z)

lie in |z| < to where ¢ is the positive root of

9(t) = |an ) [£77 = |aney 2 [#7O7 = .~ Jao| =



28 Int. J. Math. And Its App. Vol.2 No.1 (2014)/ Sanjib Kumar Datta and Dilip Chandra Pramanik

Now we give the proof of the other part of the theorem.

Let us consider

Qz) =2N0p (1> (3.3)

z

for sufficiently large r in the disc |z| < [rL(r)]. Now

Q=0 (1)

z

=agzV ) 4 a 2N 4 +an (3.4)
Again we have
arzNT 4t any| < Jad 12V a2V T2+ lan(|
ie.,
—ay| [N = lany| < - ‘alzN(T) Y4 tane

So we get that

apz¥ ) 4 ... +an(

> |ao| |z|N(T) — ‘alzN(T)*1 + o any

N(r N(r)—
> lao| |2)N ) = Ja| |2V — = Jan |- (3.5)
Let us consider the equation
N(r N(r)—1
h(t) = lao| [N — far| (N7 — o = ann| = 0. (3.6)

Since (3.6) has one change of sign, by Descartes’ rule of sign the maximum number of positive root of
(3.6) is one. Moreover
h(O) = — |CLN(T)} <0

and h(oo) is a positive quantity. So h(t) has exactly one positive root. O

Let ¢, be the positive root of h(t) = 0. Clearly for ¢t > t, we get h(t) > 0.
If not, let ¢; > t;. Then h(t;) < 0. Hence h(t) = 0 has another positive root in (¢;,00) which gives a
contradiction.
Therefore h(t) > 0 for t > t, and |Q(z)| > 0 for |z| > t,.
So Q(z) does not vanish in |z| > t; and therefore all the zeros of Q(z) lie in |z| < ty. Let z = 2y be any
zero of P(z) = 0. Clearly zy # 0 as |ag| # 0.

Putting z = io in Q(z) we get that

1 1 N(r) 1 N(r)
o(3)-(3)" - (2) -0
20 20 20

So % is a zero of Q(z). Therefore‘%‘ <ty ie, |z0] > ti, Since zy is any arbitrary zero of P(z), all the
0

zeros of P(z) lie in |z| > ti/
0
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Hence all the zeros of P(z) lie in the ring shaped region

1
- < ‘Z| <t
to
where ty and té are the positive roots of
g(t) = |aN(T)|tN(T) - |aN(T),1| VM-t — —lagl =0
and
h(t) = |ag|tN ") — Jag [ Y01 — L fan(y| =0

respectively for sufficiently large r in the disc |z| < [rL(r)].
This proves the theorem.

In the line of Theorem 1, we may state the following theorem in view of Lemma 2 :

Theorem 3.2. Let P(z) be an entire function defined as
P(z)=ag+arz+ ........ +anz™ + .

with L*—order p~~ . Also for all sufficiently large r in the disc |z| < [re*(")], ag # 0 and an(y # 0. Also
an, — 0 as n > N(r). Then all the zeros of P(z) lie in the ring shaped region

1

7 < ‘Z | <to
0

where to and t}, are the positive roots of the equations

7fN(r) _ tN(r)—l _

9(t) = |an()) lan (1|

and
h(t) = |CLQ‘ tN(T) - |CL1‘ tNOA)?l T e - |aN(r)} =0

respectively in |z| < [re*("] and N(r) denotes the number of zeros of P(z) in |z| < [rel "] for sufficiently

large r.
The proof is omitted.

Theorem 3.3. Let P(z) be an entire function defined by
P(z)=ap+ar1z+ ... +apz" + ...

with L-order p*. Also for all sufficiently large r in the disc |z| < [rL(r)], an() # 0 and ag # 0. Further
an — 0 asn > N(r).
Then all the zeros of P(z) lie in the ring shaped region

1
1+M
Trap <<
. ’ ak
where M = max and M' = max — .
0<k<N(r)—1|an(r) 0<k<N(r)—1|ag



30 Int. J. Math. And Its App. Vol.2 No.1 (2014)/ Sanjib Kumar Datta and Dilip Chandra Pramanik

Proof. Since P(z) is an entire function of L-order p’, then by Lemma 1 for sufficiently large values of r
in |z| < [rL(r)] we have N(r) < [7"L(7‘)]PLJre for € > 0. Also ap # 0, an(y # 0, and a, — 0 as n > N(r).

Hence we may write

P(z)y=ao+a1z+ ... +apn2" + ...
~ ag +aiz+ ...+ (IN(T)ZN(T)_

Now

‘GAO + a1z + ...... + a/N(,,,)ilzN(T)_l‘

< |CLO| + + ‘aN(r)fl‘ |Z|N(7")—1

= |aN(r)| { |a’0| N + M |ZN(T‘)1}
|an(]

‘G'O + a1z + + aN(,,,)ilzN(T)_l‘

< || M (|Z|N<”>*1 FlNO2 4 4 1)

1 1 1
= MM = — _
|aN("”)| |Z| ‘Z| + |Z|2 + + |Z|N(T)

where |z| # 0. Therefore when |z| # 0,

— ‘ao +aiz+...+ aN(r)_lzN(r)fl‘

Ny )1 1 1
27|aN(7‘)|M|Z| {+2+ ..... +|Z|W .

So for |z| # 0

|an(| 121N — ‘ao taiz 4o+ aN(T)_lzN“)*l‘

> Jan| 1V = Jan | 12177 M {|1| + |1| I ylvu} .
Now

|P(Z)‘ ~ ‘ao +aiz+ ...+ G,N(T)ZN(T)

> |aN(T)| |Z|N(T) — )ao +az+.... + aN(r)ilzN(T)—l‘ )

Using (3.7) we have

IP(2)] = Jann]| 121" = |aw | =¥ M{

- NeY Sy (L L .
= lan| 12 {1 M<|Z|+|Z|2+ ..... o) 2] # 0.

(3.7)
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i.e.,, when |z| #0

1 1 1
1P(2)| > |ane| |2V 91— M | =+ —5 + .. T ]
2] )z E

z
Therefore

. o 1
P(2)] > x| 12/¥" LMD for 0
j=1

[e.e]
Now the geometric series Y ﬁ is convergent when ﬁ < 1i.e., when |z| > 1 and is equal to
j=1

1 1 1

F1-& -1

On |z| > 1 we can write

. M
PEI> faxe 1Y (1 ).

Now on |z| > 1,

M
1P(2)] > 0if |ane| 2N (1 - ) >0

. M
e, if 1——>0
2] — 1

ie if |z]—-1>M
ie if |z] > M+ 1.

Therefore

2| >M+1>1as M > 0.

Hence

|P(2)| > 0if |z| > M + 1.

Therefore all the zeros of P(z) lie in |z| < M + 1.

Secondly, we give the proof of the lower bound. Let us consider

Q(z) = Np <1> .

z

Therefore

_ N(r) ai aN(r)
Q(z) = |7| {ao + il + o T N0 }

2] E

=ag |2\N(T) +aq |Z|N(T)71 F o +an(r)-

31
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Now
ar |2V 4 ang | < a2V e fan |
a r)— a r
= ool [l -1y lavenl]
ol |aol
< lag| M’ (IZIN(’")_1 Fo 1)
N(r 1 1
= |ao| M" |2 (><Z|+ ...... +W .
||
Therefore
r)— ” 1 1
_ a1|Z| () 1—|— ...... -‘r-(LN(T) >—|aO|M’|Z|N()<Z|+ ...... +||N(r)>
z
So

Q)] = laol [N = 12V .+ ary

1 1
> Jag [N — Jag| M7 [N ( Fo M)
4

|
r 1 1
:|a0|z|N(){1—M’ <Z|+ ...... +|z|]\[("”)>
r 1 1
>|a0|Z|N(){1—M/<Z|+ ...... +|Z|w+ ..... >}

Hence using above we get that

1

1Q(2)] > |ao| 2|V 1*M’ZW
j=1

o0
Now the geometric series > ﬁ is convergent when |—i‘ < 1ie., |z| > 1 and is equal to
i=1

1 1 1

EFEEa

On |z| > 1 we may write
/
Ny (o M
Q1> laol [1Y (1= 7).

Now for |z| > 1,

M/
Q@I 0t Jaol 1Y (1 77 20

e, if 11—
ie,if |z >1+ M.

Therefore |z| > 1+ M’ > 1as M’ > 0.
Hence |Q(z)| > 0 for |z| > 1+ M. O



Deductions on Slowly Changing Functions Oriented Bounds for the Zeros of Entire Functions 33

So all the zeros of Q(z) lie in |z| < 1+ M.
Let z = zy be any zero of P(z). Therefore P(zg) = 0. Clearly zg # 0 as |ag| # 0. Putting z = % in |Q(z2)]

we have ) )
‘Q (;)‘ = (Zlo) P(z20) = (zlo) 0=0

_ 1
Therefore z = - is a root of Q(z). So

—| <1+ M,
2p
which implies that
1
170l > ‘1+M :

As zj is an arbitrary root of P(z) = 0, all the zeros of P(z) lie in |z| > ‘

1
M |-
Hence all the zeros of P(z) lie in the ring shaped region

1+M,<|z|<1+M.

This proves the theorem.

In the line of Theorem 3.3, we may state the following theorem in view of Lemma 2.2 :

Theorem 3.4. Let P(z) be an entire function defined by
P(z)=ag+ar1z+ ...+ az" + ...

with L*-order p*". Also for all sufficiently large v in the disc |z| < [rel()], anpy # 0 and ag # 0.
Further a,, — 0 as n > N(r).
Then all the zeros of P(z) lie in the ring shaped region

1
—_ 1+ M
Trap <<
’ ag
where M = max and M' = max — .
0<k<N(r)-1 AN (r) 0<k<N(r)-1|ag

The proof is omitted.

Theorem 3.5. Let P(z) be an entire function defined by
P(z) =ap+ a1z +az® 4+ .. + anz™ + ...

with L-order p". Also for sufficiently large v in the disc |z| < [rL(r)],an(y) # 0,a0 # 0 and a, — 0 as
n > N(r). For any p,q withp > 1,q > 1 and % + % =1, all the zeros of P(z) lie in the annular region

aq
P P

N(r)—1 p

c<ld< 1+ >

q
K -
p) ? J=0

aj

AN (r)
AN(r)—j
ao

N(r)—1
1+ X
=0
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Proof. Given that ag # 0, an(y # 0 and a, — 0 as n > N(r). Therefore for sufficiently large 7 in the
disc |z| < [rL(r)] the existence of N(r) implies that

P(2) =ag+ a1z +a22® + ... + ap 2" + ...
= ag + a1z + a222 + ...+ aN(r)zN(T).

Now

‘a0+a1z+a2z2+ ...... +aN(r)71ZN(T)_1‘

< |a0‘ + |Cl1| |Z| + ... ‘aN(r)fl‘ |Z|N(/’-)_1

}GN(T»)|{|GO|+ ...... +M| V¢ 1}

|an] |lan (|
N(r)—1 s -
= |an(r ||z (3.8)
lan ] ;0 P

Therefore using (3.8) we get that

|P(z)| = ‘a0+alz+a222+....+aN(T)zN(T)
> |aN ||z| (T)—‘a0+a12+a2z2—&—....—l—aN(T),lzN(T)*l
N(r)—1
s .
> |ane| ERAE lan | 12/
Z e
N(r)—1
. N(r
e, [P(z) > l|anm]|{ 2l (r) Z |2|?
j=0 ()
By Holder’s inequality we have
1 1
N(r)—1 N(r)—1 T P [N(r)—1 N a
|2 < : (127)" | - (3.9)
j=0 aN(r ; aN(r) jgo
In view of (3.9) we obtain that
N N(r)—1 p\ ? [N(r)-1 g q
P()] = [aw] { 12N - (1)
=0 N(r) =0
1 1
N N N(r)—1 s p\ ? [N(r)-1 |Z|jq
j
= lane] § 12N = 12N YD | — e
= aN(r) = H (r)q
1 1
N(r)—1 p\ ? [N(r)-1 N(r) 1
_ N(r) a; 1
= lane |zl = > > <q>
=0 CLN(T) =0 ‘Z|
( v NG .
N(r)—1 p\? [N(r j
_ N(r) a; 1
= lane M7= > | (W)
j=0 %N j=1
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N(r)

J
Now the geometric series (ﬁ) is convergent for
j=1
! <1
|2

ie., for |2]9>1
ie., for |z| >1

and is convergent to
1 1 1

P Ly

So

1
a

W1y 1
Z (|z|q> converges to <|z|q—1) for |z > 1.
j=1

Q=

Therefore on |z]| > 1

D=

N(r)—1 a p 1 %
P N(r) 1— J
|P(z)] > |aN(r)| |2 Z AN |Z‘q 1
7=0
Now if [P(z)| > 0 then we have
N(r) NOS e\ 1\
anm |z 41— 2 <) >0
|an)] ; e E
1
N(r)—1 p\ ? 1
a; 1 a
ie, 1-— J (> >0
jz::() an(r) 2|7 — 1
N(r)—1 p P
1 a;
ie, (2|7 = 1) > !
2 Jans
. N(r)—1 a; p P
i.e., zI"—1>
. 2 vy
j
N(r)—1 a p\?
ie., || > |1+
j=0 G’N(T)
Clearly
1
N(r)—1 e\
1+ 4 >1
j=0 aN(T)

35
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Therefore |P(z)| > 0 for

- 41
N(r)—1 0 IP Ak
l2| > |1+ ’
2 Javy
Therefore all the zeros of P(z) lie in
1
N(r)—1 a |P b
2] < |1+ : (3.10)
2 Jawio
For the lower bound let us take Q(z) = ZN(T)P(%). Therefore
_Nop (]
Qz) =2z""P | -
z
IS a an(r
zzN(){aO—i—?l—l— ..... —i—ZNET;}
= aozN(") + alzN(r)_l + .. + AN (r)-
Therefore
|Q(2)| =~ ’aozN(T) +a N4 +an()|-
Now
alzN(T)_l + . + N (r) < |a1| |Z|N(r)_1 + o + |aN(r)|
a r)— AN (r
ool Jl e Jeven]
|aol |aol
N(r)—1 a
N(r)—j j
=Jao| > [P (3.11)
3=0

Therefore using (3.11) we get that

Q)] 2 laol |21Y) = a12¥ 1 4+ gy

N(r)—1 a
N(r N(r)—j j
> lagl [/Y" ~Jagl Y~ | =L [
j=0
N N(r)—1 GN( Vi .
= |aol 4 |2| ™ Z TJ |2
=0 0
Now by Holder’s inequality we have
1 1
N(r)—1 N(r)—1 p\ P [N(r)-1 a
aN(T)*j J < aN(T)*j ( j)q 3.12
Ll (B eml) (S ey) e
7=0 7=0 7=0
Using (3.12) we obtain from above that
. N(r)—1 aniys |” PoNm-r o\
Q)| = Jaol =177 — | 32 |F > (1=F)
j=0 j=0
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1
N(r)-1 5 IN@)-1 (|Z|j>q a
_ N(r) N(r) AN(r)—j
— Jao] { oY) — 70 30| s
j7=0 0 7=0 |Z|

i q
N(r)-1 P\ 7 [NE)-1 (MJ) ¢
N(r AN (r)—j
= |ao] |z| (){1 ( Z ((l . ) ( Z N(r)q
=0 0 ) =0 | |
J J
N(r)—1 a P % N(r)—1 1 %
— N(r) )1 N(r)—j
= laol |2 ! Jz::o a0 ;O [TV
N N(r)—1 AN () —j p % N(r)—1 1 (N(r)—j) %
. T T)—J]
“lal™ - | 2 2= ()
7=0 7=0
N(r) MO angy4 P " (e 1Y’ ;
> lag| 2|77 <1 — Vol <>
=0 o ; [
Therefore ) N
N(r)—1 P /N(r) i\ ¢
N(r) aN(r)—j 1
> 1-— i
Q=) > laol |2 - by ( Z|q)
7=0 j=1
e J
Now the geometric series (ﬁ) is convergent for
j=1
1
ie., for |2]7 > 1.
Therefore for |z| > 1 and the series is convergent to
111
EE s T

EN

So

Q=

o5} 1 7 1 %
Z <z|q> is convergent to (|z|q—1> for |z| > 1.

Therefore on |z| > 1,

1 1
N(r)—1 p\ P q
N(r) AN (r)—j L
> 1- —
Q)| > faol |2 O (=)
Now if |Q(z)] > 0 then
N(r)—1 » 7
)y _ AN(r)—j L 0
|a0|\z| 2_: ao |Z|q—1 =
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Clearly

Therefore |Q(z)| > 0 if

Therefore all the zeros Q(z) lie in
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N(r)—1 o\ P 3
: AN (r)—j ( 1 )
ie, 1-— ) — ) >0
J,_X_:O ap ‘Z|q—1
N(r)—1 P %
AN(r)— 1
ie., 1> N ( . )
= ap |z]T—1
1
N(r)—1 P
q T O AN(r)—j
ie, (l27=1D7> [ > ”
=0 0
. q Nl AN (r)—j
e, |z|T—-1> Z
j=0 I 10
N(r)- ok
AN (r)—
ie, |z > |1+ Z N(r)—j
j=0 I @0
q 1
N(r)—1 7|’
AN(r)—j
1 1.
+ Z ~ >
7=0
— g1 1
N(r)—1 p |
AN(r)—j
> 1+ | > |,
i=0 0
gn 1
N(r)—1 a ) p|?
e e Y|P
j=0

Let z = zg be any other zero of P(z). Therefore P(zy) = 0. Clearly zg # 0 as ag # 0.
Putting z = % in Q(z) we have

Therefore z = %

Q(20) =

is a zero of Q(z). So

()" -

( 1
20

N(r)
) 0=0

1 N(r)—1 a
< 1+ N(r)—j
20 = ag
. 1
ie., |z0] > —
N(r)—1 p |1
1 + (T) GN;”iJ D
j=0 0

Pramanik
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As zg is an arbitrary zero of P(z) so all the zeros of P(z) lie in

1
|z| > — (3.13)
NO o P B
1 + Z AN (r)—j
j=o 1
Hence combining (3.10) and (3.13) we may say that all the zeros of P(2) lie in the ring shaped region
ga 1
N(r)—1 P w1
1 .
<l < 14| Y 4
17 ¢ 4_ an(r)
N(r)—1 p\ P 7=0
14+ Z AN(r)—j
j=o 1%
This proves the theorem. O

In the line of Theorem 3.5, we may state the following theorem in view of Lemma 2.2 :

Theorem 3.6. Let P(z) be an entire function defined by
P(z) = ap + a1z + asz? 4 a4 .

with L*-order p*~. Also for sufficiently large r in the disc |z| < [reX(")], an(ry # 0,a0 # 0 and a, — 0 as
n > N(r). For any p,q with p > 1,q > 1 and % + % =1, all the zeros of P(z) lie in the annular region

a
p P

N(r)—1 P

! << 1+ Y

p> | =0

Corollary 3.7. In particular if we take p = 2,q = 2 in Theorem 3.5 then we get that all the zeros of the

aj

-

AN (r)

=0

N(r)—1
1+ X

polynomial P(z) = ag + a1z + asz® + ... + a, 2" lie in the ring shaped region

n

! s<ld< 1+ 1Y

el

Corollary 3.8. In particular if we take p=2,q = 2 in Theorem 3.6 then we get that all the zeros of the

) 2
a5

n
an
ao

=0

H(i

polynomial P(z) = ap + a1z + a22% + ... + a, 2" lie in the ring shaped region

2 2

a4
a

n

1 n
<< (14D
j=0

7
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