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obtained by adding arbitrary pendent vertices at two different places at distance two in a cycle Cy,, when n is odd are
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1. Introduction

We begin with a simple, undirected graph G = (V, E) with |V| = p vertices and |E| = q edges. For all terminology and

notations, we follow Harary [1]. First of all we define and recall some definitions, which are used in this paper.

Definition 1.1. A function f is called graceful labeling for a graph G, if f : V. — {0,1,...,q} is injective and the induced
function f* : E — {1,2,...,q} defined as f* (e) = |f (u) — f(v)| is bijective for every edge e = uwv € E. A graph G is called

graceful graph, if it admits a graceful labeling.

Definition 1.2. A graceful labeling f on a graph G is said to be a-graceful labeling, if there exists a non-negative integer k less
than q, the number of edges in G, with property that for every edge uv € E satisfies min {f (u), f (v)} < k < max{f (u), f (v)}

in the graph G. A graph G is called a-graceful graph if it admits a a-graceful labeling.

Definition 1.3. The graph C2T is defined by adding two pendent vertices at the two vertices of a cycle Cy,, which are at

distance two and one chord between them in a cycle C,.
Definition 1.4. The graph C2%F is defined by adding alternate pendent vertices in a cycle Cr, where n =0 (mod 2).

The graceful labeling was introduced by A. Rosa [2] during 1967. Golomb [3] named such labeling as graceful labeling, which
was called earlier as S-valuation. Rosa [2] also defined a-labeling. Any graph G, which admits a a-labeling is necessarily

a bipartite graph. Here we call such a-labeling, as a-graceful labeling. Kaneria and Makadia [5-6] proved that a star of
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cycle Cn, (n = 0 (mod 4)) is graceful graph and cycle of cycles C¢ (Cr), t = 0 (mod 2), n = 0 (mod 4) is graceful graph.
Rosa [2] proved that cycle C), is graceful graph iff n = 0, 3 (mod 4) and he also proved that cycle C,, is a-graceful graph
iff n =0 (mod 4). Present work we investigate new graceful and a-graceful graphs which is obtain from cycle C,, for all n.

For detail survey of graph labeling one can refer Gallian [4].

2. Main Results

Theorem 2.1. C2F+ is a graceful graph.

Proof. Let G be a graph obtained by adding two pendent vertices at the two vertices of C,,, which are at distance two
and one chord between them i.e. G= C2F". Let V(Cy) = {v1,v2,...,vn} and E(Cp) = {v;vi11/1 < i < n} U {v1v,}. Now
we shall add two vertices at v; and v,—1 and also add one chord between v2 and v, to obtain the graph G. Let us call these
two vertices by vo and vpy1. ie. V(G) = {vo,v1,...,0n41} and E(G) = E(Cy) U {vov1, v2Vn, Un—1Un41}-

To define vertex labeling function f: V(G) — {0,1,2,...,n + 2}, we take following cases.

Case 1: n =1 (mod 4)

% ’Zf 1_0723~-"(HT_1)
() 5 i 1= () () - )
n 4+ 5—1i ) Z,f 1=3,5, 7(71_2)
f(w) = (2)
n+3 o oif i=1
n+2 ;if i=n
(H;S) 7if Z:n+1
Case 2: n =2 (mod 4)
55l i=024,,(2)
f(vz): (%) ; Zf Z:("T"'G)’(n-glo R N
n+ () 5 if i=1,3,...,(%)
n+(5;i) ; of 2:("74)(%8),...,(714_1)
Case 3: n =3 (mod 4)
% poif =24, ’(HT-H)
() 3= (44, (42) (D)
n+ (%) 5 if i=1,3,...,(n—2)
f(w) = (2)
L s if i=n+1
0 77;]‘. 1=0

Case 4: n =0 (mod 4)

Subcase 4.1: n =14

Subcase 4.2: n # 4

% ) Zf 7':072’ ’(%
fey=q (2) 3 =08 n
n+(%’) ;if i=1,3, 7(%2)
n+ (35 5 if i= (%), (%), (n+ 1)
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By defined pattern of function, it can be observe that f is one-one, as there is no repeated vertex label. Now we shall prove
/7 is bijection. First of all we compute range of f* i.e. f*(E (G)).
Case 1: n =1 (mod 4). Observe that,

f* Vn—-1Un+3 = LJFE),
3 2 2

* 1

f (’Un+31)n+7 = nt ,
p) 2 2

Therefore,

{f*('ui'ui+1)/i:O,l,...,(n—Q)}:{3,4,...,(n—;l),<n7+5>,‘..,n+3} and

n+3
2

f* (’l)n71’l)n+1) = 23 f* (’Ulvn) = 13 f* (UQUn) =n+ 15 f*(’l}nfl’l)n) =

ie. fR(BE(G))=1{1,2,3,...,n+3).

Hence, f* is onto in this case.

Case 2: n =2 (mod 4). Observe that,

n+6
2 )

[ (wov1) =n+3, f"(viv2) =n+2,..., f" (U%UHTH) =

n—+ 2 f*(v . )771—2
2 wgptnde ) = Ty o

*
f (Un+2’0n+4) =
2 2

T (n—1vn) = 2.

Therefore,

{f*(v,-ui+1)/i:o,1,...,(n—1)}:{2,3,...,(";2>,(";2),(”;6),...,n+3} and
Fr (Un—1vng1) = 1, 5 (vivy) = n—2|—4’ f (vavy,) = g

ie. fH(E(G))=1{1,2,3,...,n+3}

Hence, f* is onto in this case.

Case 3: n =3 (mod 4). Observe that,

n+3
2 b)

fflwovi) =n+3, ff(viva) =n+1,...,f" (v%ﬂv%ra) =

n—1
5

I (vagsvags ) = o (Wn—avn1) = 3.

Therefore,

f*(vivprl)/i:0,1,.‘.,(77,—2)}:{3,4,...,<n;1>,(n;—3>,...,7’L+3} and
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n+1
2

" (Un—1vnt1) =2, " (v1vn) =n+2, fH(v2vn) =1, fH(vn-_1vn) =

ie. fY(E(G)={1,2,3,...,n+3}

Hence, f* is onto in this case.
Case 4: n =0 (mod 4)

Subcase 4.1: n = 4. Observe that,

f wovi) =n+3, fF(vive) =n+2, f"(vavs) =n+1, f*(vive) =n,
F(nmivn) =n—1, f* (Vn—1Vnt1) =1 and f* (vavn) = 2.

ie. fA(E(G))=1{1,2,3,...,n+3}

Hence, f* is onto in this case.

Subcase 4.2: n # 4. Observe that,

n—+6
2 b

fr (vov1) =n + 3, fr (v1v2) =n+2,...,f" (U%U#) =

n—2
5

" n+2 L.
F (vngrvnga ) = 555 1 (vagavnge ) =

o [ (on—1vn) = 2.

Therefore,

{f*(vwiﬂ)/i:0,1,...7(11—1)}:{2,3,...,(n;2>7<n;2),<n;6>,...,n+3}

and f* (Vn—1Vn41) = 1, f* (vivn) = 22, f*(vovn) = 2 ie. f5(E(G)) ={1,2,3,...,n+ 3}. Hence, f* is onto in this case.
Thus, we proved that f* is an onto map in each cases. Further domain of f* and range of f* have same cardinality, gives

f* is one-one. Therefore, f* is bijection. Thus, f is graceful labeling for G. Therefore, G = C2F7 is graceful graph. O

Illustration 2.2. Graph C’%DJF and its graceful labeling shown in Figure 1.

0

Figure 1. Graceful labeling for G = CféDJr



V. J. Kaneria, Payal Akbari and Nishaba Parmar

Theorem 2.3. CA'"F is a-graceful graph when n =0 (mod 2).

Proof. Let G be a graph obtained by adding alternate pendent vertices in cycle C,, when n =0 (mod 2) i.e. G = cARP

Let V(Cn) = {v1,v2,...,vn} and E(Cn) = {vivit1/1 < i < n} U{vivn}. Now we shall add § vertices at vi,vs,...,vn—1
to obtain graph G. Let us call these vertices by Unt1, Unt2; .- -5 Vsn ie. V(G) = {Ul,vg,...,vn,vn+1,...,v%n} and
E(G)=E(Ch)U {vlvn+1,v3vn+27 S Uno1Van }

To define vertex labeling function f : V(G) — {O, 1,2,..., 37"}, we take following cases.

Case 1: n =0 (mod 3)

(1) s if i=1,3,...,(n—1)
i—1 o if i=2,4,...,2
fv) = il i= (), (22, n
2(i—n)—2 ; if i=n+1ln+2,..., %2
2i-m) =1 if i= (m2), (1m0) o
Case 2: n =1 (mod 3)
B (5 s ifi=13,...,(n—1)
P =2 (55
i+l sifi=("2). (%), (n-2)
f)=q26-n)—1; if i=n+2,n+3,..., (22
20 —mn) o if i= (T8, (Tnglt) 2o
0 s if i=n+1
1 cif i=n
Case 3: n =2 (mod 3)
o (51) 5 if i=1,3,...,(n—1)
0} soif 1=2,4,. ,("T—2
i+l g af = (), (5F0), (- 2)
flo)=q 2(6-n)—1; if i=n+2,n+3,...,(7%2)
20 —n) ;5 if i=(T), (TE0),. 3
0 cif i=n+1
1 cif i=n

By defined pattern of function f, it can be observe that f is one-one, as there is no repeated vertex label. Now we shall
prove f* is bijection. First of all we compute range of f* i.e. f*(E(Q)).

Case 1: n =0 (mod 3). Observe that,

f (’Ul’Un-H) - ?, f (’Uﬂ]g) = 7 — 1, .. .,f (U%U%;s) = 2 s
. —2 ) .
f (’UM'UM) = n . .,f (1}",21}3771) = 27f (U’nflvn) =1 and
3 3 2 2
Fow) =5 ie @)= {rze. 5

Hence, f* is onto in this case.

Case 2: n =1 (mod 3). Observe that,

. 3n « 3n . 3n " 3n .
7 (Wivng1) = —, fHvivn) = o =1, fT(vive) = — =2, fT(v2v3) = — —3,..., f (v%ﬂv%) =n+1,

2 2
[ 69 ]
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fr ('U'n,—l vn+2) =n—1,...,f (vh—2vn_1) =2, f* (vn_lv%> =1 and

F(Unoivn) =1 de. f(E(G)) = {12337”}

Hence, f* is onto in this case.
Case 3: n =2 (mod 3). Observe that,

3n

[ (ivng) = o5 [ (viv,) =

fr (’UM’U%H»LL) =n—1,...,f (Vn—2Vn_1) =2, f* (’Unflfl)STn) =1 and
3 6

3 «
L1, () =

3 * *
J—?,f (’1)21)3):*—3,...,]" (Unfzvn+1):n+1,
2 3 3

2

P (Unoivn) =1 de. [ (E(G)) = {12337”}

Hence, f* is onto in this case.

Thus, we proved that f* is an onto map in each cases. Further domain of f* and range of f* have same cardinality, gives
f* is one-one. Therefore, f* is bijection. Thus, f is graceful labeling for G = C2A*F n =0 (mod 2). By taking k = n, it can
be observe that C'*F, n = 0 (mod 2) is bipartite graph and for any uwv € E(G), min{f(v), f(v)} < k < max{f(u), f(v)}

and hence, f is an a-labeling in these cases. Therefore, C2A*F n =0 (mod 2) is a-graceful graph. O

Illustration 2.4. Graph C{*T and its a-graceful labeling shown in figure 2.

0

Figure 2. a-graceful labeling for G = C{i/'¥ [here k = n = 10]

Theorem 2.5. The graph obtained by adding arbitrary pendent vertices at two different places among at first place t
and second place m in cycle Cp at distance two is graceful graph when n = 1 (mod 2) and it is a-graceful graph when

n =0 (mod 2), where max{t,m} > [%]

Proof. Let G be a graph obtained by adding arbitrary pendent vertices at two different places among at first place ¢ and
second place at m in cycle C,, at distance two. Let V(Cy) = {v1,v2,...,vn} and E (Cp) = {vivit1/1 < i < n} U {viv,}.
Now we shall add two different arbitrary pendent vertices at v and v,—1 in numbers of ¢ and m respectively to obtain graph
G. To define vertex labeling function f : V(G) — {0,1,2,...,n,n+1,...,t + m + n}, we take following cases. We take

following cases.
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Case 1: t > [%]

Subcase 1.1: n =0 (mod 2)

m4t+n—(52) 5 if i=1,3,...,(n—1)
t+ (52) cif i=24,...,(n—2)
£ (o) = m+t+ 5 s if i=mn
i—(n+1) s if i=n+1,n+2,...,t+n
i—2-2 s Af i=n4t+ln4t+2,..,t+m—2+2
i—-2-1 s if i=t+m—2+3,...,m+t+n

Subcase 1.2: n =1 (mod 2)

m4n+t—(5) 5 if i=1,3,...,n
t+ (52) pif i=2,4,...,(n—1)
fui) = i—(n+1) cif i=n+1,n+2,...,n+t
i—[3] -2 ;if i=t+n+lt+n+2,..t+n+[5] -1
i—[2]-1 ;if i=t+n+[2],....om+t+n

Case 2: m > [%]

Subcase 2.1: n =0 (mod 2)

m+t+ 2 s if i=n
fvi) = 2
t—(t+n+1) ;5 if i=t+n+Lt+n+2,....m+t+n
m—45—2+1 s ifi=n+1ln4+2, 64+ 5 +2
m—%—1+4¢ ; if i=t+5%+3, t+2+4,...;t+n
Subcase 2.2: n =1 (mod 2)
m+[2] - (%) 5 if i=1,3,...,(n—2)
m+t+[2] 4+ (52) 5 if i=24,...,(n-1)
m+t+[2]+1 ; if i=n
f(vi) = :
i—(t+n+1) sif i=t+n+1t+n+2,...,m+t+n
m+ (i—n+1) s if i=n+1ln+2,...,n+[2]-1
m-—n+i+2 ;oaf i:n+[%},n+[%]fl,...,t+n

By defined pattern of function f, it can be observe that f is one-one, as there is no repeated vertex label. Now we shall
prove f* is a bijection. First of all we compute range of f*. i.e. f*(E(G)).
Case 1: t > [%]

Subcase 1.1: n =0 (mod 2). Observe that,

{ff(rvi))i=n+1,n+2,....n+t}={m+n+1l,m+n+2,... m+n+t},

f* (’01’02) =m+n, f* (U2U3) =m+n— 17 c '7f* ('Un72vn71) = m+37 (Unflvn) = 1, f*(vlvn) = g and
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{f*(un_lu,-)/izt+n+1,t+n+2,...,t+m+n}:{2,3,...,%-1,%

ie. fY(E(G)={1,2,3,...,m+t+n}

+1,...,m+2}

Hence, f* is onto in this case.

Subcase 1.2: n =1 (mod 2). Observe that,

{fflvivy)fi=n+1,n+2,...,n+t}={m+n+1,m+n+2,...,m+n-+t}

f* (’Ul’Uz) = m—l—n,f* (UZUS) =m-+n— 1a <. '7f* (vnflv’ﬂ) =m+ 27f*(’l)1’l)n) = [g:l and

(F (nrv))i=t+n+1,... t+m+n}={12..., [%] _1, [g

i.e. fF(E(G))={1,2,3,...,m+t+n}

}+1,...,m+1}

Hence, f* is onto in this case.
Case 2: m > [%}

Subcase 2.1: n =0 (mod 2). Observe that,

{f*(vlvi)/i:n+1,n+2,...,n+t}:{2,3,...,g71,g+1,...,t+2},
ffoive) =t+3, fF(vevs) =t +4,...,f (vh—2vn_1) =t +mn, [~ (Un_wn):g,f*(vwn):l and
{ff(on—1vi)Ji=t+n+1L,t+n+2,...,t+m+n}={t+n—1t+n,...,m+t+n}

i.e. f'(E(G))={1,2,3,...,m+t+n}

Hence, f* is onto in this case.

Subcase 2.2: n =1 (mod 2). Observe that,

{f*(vlvi)/i:n+1,n+2,...,n+t}:{1,2,...7[g] —1, [g] S, 1) T (i) = £ 43
Frvavs) =t +4,..., f (Unovn_1) =t+n, fF(vivy) =t +2, [ (Vn_1vs) = [%} and

{f"(vn—1v)fi=t+n+1Lt+n+2,....m+it+n}={t+n+1Lt+n+2,...,m+t+n}

ie. fY(EG)={1,2,3,...,m+t+n}

Hence, f* is onto in this case.

Thus, we proved that f* is an onto map in each cases. Further domain of f* and range of f* have same cardinality, gives
[~ is one-one. Therefore, f* is bijective. Thus, f is graceful labeling for G. By taking k = m +t + 5§ when n =0 (mod 2),
it can be observe that G is bipartite graph and for any uv € E (G), min{f (u), f (v)} < k <max{f (u), f (v)} and hence,
f is a-labeling when n = 0 (mod 2). Therefore G is graceful graph when n = 1 (mod 2) and it is a-graceful graph when
n =0 (mod 2). O



V. J. Kaneria, Payal Akbari and Nishaba Parmar

Illustration 2.6. Graph G with n = 10, t =2 and m =5 and its a-graceful labeling shown in Figure 3.

1 0

15

Figure 3. a-graceful labeling for graph G [here k = m + ¢ + 2 = 12]
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