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1. Introduction

Bundle methods ([1, 5, 9, 10, 13]) are iterative methods for non smooth convex minimization in a Hilbert space. A crucial
assumption in their convergence analysis is that the convex function to be minimized be everywhere finite. Constrained
problems can be reduced to that situation by penalty techniques, but in general only an approximation of the given problem
can be solved. Therefore it is natural to consider a diagonal version of such a method, mixing the basic method with a
sequence of approximations everywhere finite, changing the approximation at each iteration. The aim of the present work
is to analyses the convergence of such a diagonal process under assumptions general enough to include the cases of external
and exponential penalty approximations. The approach is based upon the unified framework of bundle methods given in
[1] which actually appears as an approximate form of the proximal method of Martinet-Rockafellar. Section 2 is devoted to
the diagonal version of this form. In section 3, we present the general algorithm of [1] for the approximation of a proximal
point which the general bundle method is based upon. This method is presented in section 4 as a special instance of the

method of section 2.

2. A Diagonal Approximate Version of the Prox Method

In this section, we improve a result of [6] (section 3). Let X be a real Hilbert space equipped with the inner product (-, )
and the associated norm || - ||. Forn =1,2,---, let f™ € I'o(X) set of proper closed convex functions on X, A\, >0, €, >0

and zo € X. The sequence {z,} in X is defined recursively by

T, € (I+>\na€nf")‘1xn_1, n=12--- (1)
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which is equivalent to

LTI g ), m=1,2 ©)
Remark 2.1. Such a sequence {x,} is (not uniquely) well defined, for example take x, := proxx, fnxn—1, and f"(xy,) is

finite. The main object of the following sections is to show how to build up x, from xn—1 according to (1), (2) in finitely

many steps when €, s positive.

The two following lemmas will be of importance for the following.

Lemma 2.2. for all a,b,z in X, we have 2(a — b,z —b) = ||z — b||* — ||z — a||* + ||b — a*.
Lemma 2.3. Let {\.} be a sequence of positive reals and {an} a sequence of reals. Let us set

N Z Ak

tn ::Z)\k and by ==L

k=1 tn
If lim t, = +oo, then
n——+oo

(i). liminf o, < liminf b, < limsup b, < limsup an,.
n—r+00 n—r+0oo n—+oo n—+oo

(). if a:= liIJIFl ay, exists, then b, — « (Silverman-Toeplitz theorem [2]).
n—r o0

Proof. (i). It is enough to prove the first inequality. If lim +inf an = —oo we are done. Otherwise, for all integers
n—-+0oo

n>p>1,

n

> v
P

n p—1
Z)‘k Zx\kak
k= . k= —

L inf o < =b, — k=1 .

tn k>p tn tn

Passing to the limit as n — +o00, we get V. p > 1, éI;f ap < liminfb,,. Then let p — +o0.
>p

n——+oo

(ii). is a direct consequence of (i). O
Theorem 2.4. Let us assume there exists a proper function g on X such that

(i). ¥n, f* < g or ¥n, domf" D dom g and f" "3 g.

(). igl(fg < lirilir;f(infx m.

(#3). tn = zn: Ak — +00.

k=1

(). lim e, =0.

n—-+oo

Then

n

liminf f*(xz,) = lim Ak f* ()
=1

n—-+oo n——+oo k=

» = inf g.
t infg

Proof. We follow here the technique of [3]. We have, from (2),Vz € X, V k € IN,
Akfk(l‘) > )\kfk(l‘k) + <xk,1 — Tk, T — Jik> — A\k€k.
Thanks to Lemma 2.1,

20 f (@) = 20 f* (k) + & — 2])* = llz — 2 |® + lzn-1 — 2k — 22ken.
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Summing from k =1 to n,

ZAkf Akf (z) — 7||x—a;0|| =) Aker
=1 k=1
Dividing by t,,
A f* () A f* () A€k
kZ:I < k= Iy — zol|? N kzzl
tn - tn 2t tn

From assumptions and Lemma 2.2, we have, Vx € domg

1nfg<hm1nff (zn)

n*} oo
ZAkfk(Ik) > e f*(xx)

<liminf* < lim sup k=1

n—-+oo tn n—-+oo tn

ZM oo a2
= T — To k=1

< [ ]

o T T

< g(x).

Corollary 2.5. Under assumptions (#i), (w) of Theorem 2.1, if we assume
(i). {f™} is increasing, f = stipf” and EIE (mff )= igl(ff or
(). {f"} is decreasing, Vn domf"™ = domf and f = cl(i%f ),

then

liminf f"(z,) = i&ff.

n——+oo

+oo
Remark 2.6. (ii) of Corollary 2.1 has already been obtained in [6] (Corollary 3.1). If Y €, < +o00, then liminf can be

n=1
replaced by lim. Moreover lim f(x,) = inf f.
n——+oo X
Theorem 2.7. Let us assume
(i). Argminf # 0.
(i2). ¥ x € Argminf,3 6,(x) > 0, ZAH ) < 400, stf()ﬁi&ff"—&—ﬁn.
+oo
(iii). > Anen < +00.
n=0
—+oo —+oo
(w). {f"} is decreasing, Vn domf" = domf, f = cl(inff"),Z)\n = +oo,Zen < 400, or 0 < A < A, and f™ Mosco
n=1 n=1

converges to f.
Then f™(xn) — igff and {xn} weakly converges to some T € Argminf.

Proof. We have (cf. proof of Theorem 2.1), for all z € X,

n n 1
(@) > [ (@n) + 5=l = @al* = 2 = 2aca|* + [2a-1 — za®) = €n.
2\,
Then, Vx € Argminf,

lzn = 2)* < llzn-1 = @l* = |zn-1 = 2]l + 220 (00 + €n).
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oo
As Z An(0n + €r) < 400, then ||[zn—1 —xn|| — 0, lim ||z, — x| exists and the sequence {z,} is bounded. Let {zn, }
ot n——+o0o

be a subsequence which weakly converges to some Z. In the first case of (iv), that T belongs to Argminf is a consequence

of Remark 2.2 and the weak lower semi-continuity of f. Otherwise, from (2),

Tng—1 — Tny,
ek r — Ty, ) — €ny-
Any

VzeX, %) > f"*(zn,) + (

1— X

As 0 < A < A\, then xn_)\in % 0. Therefore thanks to Mosco convergence we get T € Argminf and f™(z,) — infx f.

Finally, the uniqueness of weak accumulation point is standard [8, 12]. O

3. Approximation of prox, sz

(From [1]). Let f € To(X), A >0 and z € X.

Choose ¢ in Ho(f) = { € To(X); < f}

For k:=0,1,2,---

compute Yy := prox »,

compute i := TP (€ 9t (i),

choose g, € 3f(yx),

choose @**1 € Hy 1(f) := {p € To(X) satisfying (1), (2), (3)}

1. o< f.

() 1) = " () + (s = yi) < ().

(3)- k) + (grs - — yx) < ()

Example 3.1 (from [1]). ¢° := f(z) + (gz,. — ) where g, € Of(z). Therefore yo = T — A\ga.
(a). "1 = max{p"®, f(yx) + (gk," — y)}-

(b). @ = max{ly, f(yr) + (gr, — yr)}-

(c). @ = max{ly, f(y:) + (gi,- — i), i € I*}.

where I¥ C {1,--- ,k} and containing k. All these examples are based upon the cutting plane idea and lead to the very bundle

methods ([1]).

In the following we give a more direct proof of Proposition 4.3 of [1]. Let us note :

- 1 2
() =" () + o5l —all ®3)

Proposition 3.2. If f is Lipschitz-continuous on bounded sets, for instance domf = X and X is finite dimensional, then
(i). 0 < fly) — ¢"(yr) = cax —= 0.

(ii). yr > proxszx.
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Proof. (i). We have

4.

{#"(yx)} is then an increasing sequence and, as z is fixed, ¢*(yx) is bounded above. Therefore {3"(y)} converges in

IR and

lyr+1 — yxll = 0. (4)

Moreover, for fixed y, we have
B ) + gslly = wel — 5 lly — 2l* = (y) < () < Flo).
2A 2 - -
{yr} is then bounded and thanks to (1) and (3),

Flyrer) = Flyr) > " (1) — Fyr) > (9o, Yrr1 — Yi)-

Therefore, from (4) and Lipschitz-continuity of f on bounded sets, we get ©"*!(yxs1) — f(yr) — 0. But 0 <
Flyr) — " (yw) = flyr) — flyn—1) + f(ye—1) — ©"(yr). Using anew the Lipschitz-continuity of f on bounded sets,
we get the result.

. We have & ;yk € 99" (yx) which, thanks to (1), implies £ j\yk € Oa, f(yr). Let 7 := proxssz. We have £ <

<2

S
9f (). Therefore, [4] (Lemma 5.3.1), 0 < |lyx — 7> < Ao O

General Bundle Method

(From [1]). Let f be a closed proper convex function on X and {A,} be a sequence of positive reals. Let zo € X and

m €]0, 1[.

The

sequence {x,} is recursively defined as follows:

Tn—1 —> Tn :

for all k:=0,1,---,
choose ©* € Hy(f)
compute yi := Proxy, okTn—1.
Let k, be the least integer £ > 0 such that
() f(@n-1) = flyx) = m[f(zn-1) = ¢"(g)] (=0).
If () is never satisfied, ky := 400, stop.

Otherwise, z,, := Yk, and n:=n+ 1.

Remark 4.1. If, for all k, we choose ©* = f, then Vn € IN, kn, = n and we recover the prox method applied to f:

Ty 1= ProTx, fTn—1, N =1,---.

Actually we will show that this method is a special instance of the approximate form of the prox method introduced in section

2 (with f™ = f, ¥V n), and therefore, convergence results will follow directly from Theorems 2.1. et 2.2.
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Theorem 4.2. Let us consider the sequence {xn} generated by the general bundle method.
(i). If there exists n such that kn := +o00, then if domf = X, xn_1 minimizes f.

oo
(#). Otherwise z'fZ)\n = 400, then f(xzn) — inff. If0 < A < Ay < X < 400 and Argminf # 0, then ©, — T €
n=1
Argminf.

Proof. (i). Is a consequence of Proposition 3.1 taking A = A\, and © = zn—1. Indeed, if we assume that from some n — 1,

the test (x) is never more satisfied, we get

F@n-1) = fys) < m(f(@n-1) = ¢"(r)), Yk =0

which is equivalent to

(1= m)[f(@n-1) = fye)) < mlf(ys) = " (y)], k>0

Then, passing to the limit when k& — 400, we have (cf. Proposition 3.1)

(1 =m)[f(zn-1) = f(proxr, sn-1)] <0

from which we get f(xn—1) < f(prozx, fxn—1). Therefore z,_1 is a fixed point of proxy, s viz. minimizes f.

(ii). As
Tp—1 — Tn
Vi, = In-179In c aSDk" ($n)
An
we have

Tn—1 —

. T € B f(2n)

k

where 0 < ay, := f(zn) — " (zn). In words, {z,} satisfied scheme (2) with €, := a,,. From (x) we get

0% an < = (f(2am) - (o)

therefore {f(z,)} is decreasing. If {f(z,)} is not bounded from below then f(z,) = —oco = infx f. Otherwise apply
+oo
Theorems 2.1 et 2.2 with f™ = f = g, because > a, < +00. O

n=1

Remark 4.3. Theorem 4.1 above is nothing but Theorem 4.4 in [1]. Point (ii) is obtained here more simply.
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