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Abstract : The packing chromatic number x,(G) of a graph G is the smallest integer k for which there
exists a mapping 7 : V(G) — {1,2,...,k} such that any two vertices of color ¢ are at distance at least

i+ 1. In this paper, we compute the packing chromatic number for enhanced hypercubes.
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1 Introduction and Terminology

Let G be a connected graph and let k be an integer, k > 1. A packing k-coloring of a graph G is a
mapping 7 : V(G) — {1,2, ..., k} such that any two vertices of color i are at distance at least i+ 1. The
packing chromatic number x,(G) of G is the smallest integer k for which G has packing k-coloring. The
concept of packing coloring comes from the area of frequency assignment in wireless networks and was

introduced by Goddard et al. in [2] under the name Broadcast coloring. It also has several applications,

1Corresponding author E-Mail:sroysantiago@gmail.com (S.Roy)

AMS Subject Classification: 05C15

© JS Publication


http://www.ijmaa.in

2 Int. J. Math. And Its App. Vol.2 No.3 (2014)/ Albert William, Indra Rajasingh and S.Roy

such as, resource placement and biological diversity. The term packing chromatic number was introduced
by Bresar in [IJ.

Goddard et al. [2] proved that packing chromatic number problem is NP-complete for general graphs
and computed x,(Q,) for 1 < r < 5. Recently, Torres et al. [4] computed x,(Q,) for 6 < r < 8.
Hypercube network topology has become the most popular message-passing architectures, and several
multicomputer configurations based on this topology have been designed and even marketed. There are
different variations of hypercubes, for example folded hypercubes, crossed hypercubes, fibonacci cubes,
augmented cubes and enhanced hypercubes. In this paper, we study the packing chromatic number of

various classes of enhanced hypercubes [3].

Definition 1.1 ([3]). Forr > 1, let Q, denote the graph of the r- dimensional hypercube. The vertex set
V(Q,) ={xox1 - xp_1:x;=00r1,0<i<r—1}. Two vertices xoxy - Tr_1 and Yoyi - -+ Yr—1 are

adjacent if and only if they differ in exactly one position.

Definition 1.2 ([3]). The enhanced hypercube Q. , 0 <k <r —1, is a graph with vertex set V(Q, ) =
V(Qr) and edge set E(Qrk) = E(Qr) U{zor1...Tk—2Tk—1Tk...Tr_1,
T0L1 .- T—2Tk—1Tk-.Tr—1) : T; =0 or 1, 0 <i <r—1}. The edges of Q, in Q.1 are hypercube edges and

the remaining edges of Q. are called complementary edges.

Remark 1.3 ([3]). The set {(xo21...X—2Tk—1Tk...Tp—1, T0L1...T—2Tk—1Tk...Tpr—1)} 1S empty when k =

0. Hence Q. reduces to the r- dimensional hypercube.

2 Enhanced Hypercube Q,;, kK =r—3 and r > 4

In this section, we consider the class of enhanced hypercubes Q, 5, 0 < k <r —1 where k = r — 3 and
r > 4. For r > 5, Q3 is constructed by taking two copies of Q,_1 ,—4 and adding the hypercube edges
of Q..

Giving color 1 to every vertex in a maximum independent set and distinct color to every other vertex
of a graph G of diameter 2, we get an exact packing chromatic number for G [2]. In the following, 3y

denotes the independence number.

Lemma 2.1. The number of vertices in Qrr—3, r > 4 that receives a unique color in a packing chromatic

r—2
number is 2" — (320 —2r73),
i=1

Proof. We prove the lemma by induction on r. When r = 4, Q4,1 is of diameter 2. Since 3y = 4, at most
four vertices are colored 1 and remaining vertices receive distinct colors greater than 1. Therefore, the

2 .
number of vertices that receives a unique color is 24— 4 = 24 — (3 2¢ — 21). See Figure 1(a).
i=1
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Figure 1 (a): x,(Q4,1) = 13 and (b): x,(Q5,2) = 24.

We assume the result is true for r = k — 1. Therefore, the number of vertices that receives a unique color
is 21 _ (Y2 _ okt

Let r = k.z?he diameter of Q r—3 is kK — 2. Further, Qy x—3 consists of two copies of Qy_1,x—4. There-
fore, 2(kz_:32i —2k=4) vertices receive color 1,...,k—4, two vertices receive color k—3 and remaining vertices
receive ﬁiétinct color greater than k—3. Hence, the number of vertices that receives a unique color is

k-3 k—2
2]6_(2(222_2]@74)4_2) :2]6_(221;_2]673).
=1 i=1

O

The colors less than the diameter of @, _3, 7 > 4 can be repeated in the packing coloring of Q. ,_3.
Therefore, the number of colors already used is diam(Q, ,—3)— 1 = (r — 2)—1. To find the packing
chromatic number for @, ,_3, r > 4, we add the colors already used in Q,,_3 with 2" — (E?Qi — 2773,
Thus, the following theorem is an easy consequence of Lemma (2.1). The packing Colorlijllg of Q52 is

shown in Figure 1(b).

Theorem 2.2. Let Q,,_3,7 > 4 be an r- dimensional enhanced hypercube. Then x,(Qrr—3) = (2" —
r—2

(Y2 —273)) 4+ 73,

i=1

3 Enhanced Hypercube Q,,_o,r > 4

In this section, we consider the class of enhanced hypercubes Q,;, 0 <k <r —1 where £k = r — 2 and

r > 4. For r > 4, Q2 is constructed by taking two copies of Q),_; ,—3 and adding the hypercube edges
of Q.
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Lemma 3.1. The number of vertices in Qrr—2, r > 4 that receives a unique color in a packing chromatic
r—2

number is 2" — (> 20 4 2773).
i=1

Proof. We prove the lemma by induction on r. When r = 4, Q42 is of diameter 3. Since fy = 8, at
most eight vertices can be colored 1. Further, at most two vertices can be colored 2; but, if eight vertices
are colored 1 then remaining vertices receive distinct colors starting from 2. Therefore, the number of

vertices that receives a unique color is 24— 8 = 2% — (22:21 +21). See Figure 2(a).

We assume the result is true for r = k£ — 1. Therefore,lt:ﬁe number of vertices that receive a unique color
is 21— (Y2 4okt

Let r = kl.:1 Q,k—2 is of diameter k — 1. Qp x—2 consists of two copies of Qr_1—3. Therefore,

k=3
2( > 2% + 2k=4) vertices receive color 1,...,k—4 and two vertices receive color k—3. Hence, the num-
i=1

k=3
ber of vertices that receives a unique color is 28 — (2( Y27 +2F=4) 4 2) = 28 —(
=1

7

k=2
>0 20 +2878),
=1

K2

O

To find the packing chromatic number for @, ,_2, r > 4, we add the number of colors already used

r—2
in Q. y_o with 27 — (Y 2% + 2773). Thus, the following theorem is an easy consequence of Lemma 1D
i=1
The packing coloring of Q5 3 is shown in Figure 2(b).
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Figure 2 (a): x,(Q4,2) = 9 and (b): x,(Q5,3) = 16.

Theorem 3.2. Let Q. _2,r > 4 be an r- dimensional enhanced hypercube. Then X,(Qrr—2) = (2" —
r—2

(>X204+2773)) +r—3.

i=1
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4 Enhanced Hypercube @, ,_;,r > 4

In this chapter, we consider the class of enhanced hypercubes @, 1, 0 <k <7 —1 where £k = r —1 and

r > 4. For r > 4, Q1 is constructed by taking two copies of Q,_; ,—2 and adding the hypercube edges
of Q.

Lemma 4.1. The number of vertices in Qr,_1, 7 > 4 that receives a unique color in a packing chromatic

r—2
number is 2" — Y 2"
i=1

Proof. We prove the lemma by induction on r. When r = 4, Q)4 3 is of diameter 3. It is clear that there
are four copies of K4 in QQ4,3. We denote them as Kil), Kf), Kf) and Kf). Giving color 1 to any Ky
in Q4,3, at most four vertices of Q4,3 can be colored 1. Further, giving color 2 to any K4 in (Q4 3, at most
two vertices can be colored 2 and remaining vertices receive distinct colors greater than two. Therefore,

2 .
the vertices that receive a unique color is 24— 6 = 2 — 3"2%. See Figure 3(a).
i=1

k=3
We assume the result is true for 7 = k—1. Therefore, the vertices that receive a unique color is 2¢=1— 3~ 27,

i=1
Let » = k. Qg k-1 is of diameter £ — 1. Further, Q r—1 consists of two copies of QQ;_1 ;—2. Therefore,

k=3
2> 2" vertices receive color 1,....,k—3 and two vertices receive color k—2. Hence, the total number of
i=1

k=3 k=2
vertices that receives a unique color is 2F — (23229 42) = 28 — S 27,
i=1 i=1

O

To find the packing chromatic number for @, ,—1, 7 > 4, we add the number of colors already used in
r—2
Qr,r—1 with 27— 5" 2". Thus, the following theorem is an easy consequence of Lemma (4.1)). The packing

i=1
coloring of @5 4 is shown in Figure 3(b).
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Figure 3 (a): x,(Q4,3) = 12 and (b): x,(Q5,4) = 21.
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Theorem 4.2. Let Q,_1,7 > 4 be an r- dimensional enhanced hypercube. Then X,(Qrr—1) = (2" —
r—2
22 +r-2.
i=1
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