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1 Introduction

The object of this paper is to derive some properties of generalized Laguerre functions and recurrences

relations and also proved that the set of generalized functions. Laguerre polynomials is continuous. The

Rodrigue’s formula of generalized Laguerre polynomials is also derived. Lastly we have proved that the

set of functions are orthogonal in L2(0, ∞). The fractional derivative Dα of order α ∈ (0, 1) of the

absolutely continuous function f(x) is given by (see [1-7])

Dα
a f(x) = I1−αa Df(x), D =

d

dx

1Corresponding author E-Mail: sharmarajkishor6@gmail.com

© JS Publication

http://www.ijmaa.in


50 Int. J. Math. And Its App. Vol.2 No.1 (2014)/ Raj Kishor Sharma

and the fractional derivation Dα of order α ∈ (n− 1, n) of the function f(x) is given by

Dα
a f(x) = Im−αa Dnf(x), D =

d

dx

Now we have the following two definitions.

Definition 1.1. Let α, γ ∈ (n− 1, n), n = 1, 2, . . . and β, α ∈ <. We define function Y βα (γ, a;x) by

Y βα (γ, a;x) = Dαxγ+βe−ax, γ + β > 0 (1.1)

and the function Y β−α (−γ, a;x) by

Y β−α (γ, a;x) = Iαx−γ+βe−ax, −γ + β > −1 (1.2)

Definition 1.2. Let α, γ ∈ (n − 1, n), n = 1, 2, . . . and β, α ∈ <. We define the generalized Rodrigue’s

formula by the two functions

Lβα (γ, a;x) =
eaxx−β

Γ(1 + α)
Y βα (γ, a;x), γ + β > 0 (1.3)

Lβ−α (γ, a;x) =
eaxx−β

Γ(1 + α)
Y β−α(−γ, a;x), −γ + β > 0 (1.4)

Here we study some of properties of the functions Lβα (γ, a;x), and Y βα (γ, a;x), some recurrence

relations and prove that the set of functions {Lβα (γ, a;x), α ∈ <} is continuous as a function of α ∈ <.

The continuation of the function {Lβα (γ, a;x)}, as α, γ → n and a = 1 to the Rodrigue’s formula of the

Laguerre polynomials Lβn (x) are proved. Also we prove that the set of functions {Lβm/n (γ, a;x), m, n =

1, 2, ....} are orthogonal in L2(0,∞).

Theorem 1.3. Let a; γ ∈ (n− 1), n = 1, 2, . . . . If β, α ∈ <, then

(α+ 1)Lβ1+α = DLβα(γ, a;x) +

(
β

x
− a
)
Lβα(γ, a;x) (1.5)

(α+ 1)Lβ1+α = DLβα(γ, a;x) =
γ + β

x
Lβα(γ, a;x)− aLβα(γ, a;x) (1.6)

aLβα−1(γ, a;x) = (λ+ β)Lβ1−α (γ − 1, a;x)− aLβα(γ, a;x) (1.7)

(1− α)Lβ1−α(γ, a;x) =
γ + β

x
Lβ−1−α (γ, a;x)− aLβ−α(γ, a;x) (1.8)

(1− α)Lβ1−α (γ, a;x) = (γ + β)Lβ−α(γ − 1, a;x)− aLβ−α(γ, a;x) (1.9)

(1− α)Lβ1−α (γ, a;x) = DLβ−α(γ, a;x) +

(
β

x
− a
)
Lβ−α(γ, a;x) (1.10)

Lβα (1 + γ, a;x) = xLβ+1
α (γ, a;x) =

1

x
Lβ−1α (2 + γ, a;x) (1.11)

αLβα (1 + γ, a;x) = (γ + β + 1)Lβα−1(γ, a;x)− aLβα−1 (1 + γ, a;x) (1.12)

Lβα (1− γ, a;x) = xLβ+1
α (−γ, a;x) =

1

x
Lβ−1α (2− γ, a;x) (1.13)

αLβα (1 + γ, a;x) = (1− γ + β)Lβα−1(−γ, a;x)− aLβα−1 (1− γ, a;x) (1.14)
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Proof. Differentiation Lβα (γ, a;x) gives

DLβα (γ, a;x) = (α+ 1)Lβα+1 (γ, a;x) + aLβα (γ, a;x)− β

x
Lβα(γ, a;x) (1.15)

Then

(α+ 1)Lβ1+α (γ, a;x) +DLβα (γ, a;x) +

(
β

x
− a
)
Lβα(γ, a;x) (1.16)

From the properties of the fractional calculus and the definition Lβα (γ, a;x) we get

Lβα+1 (γ, a;x) =
eaxx−β

Γ(2 + α)
Dα+1xγ+βe−ax

=
eaxx−β

Γ(2 + α)
Dα

[
(γ + β)xγ+β−1e−ax − axγ+βeax

]
=

1

α+ 1

[
γ + β

x
Lβ−1α (γ, a;x)− aLβα(γ, a;x)

]
(1.17)

and

Lβα (γ, a;x) =
eaxx−β

Γ(α+ 1)
Dαxγ+βe−ax

=
eaxx−β

Γ(α+ 1)
Dα−1 [(γ + β)xγ+β−1e−ax − axγ+βe−ax

]
=

1

α

[
(γ + β)Lβα−1(γ − 1, a;x)− aLβα−1(γ, a;x)

]
(1.18)

Also

Lβ1−α (γ, a;x) =
eaxx−β

Γ(2− α)
D1−αxγ+βe−ax

=
eaxx−β

Γ(2− α)
Iα
[
(γ + β)xγ+β−1e−ax − axγ+βe−ax

]
=

1

1− α

[
γ + β

x
Lβ−1−α (γ, a;x)− aLβ−α(γ, a;x)

]
=

1

1− α

[
(γ + β)Lβ−α(γ − 1, a;x)− aLβ−α(γ, a;x)

]
(1.19)

where

Lβ−α (γ − 1, a;x) =
1

x
Lβ−1−α (γ, a;x)

Since

DLβ−α (γ, a;x) = (1− α)Lβ1−α(γ, a;x) + aLβ−α (γ, a;x)− β

x
Lβ−α(γ, a;x) (1.20)

Then

(1− α)Lβ1−α(γ, a;x) = DLβ−α (γ, a;x) = +

(
β

x
− a
)
Lβ−α(γ, a;x) (1.21)

From the definition of Lβα(γ, a;x), we get

Lβα(1 + γ, a;x) =
eaxx−β

Γ(1 + α)
Dαx1+γ+βe−ax

=
xeaxx−(β+1)

Γ(1 + α)
Dαx1+γ+βe−ax (1.22)
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=
eaxx−(β−1)

Γ(1 + α)
Dαx2+γ+β−1e−ax

= xΓβα(γ, a;x)

=
1

x
Lβ−1α (2 + γ, a;x)

Also, we have

Lβα (1 + γ, a;x) =
eaxx−β

Γ(1 + α)
Dαx1+γ+βe−ax

=
xeaxx−β

Γ(1 + α)
Dα−1[(γ + β + 1)xγ+βe−ax − ax1+γ+βe−ax]

=
1

α
[(γ + β + 1)Lβα−1(γ, a;x)− aLβα−1(1 + γ, a;x)] (1.23)

By the same way, we can easily prove the last two relations. From the properties of the fractional calculus

and the definition of Y βα (γ, a;x), we can easily prove the following lemma.

Lemma 1.4. Let α, α1, γ ∈ (n− 1, n), n = 1, 2, . . . . If β, α ∈ <, then

Dα1Lβα(γ, a;x) = Lβα1+α(γ, a;x) = DαLβα1
(γ, a;x) (1.24)

Iα1Y β−α(−γ, a;x) = Y β−(α1+α)
(−γ, a;x) = IαY β−α1

(−γ, a;x) (1.25)

Dα1Lβ−α(−γ, a;x) = IαY βα1
(−γ, a;x) (1.26)(

aγ +
(α−)β

x
Lβα (γ, a;x)

)
= 0

Theorem 1.5. Let α, γ ∈ (n− 1, n), n = 1, 2, . . . and β, α ∈ <; a > 0. Then

Y βα (γ, a;x) = (γ + β) Y β−1α−1 (γ, a;x)− aY βα−1 (γ, a;x)

= (γ + β) Y βα−1 (γ − 1, a;x)− aY βα−1 (γ, a;x) (1.27)

DY βα (γ, a;x) = Y βα+1 (γ, a;x)

= (γ + β) Y β−1α (γ, a;x)− aY β−1α (γ, a;x)

= (γ + β) Y βα−1 (γ − 1, a;x)− aY βα (γ, a;x) (1.28)

DnY βα (γ, a;x) = Y βα+n (γ, a;x)

=

n∑
k=0

(
n

k

)
(−a)n−k

Γ(1 + γ + β)

Γ(1 + γ + β − k)
Y β−kα (γ, a;x) (1.29)

xDY βα−1 (γ − 1, a;x) = −Y βα (γ, a;x) = −αY βα−1 (γ − 1, a;x) (1.30)

Proof. From the definition Y βα (γ, a;x), we have

Y βα (γ, a;x) = Dα−1{(γ + β)xγ+β−1e−ax − axγ+βe−ax}

= (γ + β)Dα−1x(γ−1)+βe−ax − aDα−1xγ+βe−ax

= (γ + β)Y βα−1(γ, a;x)− aY βα−1 (γ, a;x)
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Also

Y βα (γ, a;x) = Dα{(γ + β)xγ+β−1e−ax − axγ+βe−ax}

= (γ + β) Y β−1α (γ, a;x)− aY βα−1 (γ, a;x)

= (γ + β)DY βα−1(γ − 1, a;x)− aY βα−1 (γ, a;x)

where

DY β−1α−1 (γ, a;x) = Y β−1α (γ, a;x)

and also

DnY βα (γ, a;x) = Dα
n∑
k=0

(
n

k

)
(Dkxγ+β)(Dn−ke−ax)

=

n∑
k=0

(
n

k

)
(−a)n−k

Γ(1 + γ + β)

Γ(1 + γ + β − k)
Dαxγ+β−k e−ax

=

n∑
k=0

(
n

k

)
(−a)n−k

Γ(1 + γ + β)

Γ(1 + γ + β − k)
Y β−kα (γ, a;x)

From the convergence of the power series expansion of e−axxγ+β and the properties of the fractional

derivative we obtain

Y βα (γ, a;x) =

∞∑
m=0

(−a)m

m !

Γ(1 +m+ γ + β)

Γ(1 +m+ γ − α+ β)
xm+γ−α+β (1.31)

from which we can prove (by direct substitution) the last result.

Theorem 1.6. Let α, γ ∈ (n− 1, n), n = 1, 2, . . . and β, α ∈ <; a > 0. Then

xDLβα(γ, a;x) = (γ + β)Lβ−1α (γ, a;x) + (2ax− β)Lβα(γ, a;x) (1.32)

αxDLβα(γ, a;x) + αβLβα(γ, a;x) = (γ + β)× [(β − ax) Lβα−1(γ − 1, a;x) + xDLβα−1(γ − 1, a;x)] (1.33)

Lβα+n(γ, a;x) =
Γ(α+ 1)

Γ(α+ n+ 1)

n∑
k=0

k!

(
n

k

)
x−kLβ−kk [DkLβα(γ, a;x)] (1.34)

Where Lβ−kk is the well known Laguerre polynomials.

xDLβα−1(γ − 1, a;x)− αLβα(γ, a;x) = (ax− β − α) Lβα−1(γ − 1, a;x) (1.35)

Proof. From the definition Lβα(γ, a;x) and Equations (1.32)-(1.35) respectively, we have the result.

Theorem 1.7. The function Y βα (γ, a;x) is particular solution of the differential equation.

xD2Y βα (γ, a;x) + (1 + α− γ − β + ax)DY βα (γ, a;x) + (1 + α) aY βα (γ, a;x) = 0 (1.36)

Proof. Multiplying (1.33) by x and from (1.35) into it we have

xDY βα (γ, a;x) = −axY βα (γ, a;x) + (γ + β)Y βα (γ, a;x)− α(γ + β)Y βα−1(γ − 1, a;x) (1.37)

Differentiating this equation and from (1.33) into it, we obtain the result.
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Theorem 1.8. The function Lβα(γ, a;x) is particular solution of the differential equation

xD2Y βα (γ, a;x) + (1 + α+ β − γ − ax)DY βα (γ, a;x) +

(
ay

(α− γ)β

x
Lβα(γ, a;x)

)
= 0 (1.38)

Proof. From (1.1) into (1.14), we obtain the result.

2 Orthogonality Property

Theorem 2.1. For any real numbers α1 6= α2, 6= γ1 6= γ2, we have∫ ∞
0

e−axxβLβα1
(γ1, a;x) Lβα2

(γ2, a;x) dx = 0

for α1 = γ1 α2 = γ2.

Proof. Let uβα(γ, a;x) = e−ax/2xβ/2Lβα(γ, a;x), α ∈ <+, then by the direct calculation we can prove that

xD2uβα(γ, a;x) + (1 + α− γ) Duβα(γ, a;x) +

[
(1 + α+ γ + β)

a

2
+ (α− γ)

β

2x
− β2

4x
− a2

4
x

]
uβα(γ, a;x) = 0

(2.1)

Then for any positive real number α1, γ1 and α2, γ2, we have

xD2uβα1
(γ1, a;x) + (1 + α1 − γ1) Duβα1

(γ1, a;x)

+

[
(1 + α1 + γ1 + β)

a

2
+ (α1 − γ1)

β

2x
− β2

4x
− a2

4
x

]
uβα1

(γ1, a;x) = 0 (2.2)

xD2uβα2
(γ2, a;x) + (1 + α2 − γ2) Duβα2

(γ2, a;x)

+

[
(1 + α2 + γ2 + β)

a

2
+ (α2 − γ2)

β

2x
− β2

4x
− a2

4
x

]
uβα2

(γ2, a;x) = 0 (2.3)

By multiplying the first equation by uβα2
(γ2, a;x) and the second equation by uβα1

(γ1, a;x), subtracting

the resulting equations and integrating from 0 to ∞ we obtain∫ ∞
0

uβα1
(γ1, a;x) uβα2

(γ2, a;x) dx = (γ1 − α1)

∫ ∞
0

uβα2
(γ2, a;x) Duβα1

(γ1, a;x) dx

+ (α2 − γ2)

∫ ∞
0

uβα1
(γ1, a;x) Duβα2

(γ2, a;x) dx (2.4)

3 Conclusion

We see that our assumption are true and exits the result for α1 = γ1 and α2 = γ2, we have the result.
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