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1. Introduction

In this paper we first introduced two classes of abstract algebras BC K-algebras and BCI-algebra [3]. It is known that the
class of BC' K-algebra is a proper subclass of the class of BC K-algebras. A wide class of abstract algebras BC H-algebras
were introduced [5]. They showed that the class of BCI-algebra is a proper subclass of the class of BC H-algebras. J.Neggers
and H.S.Kim [3] introduced a new notion called a d-algebra, which is another generalization of BC K-algebras and investigate
relation between d-algebra and BC' K-algebra. Then the author extended it to the notion of fuzzy d-algebras, fuzzy d-ideal
[4] and investigate result among them. The bipolar-valued fuzzy d-algebra is considered and related results are investigate.
The notion of equivalent relation on the family of all bipolar-valued fuzzy d-algebra of a d-algebra is introduced and then

some properties are discussed.

2. Preliminaries

Definition 2.1 ([3]). A d-algebra is a non-empty set X with binary operation  satisfying the following azioms
1. zxx =0,
2.0xx=0,
S.xxy=0andy*xx =0 implyx =y for all x,y € X.
A BCK-algebra is a d-algebra (X;*0) satisfying the following additional azioms
4 ((@xy)* (xxz2))*(2xy) =0,

S (zx(zxy))*xy=0Vz,yeX.
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* 0 1 2 3
oj0 0 0 O
1 1 0 3 2
2 2 3 0 1
3 3 3 0 0

Example 2.2 ([4]). Let X ={0,1,2,3} be a set with the following table
e The diagonal elements are zero therefore txx =0V z € X.
e The row corresponding to 0 is 0. Therefore 0 x x = 0.
o [feixyi+yixxi #0=zxy andyxx =0=-x =y. There is no element txy =yxx =0 for x #y.

e Ifx =0,y =0,z =0 and if we take same value for x,y,z than the conditions ((x *y) * (x x 2)) * (zxy) = 0 and

(zx (xxy))xy =0 is trivially true.

Now we can proceeded for different value for x,y, z we get

Case 1: z=1,y=1,2=2

lLxxy=1%1=0,xx2z2=1%x2=3, zxy=2%1=3.

(z*y)x(xx2)=0%x3=0= ((z*xy)*(z*x2))*x(z2xy) =0%3=0

2. (xx(zxy))*xy=(1*x(1%1)*x1=(1%0)x1=0x1=0.
Case 2: z=1,y=1,2=3

lLxxy=1%1=0,xx2=1%x3=2, zxy=3*%1=3.

(xxy)* (@2)*(z%y) = (0%2)*3=0%3=0

2. (zx(zxy))xy=(1x(1x1)*x1=(1x1)x1=0+1=0.
Case 3: x=1,y=2,2z=1
1 (xy)*(z*x2) =3x0=3= ((xxy)*x(r*2))*(z2%xy) =3%3=0.
2. (zx(zxy))xy=(1x(1%2))*x2=(1%x3)x2=2%2=0.
Case 4: x=2,y=1,2=3
1. (zxy)*x(z*2)=3x1=2= ((xxy)*x (x*x2))x(z*xy) =2x3=1#0.
2. (xx(zxy))*xy=(2%(2%1))*3=(2%3)*3=2#0.
Definition 2.3 ([2]). Let X be a BCK-algebra and I be a subset of X, then I is called an ideal of X if
1.0€el,
2.yandrxxyecl=xcl forallz,ye X.

Example 2.4 ([4]). Let X = {0,1,2,3} be a BCK-algebra with the following Cayley table
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* 0 1 2 3
oj0 0 0 O
1 1 0 3 2
2 2 3 0 1
3 3 3 0 0

Let I ={0,1} be a subset of X. Then 0 € I is obviously true.

lL.yandexxyel —=axeclVuzyelX.

The row corresponding to 0 is 0 and I is a subset of X. Then the condition is holds.

Definition 2.5 ([3]). A nonempty set X with a constant 0 and a binary operation * is called a d-algebra if it satisfies the

following axioms
1. zxx =0,
2.0xx =0,
S.xxy=0andyxx=0=—=ax=y Vo yclX.
Example 2.6 ([3]).
a. Fvery BCK-algebra is a d-algebra

b. Let X = {0,1,2} be a set with the following table

* 0 1 2
0 0 0 0
1 2 0 2
2 1 1 0

o The diagonal elements are zero. Therefore xxx =0V z € X.

e The row corresponding to 0 is 0. Therefore 0 x x = 0.

o Ifrixyityixx; Z0=—=zx+xy=0,yxx=0=x =1y. There is no element x xy =y *x for x = y.

Then (X;*,0) is a d-algebra but not BCK -algebra since (2% (2x2))*2=(2x0)*2=1%2=2#0.

Definition 2.7 ([2, 4]). Let S be a nonempty subset of d-algebra X, then S is called subalgebra of X if x xy € S, for all

z,y€S.

Example 2.8 ([2]). Let X = {0,a,b,c} be a d-algebra with the following table

e}

0 0 0
a a 0
b b a

o o o |T

[e=] o o o
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Let S = {0,a,b} be a nonempty subset of a d-algebra X.
1. In the case of same value for x,y. The diagonal elements are zero. Therefore x xy =0¢€ S.
2. The row corresponding to 0 is 0. When x = 0 is a fized value then different value fory =— x*xy=0¢€ S.

Case 1: z=a,y=b=zxxy=axb=0€S.

Case 2: z=b,y=a=—zxxy=bxa=acsS.

Definition 2.9 ([2, 4]). Let X be a d-algebra and I be a subset X, then I is called d-ideal of X if
1.0el,
2.xxye€landyel = zxz€l,
Srxelandye X = xz*xyelie, [ x X CI.

Example 2.10 ([2]). Let X = {0,a,b,c,d} be a d-algebra with the following cayley table Let I = {0,a,c} be a subset X.

0 0 0 0 0 0
a a 0 a 0 a
b b b 0 c c

Then we can easily prove that I is a d-ideal.
Definition 2.11 ([4]). A mapping f : X — Y of d-algebras is called a homomorphism if f (x xy) = f (x)xf (y), Vz,y € X.
Note: If f: X — Y is homomorphism of d-algebras, then f (0) = 0.

Definition 2.12 ([4]). Let p be the fuzzy set of a set X. For a fized s € [0, 1] the set ps = {x € X : p(x) > s} is called an

upper level of .

Definition 2.13 ([4]). A fuzzy set p in d-algebra X is called fuzzy sub algebra of X if it satisfies p (z * y) > min{u (z), p(y)}

forallx,y € X.

Example 2.14 ([4]). Let X = {0, 1,2} be a set given by the following table Then (X;x,0) is a d-algebra. We define a fuzzy

* 0 1 2
0 0 0 O
1 2 0 2
2 1 1 0

set p: X —[0,1] by 1 (0) = 0.7, p(z) = 0.02, where for all z # 0.
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Cases | @ | y | plexy) | ple) | wy) min {p (), 1 (y)}
1 0|0 0.7 0.7 0.7 0.7
2 01 0.7 0.7 | 0.02 0.02
3 01 2 0.7 0.7 | 0.02 0.02
4 1]o 0.02 0.02 | 0.7 0.02
5 1|1 0.7 0.02 | 0.02 0.02
6 1|2 0.02 0.02 | 0.02 0.02
7 210 0.02 0.02 | 0.7 0.02
8 2 |1 0.02 0.02 | 0.02 0.02
9 2 | 2 0.7 0.02 | 0.02 0.02

Then p is a fuzzy sub algebra of X.

Definition 2.15 ([1]). A bipolar-valued fuzzy set D in X is an abject having the form D = {(z,up (z),pp (2)) /z € X}
where pb : X — [0,1] and u : X — [=1,0] are mappings. The position of membership degree puh(x) denoted the satis-
faction degree of an element x to the property corresponding to a bipolar-valued fuzzy set D = {(x,pg (x), ud (2)) Jx € X}

and the megative membership degree ,ug(x) denote the satisfaction degree of x to some implicit counter-property of

D:{(m,ug(x),,ug(:c))/xeX}.

Definition 2.16 ([7]). Let f be a mapping from a set X to a set Y. If B = {(y,u} (y), 15 (v)) /y €Y} is an bipolar-
valued fuzzy set in'Y, then the preimage of B under f denoted by f~ (B), is the bipolar-valued fuzzy set in X defined by

fmB) ={(z,f" (1) @), f (up) @) /xz € X}, and if D = {(x,u}f; (), pp (%)) /x € X} is an bipolar-valued fuzzy set

in X, then the image of D under f, denoted by f (D), is the bipolar-valued fuzzy set by

F (D) ={(y, four (15) W), fint (1) () [ €Y},

where

feup (1) () =

Jint (up) (y) =

for eachyeY.

z€f~ (y)

0,

z€f~ (y)

0,

sup uf (z), if f~(y) #0,

inf

Kp (),

3. Bipolar-Valued Fuzzy d-Algebra

Definition 3.1. Let X be a d-algebra. An bipolar-valued fuzzy set D = (a:,,ug,,ug) in X s called an bipolar-valued fuzzy

d-algebra if it satisfies

b (z+y) > min {u} (), uh )},

otherwise

if £~ (y) #0,

otherwise

pp (x+y) <max{up (z),pup (y)}, forallz,ye X.
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Example 3.2.

1. Consider a d-algebra X = {0, a,b, c} with the following table

*10 a b ¢
0 0o o0 0 O
ala 0 0 b
b|b b 0 0
¢ c ¢ [¢ 0

Let D = (z,u}, (x), up (x)) be an bipolar-valued fuzzy set in X defined by i}, (0) = 0.8 = uf (a) , uh (b) = pf (¢) = 0.3
and pp (0) = pp(a) = 0.03,up () = pp (c) = 0.08. Then D = (z,uf (x),p1p (%) is an bipolar-valued fuzzy

d-algebra.

2. Consider a d-algebra X = {0,a,b,c}. Let D = (x,u}, up) be an bipolar-valued fuzzy set in X defined by pf, (0) =
wh (@) =ty ih (0) = wb (0) = t2 and 15 (0) = up (a) = 51 = 1 (€) () = s2, where by > ta, 1 < s2 and

si+t; €10,1] fori=1,2. Then D = (Jc, ,ulé, ,ug) is an bipolar-valued fuzzy d-algebra.

Definition 3.3. Let D = (x,ujg,uf,) be the bipolar-valued fuzzy d-algebra of a set X. For a fized s € [0,1], the set ,uz =

{z e X;u}, (x) > s} and pp = {x € X;up (x) < s} is called an upper level of bipolar-valued fuzzy set D = (x, uh, up)-

Definition 3.4. A bipolar-valued fuzzy set D = (x,,u},ug) in a d-algebra X is called a bipolar-valued sub algebra of X if
it satisfies

pp (@ xy) > min {pp (), 15 (v) } 5 pp (2 * y) < max {pp (2), 1up ()} -

Example 3.5. Let X = {0,1,2} be a set given by the following table

* 0 1 2
0 0 0 O
1 2 0 2
2 1 1 0

Let D = (z,pu},,1np) be an bipolar-valued fuzzy set in X defined by pf (0) = 0.8, pf (z) = 0.4 and pp (0) = 0.05,

pp () =0.09. Then D = (z,ut, up) is a bipolar-valued fuzzy sub algebra of X.

Proposition 3.6. If an bipolar-valued fuzzy set D = (a:,,uB,,uB) in X is an bipolar-valued fuzzy d-algebra of X, then

1h (0) > pp (x) and pp, (0) < pp () ¥V z € X.

Proof. Let x € X, since © * z = 0 by definition of d-algebra [4] we have p}f (0) = u}, (¢ * ) > min {uD (z),ph (2)} =

uh (x). Therefore puf, (0) > pf (z). Similarly, we can prove that pp (0) = pp (z*z) < max{up (z),p } = NB( ).

O

Therefore p, (0) < pp (z) V z€ X.

Theorem 3.7. If {D;/i € A} is an arbitrary family of bipolar-valued fuzzy d-algebra of X, then (| D; is an bipolar-valued

fuzzy d-algebra of X, where (| D; = {m, A uEi (z),V pp, (r)}

Proof. Let z,y € X. Then

Nub, (@xy) > N (min {uh, (), uh, @)})
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— win { \wh, @), A b, )}

And
\ 1p, (@*y) <\/ (max {up, (), 15, (v)})
= max {\/ up, @), \/ 5, )}
Hence (D; = {m, /\yBi (z),V pp, (m)} is an bipolar-valued fuzzy d-algebra of X. O

Theorem 3.8. If an bipolar-valued fuzzy set D = (x, /,LE,/,LB) in X is an bipolar-valued fuzzy d-algebra of X, then the sets
X+ ={zeX/u}(x)=ph50)} and X,- = {x € X/up (x) = up (0)} are d-sub algebras of X.

Proof. Let ,y € U (u},t). Then ph(z) > t and pf (y) > t. It follows that pf (z+y) > min {uf (z),uh (y)} >t
so that z xy € U(u},t) is a d-sub algebra of X. Now let z,y € L (up,t), then up (z),up (y) < t. It follows that

pp (zxy) <max{up, (@), up (y)} <tandsoxxy € L(up,t). Therefore L(pp,t) is a d-sub algebra. O

Theorem 3.9. Let D = (m, s pz,) be an bipolar-valued fuzzy set in X such that the set U(u},t) and L(up,t) are d-sub

algebras of X. Then D = (ac, ,u} ,ul_j) is an bipolar-valued fuzzy d-algebra of X .

Proof. Assume that there exist zo,yo € X such that ,uE (zo*yo) < min {u"[', (z0) 7NB (yo)}. Let to =
3 (b (o * yo) + min {uf (zo) , uh (¥0) })-

Then ,ug (zo * yo) < to < min {,LLB (z0) ,pg (yo)} and so zoxyo & U (,uJDr,to), but zo,yo € U ([LJDr,t()). This is a contradiction
and therefore /LE (z *y) > min {;ﬁ[’, () ,,uE (y)} for all z, y € X. Now suppose that p,(zo*yo) > max {Nz_) (zo),1p (yo)} for
some o, yo € X. Taking so = % (up (zo * yo) + max {up, (z0), kp (Yo) }), then max {up, (zo), up (Yo)} < so < pp (zo * yo).
It follows that zo,y0 € L (1p,s0) and @o * yo ¢ L (ip, S0), a contradiction. Hence pp, (2 *y) < max {up, (z),up (y)} for

all z,y € X. This completes the proof. O

Theorem 3.10. Any d-sub algebra of X can be realized as both a p™ level d-sub algebra and a p~ level d-sub algebra of

some bipolar-valued fuzzy d-algebra of X.

Proof. Let S be a d-sub algebra of X and let /ﬁf', and pp be fuzzy sets in X defined by

t, ifzxes
wh =
0, otherwise
B s, ifexesS
Hp =

1, otherwise

For all z € X where ¢ and s are fixed numbers in (0, 1) such that t + s < 1. Let z,y € X. If z,y € S, then x xy € S. Hence
ph (zxy) = min {u}, (x), up (v)} and pp (z*y) = max {up, (x), 4y (y)}. If at least one of x and y dose not belongs to
S, then at least one of pf(z) and u}(y) is equal to 0 and at least one of p,(z) and up(y) is equal to 1. It follows that
ph (@*y) >0=min{uh (z),u} W)}, up (x*y) <1=max{up (x),up (y)}. Hence D = (z, uh, up) is an bipolar-valued
fuzzy d-algebra of X. Obviously U (u},,t) =S = L (up,t). This completes the proof. O

Definition 3.11. Let D = (m,uz,ug) be an bipolar-valued fuzzy set in X and let t € [0,1]. Then the set U (uj{,,t) =

{w e X/u} (x) >t} and L (up,t) = {x € X/up (x) <t} is called a p* level t-cut and p~ level t-cut of D.
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Theorem 3.12. If an bipolar-valued fuzzy set D = (LMBMB) in X is an bipolar-valued fuzzy d-algebra of X, then the u™
level t-cut and p~ level t-cut of D are d-sub algebras of X for every t € [0,1] such that t € Im (,ug) NIim (uB), which are

called a p™ level d-sub algebra and a p~ level d-sub algebra respectively.

Proof.  Let z,y € U (u},,t). Then pf, (x) > t,up (y) > t, it follows that pf, (x+y) > min {uf (z),uh (y)} >t so that
zxyelU (u}t). Hence U (pj{”t) is a d-sub algebra of X. Now let z,y € L (uzht). Then pp, (z) <t,pp, (y) <t It follows

that pp, (z*y) <max {up (x),up (y)} <tandsox*y e L(up,t). Therefore L(up,t) is a d-sub algebra. O

Theorem 3.13. Let o be a d-homomorphism of a d-algebra X into a d-algebra Y and D an bipolar-valued fuzzy d-algebra
of Y. Then a~*(D) is an bipolar-valued fuzzy d-algebra of X.

Proof. For any z,y € X, we have

pi-1 (D) (@*y) = pp (a(z*y)
(a(z) * a(y))

> min {u}, (a (z)), uh (e (y))}

o+ o+

=p

= min {,ui_l(D) () 7MZ—I(D) (y)}
Ho1(py (@*y) = pp (a (2 xy))

= pp (a(z) * a(y))

< max {ME) (a(z)), pp (a (y))}

= max {Ma_*l(D) (x) 711;71(,3) (y)} .

Hence o™ *(D) is an bipolar-valued fuzzy d-algebra in X. O

Theorem 3.14. If an bipolar-valued fuzzy set D = (m,u}ug) in X is an bipolar-valued fuzzy d-algebra of X, then so is
D¢, where D° = {(z,1 — p}, (x),—1 — pp (z))/z € X }.

Proof. Let z,y € X. Then

b (xxy)=1—puh(z*y)
> 1 — min {uh (z), uh (v)}
= min {1 — u} (2),1 - ph (y)}

> min {ﬁg (x), 15 (y)}

fip (x%y) = =1 —pp (xxy) < =1 —max {up (x),pup ()}
=max {-1— pp (2), -1 —pp (y)}

< max {ﬁB (x),0p (y)} .

Hence D€ is an bipolar-valued fuzzy d-algebra of X. O

Theorem 3.15. Let a be a d-homomorphism of a d-algebra X onto a d-algebra Y. If D = (;r, /fg,ug) is an bipolar-valued

fuzzy d-algebra of X, then o (D) = (y, Qsup (,uﬁ) , Qlinf (,LLB)) is an bipolar-valued fuzzy d-algebra of Y.
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Proof. Let D = (m7 ;ﬁ['”uf,) be a bipolar-valued fuzzy topological d-algebra in X and let y1,y2 € Y. Noticing that,

{1 *xa/x1 €™t (y1),22 € o (y2)} C {x € X/x € a ' (y1 * y2)}, we have

sup {uh (2)/z € o™ (1 * 32) }

Qisup (ME) (yl * y2)

%

sup {p} (z1 * m2)/z1 €™ (1), 22 €™ (y2)}

\

> sup {min {u}, (x1), pf (2)} /21 € a7 (1), 22 €' (1)}

= min {sup {HE (z1)/z1 € 0t (y1)} ,sup {,uj{, (x2)/z2 € " (y2)}}

= min {Oésup (ME) (yl) y Osup (,MB) (yQ)} .

And

ain (1p) (1 * y2) = inf {pp () /z € o™ (y1 *y2) }

IN

inf {MB (z1 % 22) /21 € a™t (y1),22 € a! (y2)}

N

< inf {max {up (z1), up (x2)} /21 € a ),z €t (y2) }
= max {inf{ug (z1)/x1 € a? (yl)} ,inf{pfJ (z2)/z2 € ot (yg)}}

= max {Oéinf (,ul_)) (y1) ; cting (HE)) (312)} .

Hence o (D) = (y, asup (115) , @int (1)) is an bipolar-valued fuzzy d-algebra in Y.

Let Q(X) denote the family of all bipolar-valued fuzzy d-algebra of X and let t € [0,1], then A ~,+ B <= U (u},t) =
U(u},t) and A ~y- B L (u;,t) =1L (ug,t), respectively for A = (m, uj;,,u;) and B = (x,,u;p}}) in Q(X). Then
clearly ~,+ and ~ - are equivalent relations on € (X). For any A = (z, phona) € Q(X), let [A] ,+ denote the equivalence
class of A = (x,p},p,) modulo ~,+ and denote by Q(X)/ ~,+ the collection of all equivalence classes of A modulo
~pr UX) ) o= {[A]#+ JA = (z,p1h,17) € Q(X)} and Q(X)/ ~,-= {[A}#, JA = (2, 1k, 13) € Q(X)}. Now let
S(X) denote the family of all d-sub algebras of X and let ¢ € [0,1]. Define maps a; and §; from Q(X) to S(X)U{¢}
by a: (A) = U(ph,t) and B; (A) = L(pj,t) respectively for all A = (z,pf,puy) € Q(X). Then o, and S; are clearly
well-defined. O
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