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1. Introduction

Balancing Numbers B,, and Lucas Balancing Numbers C,, are defined by Behera and Panda [1] as the natural numbers that

satisfy the recurrence relations

Bn+1 = 6Bn - Bn—l

Cn+1 = GCTL — Un-1

with Bo = 0, B1 = 1 and Cy = 1, C; = 3 where B, C,, are the nth Balancing Number and Lucas Balancing Number

respectively. Panda and Rout [5] generalized the above recurrence relation to

B'n.+l = an - an,1

Cn+1 = pcn - an—l

with By =0, B =1 and Cy =1, Cy1 = p/2 for p, q positive integers.They proved that all properties of Balancing Numbers
and Lucas Balancing Number also hold for their generalised sequence when ¢ = 1. In this paper using the properties of
Generalised Lucas Balancing sequences we generate the quadratic Diophantine Equations z? & pzy + 3> + ( #) =0 and
2? £pry+9° + (”24—_4)17 = 0 in two variables and prove that these equations are with infinitely many solutions. We further

obtain all the solutions of each of these Diophantine Equations in terms of Lucas Balancing Numbers. Marlewski and
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Zarzycki [7] proved that there exists infinitely many integer solutions (z,y), that are positive, for the Diophantine equation
2? — pry +y* + 2 = 0 if and only if p = 3. Mojtaba Bahramain and Hussan Daghigh [8] proved that for a positive integer
p the Diophantine equation 2% & pzy — y? + & = 0 has positive solutions (z,y) that are infinitely many and they expressed
these solutions in terms of Fibonacci sequences. A similar approach is adapted for the Diophantine equations mentioned

above to express all the infinitely many solutions in each case in terms of Generalised Lucas Balancing Sequences.

2. Properties of Generalised Balancing Sequences and Generalised
Lucas Balancing Sequences

In this section we investigate some properties of Generalised Lucas Balancing Sequences. Generalised Balancing Sequences
are numbers satisfying the recurrence relation

Bnt+1 =pBn — Br-1

with Bp = 0, B1 = 1 for p, a positive integer. The equation B,,+1 = pB, — B,—1 can be expressed as a matrix equation
given as
By p —1 Bn
B, 1 0 Bn_1

p —1
and the matrix is denoted as @p,. Generalised Lucas Balancing Sequences are numbers satisfying the recurrence
10

relation

Cn+1 - an — Un-1

with Co = 1, C1 = p/2 for p, a positive integer. When p is even we get C,, to be an integer sequence. We prove some results

on the above Generalised Lucas Balancing Sequence.

Remark 2.1. The definition of the Generalized Lucas Balancing sequences Cn+1 = pCp — Cpn_1 can be extended to all

integers.
Theorem 2.2. C_, =), foralln>1.

Theorem 2.3 ([5]). Cpmyn = CrCr + (p2;4)BmBn and Cr—yp, = C, Cy, — (p2474)BmBn Y integers m,n.

Remark 2.4. We observe that Cn, = (§)Bn — Byn—1 = M.

Definition 2.5. We define Balancing R-Matriz as

[S]iS]
|
—

Rp =

Cn+1 _Cn
Remark 2.6. RBQ%,, =

Cn 7Cn—1

Theorem 2.7. C2 — pCp,Cpr_1+C%_, + p24_4 =0 for all integers n.

Cn+1 7077.
Proof.  Follows from det(RpQ,) = det O

Cn _Cnfl
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[N1S]
3

M
N

24
S = Cn P4 Bn

Theorem 2.8. For S = 4
1 Z By, Cn

Theorem 2.9. C2 — #Bi =1 for all integers n.

Proof.  Follows from det(S™) = 1.

3. Some Relations of Generalised Balancing Sequences and Conver-

gents of a Continued Fraction with Respect to Positive Integer p

For any positive integer D , if v/ D can be written as continued fraction that is infinite and simple, given as

(i) \/BZO/U—FGI%

1
ag..

then it is denoted as v D = [ao, a1, a2, ...].

(ii). VD =ag — ﬁ then it is denoted as v/D = (ao,a1,az,...).

ag—.

For a non-negative integer n, the nth convergent of the continued fraction [ao,a1,as2,....] is the real number

[ao7 ai, az, ...an,ﬂ = hn/kn. The convergent in this case satisfy the recurrence relations give as

h—1=0,ho = ao; hnt1 = @nt1hn + hn—1,n >0

k_1= 0, ko = 1;kn+1 = an+1kn —+ kn_l,n > 0.

Similarly for n, non-negative integer, the n'® convergents of the continued fraction (ao,ai,as,...) is the real number

(a0, a1,az2,...an—1) = hn/kn.The convergents in this case satisfy the recurrence relations give as

h_1=0,ho = aop; hn+1 = ans1hn —hn_1,n >0

kl_1 = 07 k,‘o = 1;kn+1 = an+1k’n — kn_l,n Z 0.

Let p > 2 be any integer then, p? — 4 is a real number and the infinite simple continued fraction of \/p? — 4 is given as

VPP —4=(p,(p+1)/2,2,(p+1)/2,2p), when pis odd

\/p2 —4=(p,p/2,2p), when p is even.

In the following theorems the convergents of \/p? — 4 are expressed in terms of the Generalised Balancing sequence By,

Theorem 3.1. For an odd positive integer p, if the nth convergent of the continued fraction \/p? — 4 is hyn/kn then for

every non-negative integer n the following holds

(i). hsn = Ben+2 — Ben and ksn = Ben+1

(i1). hsns1 = 1/2[Bonts + Bontz — Bens1 — Bon] and ksny1 = 1/2[Bont2 + Bonii]
(%i). hsnt2 = Ben+3 — Ben+1 and ksn+2 = Ben+o2

(). hgnts = 1/2[Ben+a — Bent2 and ksnt2 = 1/2Bsn+s

(v). hgnta = Bon+s — Bents and ksnta = Benta

(vi). hsnts = 1/2[Ben+6 + Bon+s — Benta — Ben+s] and ksnts = 1/2[Ben+s + Ben+4]
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(vii). hsnt+6 = Bén+6 — Ben+a and ksnt+2 = Bents

(’UZZ’L) h8n+7 = 1/2[Bﬁn+7 — BGn+5} and kgn+7 = 1/2B6n+6-

Proof.  Given p is odd then by the continued fraction we have \/p2 —4 = (p, (p + 1)/2,2, (p + 1)/2, 2p) we have for ao = p,
ar=p+1/2,a2=2,a3=p+1/2, a4 =2p,n > 1.

hn kn Qn -1 hn—l kn—l
= ,n>1.
hnfl knfl 1 0 hnfg kn,Q
an -1 hn kn
Now taking A, = and P,= note we have P, = A, P,—1 , n > 1, and setting N = A4 A3 A2 A4, then
1 O hn—l kn—l
by induction we have for any positive integer ¢,
Nt — B3ii1 —2Bs
1/2B3t —Bst—1
‘We have
P4n = A4nP4n—1
= AsnAsn—1Pin—2
= A4nAsn—1A4n_2Pin_3
= AunAsn—1A4n_2A4n 3P4
= NPyp_a
therefore we have P, = NP,
Bg +1 —2B6 P 1
Psn _ n n
1/2B¢n, —Ben-1| |1 0
Now by definition of P, as
h8n k8n
PSn -
hen—1 ksn—1
we have hgy, = pBsn+1 — 2Ben = Bén+2 — Ben and ks, = Bgp41. Similarly others can be proven. O

Theorem 3.2. For an even positive integer p, if the nth convergent of the continued fraction \/p?> — 4 is hy [k, then for all

non-negative integer n the following hold
(i). han = Bant2 — Ban and k2n = Bant1
(#). hon+1 = 1/2[Ban+3 — Bant1] and kant1 = 1/2Bany2

Proof. Given p is even. We have the continued fraction for /p? — 4=(p,p/2,2p) with ap = p,a1 = p/2,a2 = 2p, then
2p —1 p/2 -1

note Pn = AnPn_l V n 2 1 with Azn = and Agn_l = . We have Pzn = Agnpgn_l = AQnAQn_lpzn_Q.
1 1 1 0

Now setting M = Az A; by induction we get for all positive integer ¢,

M= Bait1 —2By
1/2By: —Bat—1
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we have

Pop = MPsy o
= M"P,

Bony1 —2B2, | [p 1
P, = *

1/2B2p —Ban-1| |1 0

= han = pBany1 — 2Ban = Bani2 — Ban and kan = Bany1

4. Solutions of Diophantine Equations Generated by Generalized Lu-
cas Balancing Sequences

In this section we first generate some Diophantine Equations from the property of Generalized Lucas Balancing Sequences.
The property C2 — pCpCn_1+C2_1 + # = 0 of Generalized Lucas Balancing Sequences given in theorem(2.6) generates
the polynomial z® — pzy + y? + (4{4) =0 and 2% + pzy + 3> + (#) = 0 with (C’n, C'n,1) and (C’n, —C’n,1) as solutions
respectively .Further extending the property,C2 — pCnCrn_1 + C2_; + 1’24;4 = 0 it generates the Diophantine equations

2 2 2 2
a:pr:vy+y2+(p4_4)x:0, x2+pxy+y2+(pT_4)x:0, mepnyrny(pzl—_‘l)x:Oand x2+pxy+y27(¥)m:0

with (CfHCnCn,l) , (C’fL7 —ChCh-v), (—C’g, —CnChr_1) and (—Cﬁ,CnCnfl) respectively. In section 4.1 we investigate the
solutions of each of the Diophantine Equations x4+ pxy+1y*+ (#) = 0 in terms of Generalised Lucas Balancing Sequences.
In section 4.2 we investigate the solutions of each of the Diophantine Equations 2 + pzy 4 y* & (”%%4):2 = 0 in terms of

Generalised Lucas Balancing Sequences.

4.1. Solution of Diophantine Equation z? & pry + 3> + (1%) =0

In this section we show that the Diophantine equations z* + pry +v* + (‘724—_4) = 0 are solvable in integers for all positive p

and obtain the solutions in terms of Generalized Lucas Balancing Sequence.

4.1.1. Existence of Solutions

Theorem 4.1. For all non negative integer n, the following pairs satisfy the equation x> — pry + y* + (p%T_‘l) =0

Proof. TFollows from Theorem 2.6. O

Each of the four formulas of solutions of z2 — pxy + y* + (#)m = 0 define a class of solution. Now we prove that these

four classes of solutions are only solutions.

4.1.2. The Four Classes of Solutions for each of the Diophantine Equations z2? £+ pxy +13%+ (pi%) =0

pi-4

In this section we solve the Diophantine Equation z? — pzy + % + (7

) = 0 in terms of Generalized Lucas-Balancing

Sequence.We recall some properties of convergents in the following theorems.
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Theorem 4.2 ([10]). If the integer M satisfies |M| < /D then any positive integer solution (s,t) of > — Dy* = M with
ged(s,t) = 1 satisfies s = hn, t = k,, where the n'" convergent of the infinite simple continued fraction, v'D = (ao, a1, az,...)

8 hn/kn for n a positive integer.

Theorem 4.3 ([10]). Let the infinite simple continued fraction of VD be (ao,a1,asz,...) and suppose that m, and g, are

two sequences given by

go=1
Mp+1 = AGnQgn + Mn
2
Gn+1 = (D —myi1)/qn.
Then
(a). my, and q, are integers for any positive integers m.

(b). h2 — Dk2 = (—=1)""'q,41 for any integer n > —1.

Theorem 4.4. (Cn,Cn_1) is a solution of the equation x> — pry +y* + (p24*4) = 0 when p is odd.

Proof.  Consider p to be an odd positive integer. Let (z,y) be any solution of 2* — pry +v> + (#) = 0 then there exists

¢, e, positive integers such that (z,y)=(c, e). Then on substituting (c, e) we have

2

—4
c2—pce+62+p4 =0
This equation has integer solutions if and only if
2
—4
A:p262—4(62+p . )

=e*(p® —4) — (p° —4) is a square

Therefore there is an integer ¢ satisfying

then we obtain
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by solving for (¢, ¢’) from the equation (#')* — (p* — 4)(¢’)> = 0. Now considering the continued fraction of \/p2 — 4 given

as /p>—4=(p,(p+1)/2,2,(p+1)/2,2p) with

ap = p,
+1
A4n—3 = (p 9 )a
Qan—2 = 2,
+1
A4n—1 = pT,
A4qn = 2pa

for n > 0. Now by the above theorem we have the periodic sequence give as

{(_1)n+lqn+1}$10:71 = {L 47p + 27 4a 1}

Now assuming (t,e) is a positive solution of t> — (p® — 4)e*> = 4 we have (t,e) = (hn, kn) for some positive integers n by

Theorem 3.3 and as h2 — Dk2 = (71)”+1qn+1 by Theorem 3.4, we have by periodicity we have

han — (0" — 4)kin = (1) gspir = 4
hanta — (P° = Dkgnio = (=1)*" Paanpr = 4
hints — (07 = Dkings = (1) Mgsppa =1
hinsa — (0° = Dkgnaa = (1) ggnis =4
hante — (0" = Dkinge = (1) gsnsr = 4

h§n+7 - (p2 - 4)k§n+7 = (_1)8n+1q8n+8 =1
for all n > 0. Therefore all the solutions (', ¢’) of (t')* — (p® — 4)(¢')? = 4 are

(tlz el) = (hSny kSn)
= (2hsn+3, 2ksn+3)

= (hsn+6, kant6); n >0

Case 1: when t' = hg, and €’ = kg,

4(p2 4 = (Bﬁn+1)2
2
4
62 -1= (p )Bgn+1
4
2
—4
62 = (p 4 )Bgn+l +1= an+1
e=Cont1

Now
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G

Case 2: when t' = hg,12 and €' = kgnio

Now

2i—4 + 1) = (Bon+2 — Bon)” = 4Cgn 11
pj—; = Cgur — 1
— (C§n+1 - 1) (p2 —4)
2= MB&H

2
1) = B
2 1= »* -4 B§n+2
4
e’ = @%4)327#2 +1= 062n+2
€= Cﬁn+2

(t')? = (hsn)®

t2

4(@ +1) = (Bon+s — Bﬁn+1)2 = 4C5n+2
t? 2
m = Cﬁn+2 -1
t* = (Cény2— 1) (0" — 4)
2 4 2
t2 = %Bgn-‘ﬂ

Now for ¢ = 25 we get ¢ = Cén3. The solutions (¢,e) = (Céns, Cont2).

Case 3: when t' = 2hgn4+3 and €’ = 2ksg,+3. We get the solutions (¢, e) = (Conta, Cont3)-

Case 4: when t' = hg, 14 and €’ = kg, +4. We get the solutions (c,e) = (Con+ts, Conta)-

Case 5: when t' = hg, 46 and e’ = kgn+6. We get the solutions (c,e) = (Con+t6, Conts)-

Case 6: when t' = 2hg,47 and €' = 2kg,+7. We get the solutions (¢, e) = (Cont7, Conto)-

And finally as (z,y) = (¢, e) we obtain

and therefore

(z,9) = (Con+2, Conta
(2,9) = (Con+3, Con+2
(z,y) = (Conta, Conys
(2,9) = (Con+s, Conta

(z,y) = (06n+67 Cén+s

)
)
)
)
)
(z,9) = (Cont7, Conte)

('T7y) = (02n702n—1);n Z 1
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or

(z,y) = (Cont1,Can);n > 1

Therefore (z,y) = (C’n7 Cnfl) is a solution of z® — pzy + 3> + (#) = 0 when p is odd for k > 2 and also for k = 1.

Theorem 4.5. (C,,Cn_1) is a solutions of the equation x* — pxy + y* + (1’24_4) =0 when p is even.

¢, e, positive integers such that (z,y)=(c, e). Then on substituting (c, e) we have

Proof.  Consider p to be an even positive integer. Let (x,y) be any solution of 2® — pxy +y + (”2—74) = 0 then there exists

2
—4
c2—pce+62+p4 =0

This equation has integer solutions if and only if

2
—4
A=p262—4(62+p

)

=e*(p® —4) — (p° —4) is a square
Therefore there is an integer ¢ satisfying

2 5
Im"‘l—(e -1 =1
t? 2
4(p2 4+1)—4(e -1) =4
t2 (62—) 2
4(p2 4“)*4@2_ )(p —4)=4
()~
then we obtain

_ pext
c="0,

Let ap = p, agnt+1 = % az2n+2 = 2p Vn > 0. We have by periodic sequence

and

{(—1)" M gnia s = {1,4}

h3, — (p° — 4)k3, =4 ¥n > 0.
Moreover in this case all solutions of

() =
are

P —4)() =4
Case 1:

(t/a e/) = (h2n7 k2n)

by solving for (', ') from the equation (¢')*—(p*—4)(e')> = 0. As p be an even positive integer we have \/p?> — 4 = (p, Z, 2p)

O
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(ee) = (F5~.0)

But from the theorem if n is even then

c= 02n+2
e = 02n+1

(z,y) = (c,e) = (C2n+27 Czn+1)-

Case 2:

(t',e) = (hant1, kant1)

pt+e
(Cv e) = ( 2 76)
But from the theorem if n is even then
c= 02n+3
e = 02n+2

(xv y) = (Cv 6) = (02n+37 CQn+2)~

24

4 )"L‘ =0is (xyy) = (CQTHCQ"l—l) or (x,y) = (02n+1702n) ie (xyy) = (C”lacn—l)
is a solution for 2% — pzy + y* + (#) = 0 for a positive even integer p, k > 2 and also for k = 2. O

Therefore the solution of 2 — pzy +y? + (2

Remark 4.6. For the solution (z,y) of the equation x> — pry + y? + (#) = 0 note (—x,y) satisfies the equation

% —pry+y> + (pi%) = 0. Therefore by repeating the above arguments we get for all non negative integer n, the four classes

of solution of the equation x> — pry + y* + (1’24—*4) =0 are

4.2. Solution of Diophantine Equation 22 + pzy + 3? £ (%)x =0

In this section we show that the Diophantine equations z + pzy + y? + (L:l)x = 0 are solvable in integers for all positive

p and obtain the solutions in terms of Generalized Lucas Balancing Sequence.

4.2.1. Existence of Solutions

Lemma 4.7. If the solution of 2> —pzy+y° + (#)x =0 1s (z,y) then (z,px—y) and (py—z— p2474,y) are also solutions

of the equation.

Proof. Follows by the simple verification. O
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Theorem 4.8. For all non negative integer n, the following pairs satisfy the equation x> — pry + y* + (#)x =0

C2n7 CQnCZn 1)

(

(C 21 02n02n+1)
(C 2n+1» 02n02n+1)
(

C(2n+1 9 C27L+102n+2)

Proof. First note (CQn, ConCon_ 1) satisfies x> — pxy + y + ( )x = 0. On substituting (C’Qn, ConCon_ 1) in 22 — pxy +

v’ +( )z, we get

24 24

(C22n)2 - ngnCQn—l + 022.,1022”,1 + (p )C22n = C;n [an 7p02n02n—1 + C22n71 + (p

)]
24

)]

=3, [an — Can—1(pCan — Can-1) +
—4

= C;n [022*@ - CZn—lc2n+l + ( 4 )]
=C3,.0

=0

Therefore (z,y) = (C%n,C’gnC’anl) is a solution of x? — pry + y* + (&=2 _4)1’ = 0. Now by above lemma note (z,px — y)

satisfies the Diophantine equation z? — pzy + y° + ( ):U = 0 and we have

(l‘,p.’L‘ - y) = (anprSn - CZnCanl)
= (022717 CQn[pCQTL - CQn—l})

= (C3,, C2nCant1)

Therefore (z,y) = (C%n, C2n02n+1) is a solution of 2% — pzy + vy + (2= _4)33 = 0. Now for (z,y) = (an, ananH) as it is a

solution of 2 —pxy—l—y +( —4)z = 0, again by above lemma (py—2z— 2 ;4 , ) is also a solution of the Diophantine equation

).’E = 0 and we have (py —r—P ;4,:[/) = (CZQTH»D C’277.61271-‘—1)~ Therefore (:177 y) = (022n+17 02n02n+1)

2 — pay +y* + (25
is a solution of 2% — pxy + y* + (E)x =0.

Similarly, as (C’Qn_‘_h ananH) satisfies 2% — pxy + 32 + ( I —4)z = 0 then (x, pr — y) is also a solution of the Diophantine
equation % —pry+y —|—( —4)z = 0 and we have (z,pr—y) = (C3,41, Cant1C2n+2). Therefore (z,y) = (C3,41, Cant1Con+2)

is a solution of z? — pry + y* +( Nz =0. O

Each of the four formulas for solution of 2% — pxy + y* + (p _4)17 =0, as in the above theorem, defines a class of solutions.
We prove that these four classes of solutions are the only solutions for the Diophantine equation =2 — pxy +y% + ( )x =0

in the following section.

4.2.2. The Four Classes of Solutions for each of the Diophantine Equations x2+pxy+y?+ (#)x =0
In this section, we prove that the four classes of solutions obtained in the above are the only solutions of the Diophantine
equation z? — pry + y + ( )m =0.

Theorem 4.9. If positive integers p, © and y satisfy the equations x> — pxy + y> + ( )ac = 0 then there exists c, e such

that (z,y) = (2, ce) with ged(c,e) = 1, where ¢ and e are positive integers.

Proof.  Similar to Theorem (1) in [7]. O
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Theorem 4.10. For an odd positive integer p, every positive solution of x> — pxy + y> + (27— 74) = 0 is of the form
(C2n7 CQ'n—ICQn) .

Proof. Consider p to be an odd positive integer. Let (x,%) be any solution of z? — pzy + 1> —|—( ~4)¢ = 0 which is positive
then by Theorem 4.4 above note that there exists ¢ and e, positive integers such that (x,y) = (c?, ce) with ged(c,e) = 1.

Then on substituting (c?, ce) we have

p’—4

¢ —ple+ e’ + ( 1 )2 =0
2 J—
Cprce+eQ+(p 1 4):0
We have (c,e) = (an,an_l). Therefore (z,y) = (c?, ce) = (C%n,Czn_lCzn). O

Theorem 4.11. For an even positive integer p, every positive solution (z,y) of ° — pry +y +(

(02717 0277,710277,) .

g = 0 is of the form

Proof.  Consider p to be an even positive integer. Let (z,y) be any solution of 2 — pzy + 4> —|—( I )ac = 0 which is positive
then by Theorem 4.5 above note that there exists ¢ and e, positive integers such that (x,y) = (c?, ce) with ged(c,e) = 1.
Then on substituting (c?, ce) we have

p2 - 4)
4

p’—4
4

A=0

&t —pfe+ e’ + (

& —pee+ e+ (

)=20

We have (¢, e) = (Czn, Czn_l). Therefore for a positive even integer p, every positive solution of z* — pry +y° + (;;24;4)1’ =0
is of the form (x,y) = (¢?, ce) = (022,“ Can-1Can). 0
Theorem 4.12. For a positive integer p, all the solutions of 2> — pry + y* + ( g =0 are

(1). (C3,,Can-1Can)

(2). (C3,,CanCant1)

(8). (C341,CanCany1)

(4). (C3y11,Cany1C2ny2) for all integers n > 0.

Proof. Let p be any integer and (x,y) be any solution of 2* — pry + y* + ( —4)z = 0. Then (z,) has to be (0,0),

((#{4), 0), positive solution or non-positive solution. If (z,y) is a solution that is non-positive then it is of the form
(i). z > 0,y <0 or

(ii). < 0,y < 0 or

(ifi). = < 0,y > 0.

Case (i): If the solution (z,y) is as in (i) with z > 0 and y < 0; note by taking z' = z and y' = —y we have (z/,y) is a
solution of the =% + pzy + y* + ( —4)2 = 0 that is positive.
Case (ii): If (z,y) is as in (ii) with z < 0 and y < 0; then by taking z’ = —z and y’ = —y we have (z',y’) is a solution of

z? —pry + 3% — ( 24 1)z = 0 that is positive.
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Case (iii): If (z,y) is as in (iii) with z < 0 and y > 0; then by taking 2’ = —z and y’ = y we have (z,y’) is a solution of

2 4 pay 4+ y° — (’%Tf‘l)x = 0 that is positive.

Therefore the solution (z,y), that are positive, are the only solution of z? — pzy +y? + (75

any positive solutions then by Theorem 3.7 and Theorem 3.2 we get that
(1). (C3,, Can—1Can)

(2). (C2.,C2nCons1)

(3). (C3n41,C2nCont1)

(4). (C3n41,C2n41C2n42) are all the solutions of z° — pry +y* + (#)x =0.

The above theorem in general classifies all the solutions of the equations z? 4 pzy + y? =+ (

following theorems.

Theorem 4.13. For a positive integer p all the solutions of 2> + pry + y* + (’”24—_4)17 =0 are
(1). (0227“ 70211710271,)

(2). (C3,,—C2nCan1)

(8). (C3pi1, —C2nCany1)

(4). (C3y11, —Ca2nt1Cany2) for all integers n > 0.

Theorem 4.14. For a positive integer p all the solutions of ©? — pzy + y? — (1724;4)‘% =0 are
(1). (= C3,,—Con—1Can)

(2). (= C3,,—C2nCaony)

3). (- Cni1s —C5,Cany1)

(4)- ( - 022n+17 —02n+102n+2) for all integers n > 0.

Theorem 4.15. For a positive integer p all the solutions of x* + pxy + y* — (1”24—74)1’ =0 are
(1). ( - C53,, an_ngn)

(2). (= C3n, ConCons1)

(3). (= C3nt1, C2nConir)

(4). (f C§n+17 C2n+102n+2) for all integers n > 0.

pi—4

)z = 0. Now note if (z,y) is

O

2
P =4)z = 0 as shown in the

Remark 4.16. It is observed that for any positive solution (z,y) of any of the equations x> £ pry + y* £ (’”24—_4)34 =0, the

interchanged pair (y,x) is a positive solution of the corresponding equations z? +pry +y2 £

2
4 .
(B=)z = 0 and wvice versa.

Hence by the above arguments the solutions of 2 + pxy + y> + (#)y = 0 also can be obtained in terms of Generalised

Lucas Balancing Sequences.



Solutions of Diophantine Equations Generated by Generalised Lucas Balancing Sequences

5. Conclusion

In this paper we discussed some properties of the Generalised Lucas Balancing Sequences Cy,4+1 = pC), —C,—1. We considered
the Diophantine Equations =2 + pzy + 3% + (#)x = 0 that are generated by the property of Generalised Lucas Balancing

Sequences and obtained all the solutions of each of the equation expressed in terms of Generalised Lucas Balancing Sequences.
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