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Abstract : In the present paper, we prove a coupled coincidence fixed point theorem in the setting of

two pairs of mappings in G-metric space. The main result is illustrated by an example.
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1 Introduction

The study of common fixed points of mappings satisfying certain contractive condition has been carried
out by many mathematician because of its wide application in mathematics and applied sciences. In
this series, coincidence point theory also plays a major role see [I, 2L B, [4, [, [7, 8, 10, 15 16, 21]. In
2003, Mustafa and Sims [I2] introduced a new notion of generalized metric space called G metric space.
A number of fixed point theorems have been studied on G metric spaces [11}, 13} 14} 18] 19, 20]. V.
Laxmikantham et al.[5] [9] introduced the concept of coupled coincidence point of mapping F from X x X

into X and g from X into X, and developed fixed point results in partial metric spaces. In [22], W.
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Shantanawi proved a coupled coincidence theorem in G metric space. All coupled coincidence theorems
have been established in the setting of pair of maps F, g. The aim of the present paper is to prove a

coupled coincidence theorem for two pairs of such mappings {F, h} and {5, ¢} in G metric space.

2 Basic Concept

Definition 2.1 ([12]). Let X be a nonempty set and G : X x X x X — R™ a function satisfying the

following properties:

(Gl) G(z,y,2)=0ifx =y =z,

(G2) 0 < G(z,z,y), for all z,y € X with z # y,

(G3) G(z,z,y) < G(z,y,2) for all z,y,z € X with z # y,
(G4) G(z,y,2) = G(x,z,y) = G(y,z,z) = ..., (Symmetry)
(G5) G(z,y,2) < G(z,a,a) + Gla,y, z) for all z,y,z,a € X.

Then the function G is called a generalized metric or more specifically, a G-metric on X , and the pair

(X, Q) is called a G-metric space.

Definition 2.2 ([12]). Let (X, G) be a G-metric space and (z,,) a sequence of points of X. A point x € X

is said to be the limit of the sequence (x,), if lim+ G(z,zp,xm) = 0, and we say that the sequence
n,m——+00

(z,) is G-convergent to x or that (x,) G-converges to x.
Thus, z,, — z in a G-metric space (X, G) if for any € > 0, there exists k € N such that G(z,xn, 2m) < &

for all m,n > k.

Proposition 2.3 ([12]). Let (X, G) be a G-metric space. Then the following are equivalent:
(1) (x,) is G-convergent to x.

(2) G(zp,zn,xz) = 0asn — +oo.

(3) G(zp,z,z) — 0 as n — +o0.

(4) G(zp, Tm,z) = 0 as n,m — +oo.

Definition 2.4 ([10]). Let (X, @) be a G-metric space. A sequence (x,,) is called G-Cauchy if for every
€ > 0, there is k € N such that G(z,, zm,x;) < e, for all n,m,l > k; that is G(xp, xm, ;) — 0 as

n, m,l — +oo.

Proposition 2.5 ([12]). Let (X,G) be a G-metric space. Then the following are equivalent:
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(1) The sequence (z,) is G-Cauchy.
(2) For every € > 0, there is k € N such that G(xy, Tm, Tm) < €, for all n,m > k.

Definition 2.6 ([12]). Let (X, Q) and (X', G’) be G-metric spaces and f : (X,G) — (X', G’) a function.
Then f is said to be G-continuous at a point a € X if and only if for every € > 0, there is § > 0 such that
z,y € X and G(a,z,y) < ¢ implies G'(f(a), f(x), f(y)) < e. A function f is G-continuous at X if and

only if it is G- continuous at all a € X.

Proposition 2.7 ([12]). Let (X, G) be a G-metric space. Then the function G(z,y, z) is jointly continuous

in all three of its variables.
The followings are examples of G-metric spaces.

Ezample 2.8 ([12]). Let (R,d) be the usual metric space. Define G, by Gs(z,y,2) = d(z,y) + d(y, z) +
d(x,z) for all z,y,z € R. Then it is clear that (R, G;) is a G-metric space.

Ezample 2.9 ([12]). Let X = {a,b}. Define G on X x X x X by G(a,a,a) = G(b,b,b) = 0,G(a,a,b) =
1,G(a,b,b) = 2 and extend G to X x X x X by using the symmetry in the variables. Then it is clear
that (X, G) is a G-metric space.

Definition 2.10 ([12]). A G-metric space (X, G) is called G-complete if every G-Cauchy sequence in (X, G)

is G-convergent in (X, G).

Definition 2.11 ([5]). An element (z,y) € X x X is called a coupled fixed point of a mapping F': X x X —
X if F(z,y) =« and F(y,z) = y.

Definition 2.12 ([9]). An element (x,y) € X x X is called a coupled coincidence point of the mappings
F:XxX—>Xandg: X = Xif F(z,y) = gz and F(y,z) = gy.

Definition 2.13 ([9]). Let X be a nonempty set. Then we say that the mappings F': X x X — X and

g: X — X are commutative if gF'(z,y) = F(gx, gy).

In [22], W. Shantanawi proved the following theorem
“Let (X,G) be a G- metric space. Let FF : X x X — X and g : X — X be mappings such that
G(F(z,y), F(u,v), F(z,w)) < k(G(gx, gu, gz) + G(gy, gv, gw)), for all z,y, z, u,v,w € X. Assume that F

and g satisfy the following conditions

(1) F(X x X) C g(X),

(2) g(X) is complete,

(3) gis G- continuous and commutes with F.

If k € (0, 3), then there is a unique x in X such that F(z,z) = g(z) = 2”.
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3 Main Result

Lemma 3.1. Let (X, G) be a G-metric space. Let F,S : X x X — X and g,h : X — X be mappings
such that
G(F(z,y),S(u,v), S(z,w)) < k(G(hz, gu, gz) + G(hy, gv, gw)) (3.1)

for all z,y,z,w,u,v € X. Assume that (x,y) is a coupled coincidence point of the pairs of mappings
{F,h} and {S,g} and gz = hz and gy = hy. If k € [0, %), then S(z,y) = gz = gy = S(y,z) and
F(z,y) = ha = hy = F(y, ).

Proof. Since (x,y) is a coupled coincidence point of pairs of mappings {F, h} and {S, g}, we have hx =
F(xz,y), hy = F(y,z) and gz = S(x,y), gy = S(y, z).
Assume gx # gy. Then by , we get
G(gz,9y,9y) = G(F(z,y),S(y,x), S(y, x))
< k(G(hx, gy, gy) + G(hy, gz, gz))
= k(G(gz, gy, 9y) + G 9y, gz, g)).
Also by , we have
G(gy, g, gx) = G(F(y,x), S(z,y), S(x,y))
< k(G(hy, g, gx) + G(ha, gy, 9y))
= k(G(gy, gz, gx) + G(g2, 9y, 9y))-

Therefore G(gz, gy, gy) + G(gy, gz,9z) < 2k(G(gz, gy, gy) + G(gy,gz,gx)). Since 2k < 1, we get
G(gz,9y,9y) + G(gy, g9z, 97) < G(gz,9y,9y) + G(gy, gz, gr), which is a contradiction. So gz = gy,
and hence S(z,y) = gz = gy = S(y,x) and F(x,y) = ha = hy = F(y,x). Thus the lemma is proved O

Theorem 3.2. Let (X,G) be a G- metric space. Let F,S: X x X — X and g,h : X — X be mappings
such that Let (X, G) be a G- metric space. Let F,.S: X x X — X and g,h : X — X be mappings such
that

G(F(z,y),S(u,v),S(z,w)) < k(G(hz, gu, gz) + G(hy, gv, gw)) (3.2)

for all z,y, z,w,u,v € X. Assume that F, S and g, h satisfy the following conditions:
(1) F(X x X) Cg(X)and S(X x X) C h(X)

(2) g(X) or h(X) is complete

(3) g and h are G- continuous and pairs {F, h} and {S, g} are of commuting mappings.

If k € (0, 1), then there is a unique x in X such that F(z,z) = S(z,z) = g(z) = h(z) = x.
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Proof. Let xo,y0 € X. Since F(X x X) C g(X), we can choose z1,y; € X such that u; = gx1 = F (20, y0)
and v; = gy1 = F(yo,x0). Again since S(X x X) C h(X), we can choose xo,y2 in X such that
ug = hae = S(x1,y1) and va = hyas = S(y1,z1). Continuing this process, we can construct two sequences
{un} and {v,} in X such that uont1 = gxont1 = F(@on,Yon), V2n = gYont1 = F(Y2nt1, Tant1) and

U2 = hongo = S(Tont1, Yont1), Vante = hyonio = S(Yani1, Tansr) for all n € N. From
G(Uznt1, U2ny2, Uznt2) = G(F(2Z2n, Y2n), S(T2n41, Y2nt1), S(Tont1, Yont1))
é k{G(hx2n7 9Toan+1, gx2n+1) + G(hanv gYoan+1, gy2n+1)} (33)
= k{G(uan, u2n+1, U2n+1) + G(van, Vant1, Vant1) }

and similarly
G(U2n+1, Von+2, U2n+2) < k{G('UQn7 Van+1, U2n+1) + G(Uzm U2n+1, U2n+1)} (34)

we have

G(u2n+1, Uan+2, U2n+2) + G(V2n+1, Vant2, Vant2)
< 2k{G(u2n, U2n+1, U2n+1) + G(Van; Van+1, Van+1) (3.5)

< 8k{G(u2n, U2n+1, U2n+1) + G(Van, Van41, Vant1)}

holds for all n € N. Again from

G(u2n, U2n+1, U2n+1) < 2G(U2n+1, U2n, U2p)
= 2G(F(Xon, Y2n), S(@2n—1,Y2n-1), S(T2n—1,Y2n—1))
< 2k{G(hw2n, 9201, 9%2n—1) + G(hY2n, 9Y2n—1, 9Y2n-1)} (3.6)
2k{G(ugn, uan—1, u2n—1) + G(van, Van—1,v2n—1)}
(

ARG

U2n—1, U2n, U2n) + G(”Zn—la Van, U2n)}

and
G(van, V2nt1, V2nt1) < 2G(Vant1, Van, V2n)
= QG(F(Z/%, xzn)7 S(yzn—l, xanl)a S(yanla x2n71))
< 2K{G(hyan, 9Y2n—1, 9Y2n—1) + G(hT2n, gT2n—1,9T2n-1)} (3.7)
2k{G(van, van—1,V2n—1) + G(ugn, U2n—1,U2n—1)}
Ak{G (ugn—1, Uzn, U2n) + G(V2n—1,V2n, V2n) },
we have

G(uzn, U2n+1, U2n+1) + G(Van, Vant1, Vant1) < 8k{G(uzn—1, U2n, U2pn) + G(V2n—1, Van, Van)} (3.8)
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holds for all n € N. Thus, using (3.5) and (3.8) in (3.3), we get

G(Uznt1, Uznt2, Uznt2) < E8E{G(uan—1,U2n, U2n) + G(Van—1,V2n,V2n)}

< k(8k)?{G (uzn—2, u2n—1,u2n—1) + G(V2n—2,V2n—1,V2n—_1)}

< k(8k)*"{G(uo, u1,u1) + G(vg,v1,v1)}

S (8k)2n+1{G(’U,O, Ui, U1) + G(’Uo, V1, Ul)}
and also, using (3.5)) and (3.8]) in (3.6]),
G(u2n, U2n+1, Uzn+1) < 4k(8k){G(u2n—2,U2n—1,U2n—1) + G(V2n—2, Van—_1,V2n—1)}
< (8k)*™{G(ug, u1,u1) + G(vo, v1,v1)}.
Thus for each n € N we have
G Uy Unt1,Unt1) < (8K)"{G(ug,ur,ur) + G(vo,v1,v1)}- (3.9)
Let m,n € N with m > n. By Axiom G5 of the definition of G—metric space, we have

G(una U,y um) S G(una Un+41, un+1) + G(”n—‘—la Un+2, un+2) + ...+ G(Um—la U,y um)-

Since 8k < 1, by (3.9) we get that

G (U, U, Um) < i (8K)" {G(uo, ur, u1) + G(vo, v1,v1)}
< (1(81€)531€){G(U07u1aul) +G(vo, v1, 01}

Letting m,n — 400 , we have lm  G(up, U, Um) = 0.

m,n—+00
Thus {u,},and any subsequence thereof, is a G- Cauchy sequence in X. Similarly we may show that
{vn},and any subsequence thereof, is G-Cauchy in X. suppose g(X) is complete then subsequence {uz, 11}
= {gxon+1} and {va,11} ={gyan+1} are G- convergent to some z € X and y € X respectively. We know
that every subsequence and the sequence itself of a G-Cauchy sequence are convergent to the same point.

Consequently the sub sequences {us,} = {hxs,} and {va,} = {hys,} are also convergent to x and y

respectively. Since g and h are G- continuous, we have
{99%2n+1} — gz, {hgrani1} — hx, {ghxa,} — gz, {hhx2,} — hz

and

{99y2n+1} = 9y, {hgyans+1} = hy, {ghy2n} — gy, {hhy2n} — hy.
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Since pairs {F, h} and {5, g} are of commutative mappings, we have

hgtant1 = hf(Ton, Yon) = F(hon, hyan) and ghaa, = ¢S(T2n—1,Y2n-1) = S(92T2n—1, §Ton—1).
Thus

G(hgzant1, ghvon, ghran) = G(F(haan, hy2n), S(9T2n—1, 9Y2n—1), S(9T2n-1, gy2n-1))
< k{G(hhx2na 9ggran—1, ggx2n—l) + G(hhy2na 99Yan—1, ggyZn—l)}~
Letting n — 400, we have G(hx, gz, gx) = k{G(hz, gz, gz) + G(hy, gy, gy)}. In the same way, we may

show that G(hy, gy, 9y) = E{G(hy, 9y, 9y) + G(hx, gz, gz)}. Thus

G(hz, gz, gz) + G(hy, gy, gy) = 2k{G (hz, gz, gx) + G(hy, gy, 9y) }-

Since 2k < 8k < 1, the last inequality happens only if G(hz, gz, gx) = G(hy, gy, gy) = 0. Hence hx = gx
and hy = gy. Again

G(hgl'2n+17 S(.’E, y)7 S(l.v y)) = G(F(hx%m hy2n)a S(SE, y)7 S(.’E, y))
< K{G(hhw2n, gz, gz) + G(hhy2n, 9y, 9y)}-

Letting n — 400, we have
G(hz,S(z,y),S(z,y)) < k{G(hz, g, gx) + G(hy, gy, gy)} = 0.

Thus we get G(hx, S(z,y), S(z,y)) = 0 which immediately yields S(x,y) = ha. Similarly we may show
that S(y,z) = hy. In the same manner

G(F(z,y), ghvon, ghron) = G(F(z,y), S(9T2n—1, 9Y2n—1), S(9T2n—1, 9Y2n—1))
< k{G(hz, g9xan—1,99T2n-1) + G(hY, 99Y2n—1, 99Y2n—1) }

Letting n — 400, we have

G(F(x,y), 9z, 9x) = k{G(hx, gz, gx) + G(hy, gy, gy)} = 0.

Thus we get G(F(z,y),9x,92) = 0 which implies that F(x,y) = gz. Similarly we may show that
F(y,xz) = gy. Therefore we obtain gz = hx,gy = hy and F(x,y) = gz, F(y,x) = gy, S(z,y) = hz,
S(y,z) = hy which, by an application of Lemma yields

F(z,y) = gr = gy = F(y,v) = S(x,y) = hx = hy = S(y, ).

Now

G(gx2n+1a g$7gl') = G(F('rQna y?n)> S(:E7 y)7 S(.’L’, y))

< k{G(hwan, g, 97) + G(hy2n, 9y, 9Y) }-
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Letting n — +oo, we have G(z, gz, gx) = k{G(z, gz, 9x) + G(y, 9y, gy)}. Similarly, we may show that
G(y,9y,9y) = k{G(y,99,9y) + G(z,92,92)}. Thus G(z, gz, gx) + G(y, 9y, 9y) = 2k{G(z, gz, gx) +
G(y,gy,g9y)}. Since 2k < 8k < 1, the last inequality happens only if G(x, gz, gx) = 0 and G(y, gy, gy) = 0.
Hence gz = x and gy = y. Thus we get F(z,z) = S(z,2) = gr = hae = . To prove the uniqueness , let
z € X with z # z such that F(z,z) = S(z,2) = g2 = hz = z. Then
G(x,2,2) = G(F(z,2),5(2 2), 5(z, 2))
< k{G(hx,g9z,92) + G(hz,g9z,9%)}
=k{G(z,z,2) + G(x,z,2)}
KG(z,2,2).

Since 2k < 8k < 1, we get G(x, 2, 2) < G(x, z,2z), which is a contradiction. Thus F, S, g, h have a unique

common fixed point O

Corollary 3.3. Let (X,G) be a G- metric space. Let F,S: X x X = X and g,h : X — X be mappings
such that
G(F(z,y), S(u,v), S(u,v)) = k(G(hz, gu, gu) + G(hy, gv, gv))

for all z,y,u,v € X. Assume that F, S and g, h satisfy the following conditions:

(1) F(X xX)Cg(X)and S(X x X) Ch(X)

(2) g(X) or h(X) is complete

(3) g and h are G- continuous and pairs {F, h} and {S, g} are of commuting mappings.

If k € (0, §), then there is a unique zinX such that F(z,z) = S(z,z) = g(z) = h(z) = =.

Ezample 3.4. Let z = [0,1]. Define G : X x X x X — R' by G(x,y,2) = |z —y| + |y — 2| + |z — z| for
all x,y,2z € X. Define mappings F,S: X x X —- X and g,h: X — X by

1 1 1
F(z,y) = %my,S(m,y) = Ty and gz = Z;U,hx =52
Since |xy — uv| = |z — u| + |y — v| holds for all z,y,u,v € X, we have
C(F(r,v),5(u,0), S(z0)) = | wl + |57 2l + | — el
B AR S TR A VY i 144 T 1aa” 144 T
<1{|1 1|+|1 1|+‘1 1|
Mzz—su|+|-u— 2|+ |22 — =x
=gt T M T I T A TR T

+l3y = gol+ 1= ol + 130 - 2ul)

2Y 1 1" 1 Y
1

= §{G(hx,gu792) + G(hy, gv, gw)}

holds for all z,y,z,u,v,w € X. it is easy to see that F,.S,g,h satisfiy all hypothesis of Theorem
Thus F, S, g, h have a unique common fixed point. Here F(0,0) = S(0,0) = g0 = h0 = 0.
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