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1 Introduction

The object of this paper is to derive some properties of generalized Laguerre functions and recurrences
relations and also proved that the set of generalized functions. Laguerre polynomials is continuous. The
Rodrigue’s formula of generalized Laguerre polynomials is also derived. Lastly we have proved that the
set of functions are orthogonal in Ly(0, co). The fractional derivative D of order o € (0,1) of the
absolutely continuous function f(x) is given by (see [1-7])

Dg f(x) = 1% Df(x), D=
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and the fractional derivation D* of order « € (n — 1,n) of the function f(x) is given by

d
Dg flx) = 17 D"f(a), D=
Now we have the following two definitions.
Definition 1.1. Let a,yv € (n—1,n), n=1,2,... and B,a € R. We define function Y (v, a;z) by
YP (v,a;2) = D2 Pe™® 4+ 3> 0 (1.1)
and the function Yfa (=v,a;z) by

Y_Ba (v,a;x) = 1% 7 Pe™®  _~ 413> —1 (1.2)

Definition 1.2. Let a,vy € (n—1,n), n=1,2,... and B,a € R. We define the generalized Rodrigue’s

formula by the two functions

et —h

LS (v,a;2) = me(%a;I), Yy+B8>0 (1.3)
eawxfﬁ

LB . — Yﬁ — . — 1.4

Here we study some of properties of the functions L2 (v,a;x), and Y2 (v,a;2), some recurrence
relations and prove that the set of functions {L? (v,a;7), a € R} is continuous as a function of a € R.
The continuation of the function {L? (v,a; )}, as @,y — n and a = 1 to the Rodrigue’s formula of the
Laguerre polynomials L? (x) are proved. Also we prove that the set of functions {Lm /n (v,a;2), m,n =

1,2,....} are orthogonal in L2 (0, co).

Theorem 1.3. Leta;y € (n—1),n=1,2,.... If B,a € R, then

(a+1)LY, = DLE(y,a;2) + (f - a) L2 (v, a;z) (1.5)

(a+ 1)Lf+a =DL” c(y,a;x) = 7 —; 5L'B oy, a;x) — aLB('y, a;x) (1.6)
aLi_y(y,a53) = A+ B)L_, (y—1,a52) — aLl(y, a5 ) (1.7)

(1- oz)Lﬁ oV a) = tis BLB 1(7,@ x) — aLéa(’y,a;aj) (1.8)
(L= )L, (v,a;2) = (7 +B)LY o (v = 1,a;2) —aL? (v, 0 2) (1.9)
(1—a)L?  (y,a:2) = DL? (v, a;2) + (i - a) L? (v, a;2) (1.10)
L (14 7,a;2) = L2 (y,a;2) = L§—1(2+~y,a;x) (1.11)
oLl (1+~,a;2) = (v+ B+ 1)L§_1(7, a;z) —all | (147,a;2) (1.12)

LP (1 —~,a;2) = 2LB* (—v,a;2) = %Lfﬁl (2 —7,a; ) (1.13)

al? M +7y,a;2) = 1=y +B)L2_(=y,a;2) —aLl? | (1 —~,a;z) (1.14)
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Proof. Differentiation L? (v,a;x) gives
B
DL, (v.a;w) = (a+ D Lgyy (v.asx) +aLf (v,a:2) = —LE(v,a57)

Then
(a+ 1)L’f+a (v,a;2) + DLQ (v,a;z) + (i — a) Lg(%a;x)

From the properties of the fractional calculus and the definition L? (v, a; ) we get

azx .—f3
B . _ e a+1 —azx
Loy (v,a52) = mD Tlgprthe
e =0
_ D y+B—1_—ax __ y+B ax
7F(2—|—04) [('y—l—ﬁ):r e ax’Pe ]
1
= 7?:'BLfy_l(%a;x) —alg(y,a;2)
and
LB (v,a;z) = ﬂpax“ﬁﬁefax
[0 ﬂY? b - F(a+ 1)
eawx—ﬁ
_ Da—l Y+B—-1_—ax __ Y45 ,—ax
NCE] (v+B)z e ax?Pe "]
1
=~ [+ 8L~ Lasw) —all_y(y,0:2)]
Also
LY (y,a;w) = ﬂpl—amv-ﬁ-ﬁe—aw
tra A0 2-a)
azx .—f
s
1 Y+ B 5
=1 4 [wLéal(%a;I) - aLéa(%a;ﬂi)}
1
= —— [+ B0~ Laiw) — oL, (3,0)|
where .
L, (y-1az) = ;L‘i;l(%a;x)
Since
DL, (ai0) = (L - )L, (r.as2) + aL,, (3,a:0) — L2 ,(3,0:1)
T
Then
(- 2 onaia) = DI (i) = + (2 = a) 2, (i)

From the definition of LZ(y,a; ), we get

e =0

I'l+a)
—(B+1
_ xeaxl. (5 )Dax1+w+ﬁe—ar

I'l+a)

L1 +v,a2) = Do gltrtBe—az

o1

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)
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az .—(B—1)
_ erx Dax2+7+57167aw

I'l+ )
= 2T (7, a; )

1
=Ly ' (2+,a52)
X

Also, we have

azx .—f
e
L,B 1 . _ D¢ 14+~v+p3 —ax
azx .—f
xe* g
_ Dafl 1 Y4B ,—ax 1+~v+p8  —ax
a0+ B+ a7 e gl e
1
=y +8+ Do y(ya57) —aly_y(1+7,a;)] (1.23)
By the same way, we can easily prove the last two relations. From the properties of the fractional calculus
and the definition of Y,?(v, a; x), we can easily prove the following lemma. O
Lemma 1.4. Let o,a1,7€ (n—1,n),n=1,2,.... If B,a € R, then
D LE(v,a;2) = LY, 1o (v,0; %) = DLY, (7,0 ) (1.24)
V8 (v, a2) = Y2 o (=7, a53) = 1°Y0, (=7, 052) (1.25)
DLP (—v,a;z) = IO‘YB( —v,a;x) (1.26)

(a’y—i— @ L? ('7,@;37)) =0

Theorem 1.5. Let o,y € (n—1,n), n=1,2,... and B, € R; a > 0. Then

VP (vya;x) = (v+ B) YO (voa32) — oY, (v,a;2)
=(v+ B YL, (v-Laz)— a¥) ) (v,a;2) (1.27)
DYaB (’Y,CL;Z‘) = Yaﬁ+1 (’Y,Cl;l‘)
=(y+B) Y (v,a32) — aY P (7,05 2)

=(v+B8) YL, (v-Laz) —a¥f (y,a;2) (1.28)
DnYo,? (v,a;x) - Yaﬁ+n (’Yaavx)
- n x TA+~+75) Ak
= —a)" Y, ; 1.2
aDY] | (v-1la2) = -YZ (v,a;2) = —aY]_| (y—1,a;2) (1.30)

Proof. From the definition Y2 (v, a;z), we have
Y7 (voazx) = DO H(y + B)a P e —ag e v}
_ (’Y + B)Da—lx(’y—l)-‘rﬁe—aw o aDa—lx'y-i-Be—aa:

= (y+ YL [(v,a52) — aYP | (v,a52)
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Also
Yaﬂ (v,a;2) = D{(y + 5)x7+6—1e_‘” — a:ﬂ"’ﬁe—”}
=(+B) Y{T (rasa) —a¥l (v.0:0)
= (v +B8)DY (v - Lasz) — a¥{ ) (y,a;2)
where
DYf__l1 (v,a;2) = Y27 (v, a;2)
and also

n
DY/ (v,a;2) D”‘Z < ) (DY By (Dn—Femav)

k=0

n n—k F(1+’Y+B) « B—k _—
k) A i T

(") (cay=t LTIy (o s

M+ 1M

k (I+v+B8-k)

ol
Il

0

From the convergence of the power series expansion of e~ ?*2Y*# and the properties of the fractional

derivative we obtain

= (—a)™  T(l+m+y+p) -
yB L) — (—a) m+y—a+ 1.31
o (7,a:2) mzz:o m ! F(l+m+’y—a+ﬁ)x (1.31)
from which we can prove (by direct substitution) the last result. O

Theorem 1.6. Let o,y € (n—1,n),n=1,2,... and B, € R; a > 0. Then

aDLS(y,a;3) = (v + B)LE (v, a5 ) + (2az — B)LE(y, a; ) (1.32)

amDLg(fy,a;x) + aﬁLg('y, a;z) = (vy+ 8) x [(8 — ax) Lﬁ_l(fy —1l,a;2) + xDLg_l(y —1,a;x)] (1.33)
8 . Pla+1) < ko B—k[nkT B .

Ly ,(v,a;2) = a—|—n—|—1 kz ( ) x” "Ly "[DYLL(v, a; )] (1.34)

Where Lffk is the well known Laguerre polynomials.
eDL,_y(y—1,a;2) — aLi(v,a;2) = (e — B —a) Lh_; (v — 1, a;2) (1.35)
Proof. From the definition Lg (v, a; ) and Equations — respectively, we have the result. [
Theorem 1.7. The function Y2 (v, a;x) is particular solution of the differential equation.
tD*YP(y,a;2) + (1 +a—~—B+ax)DYP(y,a;2) + (1 +a) aYP (v,a;2) = 0 (1.36)
Proof. Multiplying by x and from into it we have
eDY{ (v,0;2) = —axY) (v, a52) + (v + B)YY (v,a;2) — a(y + B)Yi_1 (v = 1, a5 2) (1.37)

Differentiating this equation and from (1.33) into it, we obtain the result. O
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Theorem 1.8. The function Lg (v, a; x) 4s particular solution of the differential equation

D) + (L kat 5 - - a DY) + (0 L) <0 )
T
Proof. From (1.1)) into (1.14)), we obtain the result. O

2 Orthogonality Property
Theorem 2.1. For any real numbers oy # ao, # y1 # Y2, we have
/ e*“wwﬁLgl(’yl,a;x) Li (y2,a;z) dz =0
0

for aqx = v1 g = 2.

Proof. Let ul(y,a;2) = e=%*/228/2 L8 (v,a;2), a € R*, then by the direct calculation we can prove that

a 2 a?
wD*ul (v, a;2) + (L +a =) Dug(y, a;x) + {(l taty+p)g+(a- 7)% - % - 44 ul(v,a;2) = 0
(2.1)
Then for any positive real number a;,v; and asg, 2, we have
eD*uf, (y1,a;2) + (1 + a1 — m1) Dug, (n, a3 2)
a B p% a?
(1+041 +’71+5)5 (Oq ’Yl)% — @ — 41’:| ugl('yha;x) =0 (22)
eD*uf, (2, a;x) + (14 a2 — 72) Duf, (72, a; z)
a I} 8%  a?
[(1+O¢2+’}/2+5)2 (042—’}/2)21‘—41.—456} u§2(72,a;$):() (2.3)

By multiplying the first equation by uf, (72, a;z) and the second equation by u2 (v1,a; ), subtracting

the resulting equations and integrating from 0 to co we obtain
(o] o0
/ u, (y1,052) ul, (72, 52) dz = (11 — ) / Ua, (72, ;) Dug, (1, a;2) do
0 0

(o)
+ (ag — 72)/ ugl(% a;x) Dugz (v2, a5 ) dx (2.4)
0

O

3 Conclusion

We see that our assumption are true and exits the result for a3 = 71 and ay = 72, we have the result.
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