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Abstract: Let G be simple, finite, undirected graph (molecular graph) with vertex set V = {v1,v2,v3,...,v,} and edge set E =
{e1,e2,€3,...,en}. The energy concept originated in chemistry and was introduced by I Gutman in 1978. Similar to the
energies like dominating energy, minimum dominating energy, minimum total dominating energy, Zagreb energy is having
its own importance in the study of physic-chemical properties of chemical compound that are often modeled by means
of topological indices. In this paper, we find, first Zagreb energy [1] (introduced by Gutman), second Zagreb energy and
hyper Zagreb energy of some standard graphs like Complete graph, complete bipartite graph, star graph and crown graph.
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1. Introduction

Mathematical Chemistry is a part of theoretical chemistry [2-4] where we analyze and predict the chemical structure
using mathematical concept. Again chemical graph theory is a branch of mathematical chemistry. By applying the graph
theoretical concept chemical phenomenon can be modeled. Throughout this paper, graph (molecular graph) referred is
simple, finite, undirected and connected one. Let G be graph with vertex set V (G) = {v1,v2,v3,...,v,} and edge set
E(G) = {el, €2,€3,..., en}. If v; and v; are the adjacent vertices in G then v;v; denotes an edge connecting vertices v; and
vj. The properties of chemical compounds are often studied and modeled by molecular graph based structure descriptors
called as topological indices. [5-11] Particularly the degree based topological indices are widely studied and are called as
Zagreb indices. Corresponding to Zagreb indices [12, 13] the Zagreb matrices [15] are defined. And they are
d%, for v; € V(G)

First Zagreb matrix = zW = Zij = (1)
0, otherwise

did;, for viv; € E(G)

Second Zagreb matrix = AR zij =4 0, for i = j (2)
0, otherwise
(di + dj)?, for jv; € E(G)

Hyper Zagreb matrix = AR zij =< 0, for i = j (3)

0, otherwise

Using these Zagreb matrices, Zagreb energies [14] of standard graphs are obtained.
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2. Zagreb Energy of a Graph

For a simple connected graph G, using the definition (1), (2) and (3) of Zagreb matrices are constructed. Let Z™ = (z;;) for
n = 1,2 and H, represents first Zagreb matrix, second Zagreb matrix and hyper Zagreb matrix of a graph G respectively. Let
A1, A2, A3, ..., A\, be the eigen values of particular Zagreb matrix of a graph G. The values are assumed to be in the increasing
order, that is Ay > A2 > A3 > --- > \,,. Since Z(G) is real and symmetric. Its eigen values are real number. The Zagreb

energy ZFE (G) of graph is defined to the sum of absolute values of its eigen values of graph G That is ZE (G) = >_ |A4].
1

Example 2.1. Let G be the graph with 4-vertices say v1,v2,v3,va as shown in the Figure 1

Figure 1. Simple Graph with 4 vertices

1000

0900
The first Zagreb Matriz of a graph G is ZVM (G) = since Z* M (G) is a diagonal matriz, diagonal elements

0040

0004
represent eigen values of the matriz. Therefore first Zagreb energy, ZW E (G) = [1] (1) + (9] (1) + 4] (2) = 18.

0300
, 3066
Example 2.2. For the graph G shown in Figure 1. Second Zagreb matriz of G is ZP M Q) = reducing to a
0604
0640
3000
0300
diagonal matriz Z® M (@) = the eigen values are 3,3,4 and 4. Therefore second Zagreb energy, Z'> E (G) =
0040
0004
13 (2) + 4] (2) = 14.
0 16 0 O
u 16 0 25 25
Example 2.3. For the graph G shown in Figure 1. Hyper Zagreb Matriz of G is ZH) M (G) = reducing
0 25 0 16
0 25 16 0
16 0 0 O
) ) - 0 16 0 0 -
to a diagonal matriz ZFH M (G) = . Therefore hyper Zagreb energy, ZH E (GQ) = |16| (4) = 64.
0 0 16 0
0 0 0 16
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3. First Zagreb Energy of Some Standard Graphs

Based on the first Zagreb matrix, First Zagreb energy for complete graphs, complete bipartite graph, star graph and Crown
graph are obtained in the following theorems.

Theorem 3.1. If K, is a complete graph with p > 3 vertices then ZVE (K,) = p(p — 1)°.

Proof. Let K, be a complete graph with vertex set V = {v1,vs,...,v,}. The first Zagreb Matrix corresponding to K, is

p-—1% 0 0o .- 0 0
0 (p—1)32 0 0 0
0 0 (p—1)2 0 0
ZWM (K,) =
0 0 0 e (p-1)? 0
0 0 0 0 (p—1)2

L < pxp
Since matrix is a diagonal matrix the elements along the diagonal represents eigen values. The characteristic polynomial is
given by [A — (p — 1)?]? = 0. Therefore eigen values of first Zagreb matrix are A = (p — 1)> {p — times}. Then, first Zagreb
energy of K, is ZVE (K;) = [(p—1)°| (p) = p(p — 1)*. O

Theorem 3.2. If K, , is a complete bipartite graph with p > 2 vertices then ZME (K,,) = 2p°.

Proof.  LetV = {vi,ve,...,0p,u1,Us2,...,up}. be the vertex set of complete bipartite graph K, ,, The first Zagreb Matrix

corresponding to K, is

-p?' 0 0 0 0]
0 p*> 0 0 0
0 p> -~ 0 0
ZU)M (Kp,p) =
00 0 ---p*>0
(00 0 - 0 p?

- 2pXx2p
The characteristic polynomial of the matrix is given by [A — p2}2p = 0. Eigen values of first Zagreb matrix Z M (K,,,,) are

A = p?{2p — times}. Then first Zagreb energy of K, , is ZVE (K, ,) = |p?|2p = 2p°. O
Theorem 3.3. If K11 is a star graph with p > 3 vertices then ZWE (K1 1) = p(p — 1).

Proof. Let K1,-1 be a star graph with vertex set V = {v1,v2,...,vp}. First Zagreb Matrix corresponding to K1 ,_1 is

p-1)200 --- 00
0 10---00
L 0 01---00
ZWM (K1) =

0 00 - 10
0 00 ---01

- - 2pXx2p

The characteristic polynomial of the matrix is given by [A — (p — 1)2] (A= 1)17_1 = 0. Eigen values of first Zagreb matrix

ZWOM (K1 p1)are A = (p—1)% {once} and A =1 {(p — 1) times}. Then first Zagreb energy of K1 ,_1is ZVE (K1 1) =
[(p—=1)?*[ () + 1l (p—1) = p(p — 1). O
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Theorem 3.4. If S, is a crown graph with p > 4 vertices then ZWE (Sp)=p (E — 1)2.

Proof. Let S, be a crown graph with vertex set V = {v1,v2,...,v,}. First Zagreb Matrix corresponding to S, is

(z-1)° o0 0 0 0
o (2-1)* o0 0 0
0 0 z_1)* 0 0
Z(I)M(Sp): (2 )
0 0 0 (z-1)* o
0 0 0 0o (2-1)?

- pXp

P
The characteristic polynomial of the matrix is given by [)\ - (g - 1)2] = 0. FEigen values of first Zagreb matrix of

ZWM (S,) are A = (2 - 1)2 {ptimes}. Then first Zagreb energy of S, is ZVE (S,) = (2 - 1)2‘ (p — times) =p (£ — 1)2.

Graphically: The first Zagreb energy of K, K, p, K1,,—1 and S, are as follows

Vi

Figure 2. Comparison of first Zagreb energy of standard graphs

Graph shows that First Zagreb energy corresponding to complete bipartite graph increases rapidly with the increase in the

number of vertices as compared to first Zagreb energy of other graphs. O

4. Second Zagreb Energy of Some Standard Graphs

By the definition of second Zagreb matrix, second Zagreb energy for complete graph, complete bipartite graph, star graph

and Crown graph are obtained in the following theorems.
Theorem 4.1. If K, is a complete graph with p > 3 vertices then ZPE (K,) =2 (p — 1)*.

Proof. For K, being a complete graph with vertex set V = {v1,v2,...,vp}. Second Zagreb Matrix corresponding to K,

is

A A

nox O
nO o
S 0 0

ZWM(K,) =

AAA--- 0 A

- - pxp

where A = (p — 1)?>. The characteristic polynomial is given by (=1)?[A + (p — 1)*]?"*[A — (p — 1)*] = 0. Eigen values of
Second Zagreb matrix are A = —(p — 1)?{(p — 1) times} And X\ = (p — 1) {once}. Therefore second Zagreb energy of K,
is ZOE (Kp) =|(p—1D*[(p =D+ |- 1)°| (1) =2(p - 1)’ O
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3

Theorem 4.2. If K,,;, is a complete bipartite graph with p > 2 vertices then ZOE (Kp,p) =2p°.
Proof. For K, , being a complete bipartite graph with vertex set V' = {v1,v2,...,vp,u1,u2,...,up}. Second Zagreb
Matrix corresponding to K, is
[? 0 0 0 0]
0 p? 0 00
0 0 p° 00
Z<2>M (Kp,p) =
0 0 O p?> 0
(00 0 0 p°| o
The characteristic polynomial of the matrix is given by )\2@71)[)\2 — (A®)?] = 0. Eigen values of second Zagreb matrix

ZOM (Kpp) are X\ =0 {2(p—1) times}, A = (p°)> {once} and X\ = —(p®)?> {once}. Then second Zagreb energy of

Kpp is ZOE (Kpp) = 0] (2(p — 1) + [p°| (1) + |-p°| (1) = 2p*.

O

Theorem 4.3. If K11 is a star graph with p > 3 vertices then Z® E (K1 p-1) = 2(p — 1)y/p — 1.

Proof. Let V = {v1,v2,...,v,}. be the vertex set of star graph Ki ,_1. The second Zagreb Matrix corresponding to
Klypfl is

-1 (-1 (p-1)° (p-1)* (p—1)°

(p—1)2 0 0 0 0

(p—1)2 0 0 0 0

ZOM (K1 1) =
(p—1)2 0 0 0 0
(p—1)2 0 0 0 0

- pXp

The characteristic polynomial of the matrix is given by A’ * [A— (p—1)y/p—1I|[A+ (p—1)y/p—1] = 0. Eigen val-

ues of second Zagreb matrix ZPM (K1,-1) are A 0

{(p—2) times}, N = (p—1)v/p—1 {once} and A

—(p—1)v/p—1 {once}. Then second Zagreb energy of K1 ,_1 is

ZPB (K1) = 0] (0= 2) + (0= ) Vo — 1| () + |- 0= D) Vo — 1| ()

2p-1)+p-1

Theorem 4.4. If S, is a crown graph with p > 4 vertices then ZP E (S,) = 4 (g — 1)3.

Proof. Let S, be a crown graph with vertex set V = {v1,va,...

[0 0 0

0 0 0

0 0 0

Z(2)M(Sp) =

o (3-1° (5-1°
5-1° o (-
[(E-1° 6-1° o0

,Up}. Second Zagreb Matrix corresponding to Sj is

0 (5-1)° (3-v)’
t-v° o  (3-v)’
3-1° 3-1° o

0 0 0

0 0 0

0 0 0 |

pPXp
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-1 272
The characteristic polynomial of the matrix is [)\2 — (p - 1)2}( ) [)\2 — (g — 1)3] = 0. Eigen values of second Zagreb

]

matrix of ZP M (S,) are

S () e

Then second Zagreb energy of S, is

ZDE(S,) = ’(g - 1)2‘ (g - 1) times + ‘— (g - 1)2’ (g - 1) times + ’(g - 1)3

)

Graphically: The second Zagreb energy of K,, K, ,, K1,,—1 and S, are as follows

Figure 3. Comparison of second Zagreb energy of standard graphs

Graph shows that second Zagreb energy corresponding to complete bipartite graph increases rapidly with the increase in

the number of vertices as compared to second Zagreb energy of other graphs. O

5. Hyper Zagreb energy of some standard graphs

Using the definition of Hyper Zagreb matrix, Hyper Zagreb energry for complete graph, complete bipartite graph, star graph

and Crown graph are obtained in the following theorems.
Theorem 5.1. If K, is a complete graph with p > 3 vertices then Z E (K,) = 8(p — 1)°.

Proof. For K, being a complete graph with vertex set V = {v1,v2,...,vp}. Hyper Zagreb Matrix corresponding to K, is

0O BB--- BB
BO0OB--- BB
. BBO --- BB
ZW M (K,) =
BBB--- 0B
B BB --- B0
- - pPXp
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where B = [2(p — 1)]?>. The characteristic polynomial is given by (—1)P[X 4+ {2(p — 1)}2]P7 A — (p — 1){2(p — 1)}*] = 0.
Eigen values of Hyper Zagreb matrix are A = —{2 (p — 1)} {(p — 1) times} and A = (p — 1) {2(p—1)}*® {once}. Therefore
Hyper Zagreb energy of K, is ZE (K —|f -1) | —-1) +| -1D{2(p-1) 3} =8(p—1)% O

Theorem 5.2. If K, , is a complete bipartite graph with p > 2 vertices then ZUE (K, ,) = 8p°.

Proof. For K, , being a complete bipartite graph with vertex set V = {v1,va, ..., vp,u1,u2, ..., u,}. Hyper Zagreb Matrix

corresponding to Kp p is

ccc--- 000

ccc--- 000

- ~ 2pXx2p
where C' = p[2p]?. The characteristic polynomial is given by A*72[X — (p){2p}?][X + (p){2p}?] = 0. Eigen values of Hyper

Zagreb matrix are A =0 {(2p —2) times}, A = p{2p}° {once} and A = —p{2p}> {once} Therefore Hyper Zagreb energy
of Ky, is ZHE (K,) = (0] (2p — 2) + | (p) {2p}*| (1) + |- (p) {2p}°| (1) = 8p”. O

Theorem 5.3. If K1, 1 is a star graph with p > 3 vertices then Z' E (K1 ,_1) = 2p*\/p — 1.

Proof. For Ki p_1 being a star graph with vertex set V' = {v1,v2,...,vp}. Hyper Zagreb Matrix corresponding to K1 -1

is

0 p* p* - p®p’p°
p> 00 --- 0 0
p> 0 0 --- 0 0 0
ZWIM (K1 p 1) =
p? 0 0 0 0 0
p> 0 0 --- 0 0 0
p> 0 0 --- 0 0 O
- -~ pXp

The characteristic polynomial is (—1)PAP~2[\ — p?/p — 1][A + p>v/p — 1] = 0. Eigen values of Hyper Zagreb matrix are
A=0 {(p—2) times}, \ = p*v/p—1 {once} and A\ = —p?y/p — 1 {once}. Therefore Hyper Zagreb energy of Ki ,_1 is
ZWE (K,)=10[(p—2)+ |p>Vp— 1| (1) + |-p*Vp — 1| (1) = 2p°/p — L. O

Theorem 5.4. If S, is a crown graph with p > 4 vertices then, VAN D) (Sp) = 2p* — 12p? 4 24p — 16.

Proof. Let S, is a crown graph with vertex set V = {v1,v2,...,v,}. Hyper Zagreb Matrix corresponding to S, is

0 0 0 -+ 0 (=27 (p-2)7
0 0 0 ®-2> 0 (p-27
0 0 0 (p—2)% (p—2) 0
ZMM (S,) =
0 (»-2?* (p-2)7° - 0 0 0
(p—2)2 0 (p—2)32 0 0 0
(p-2® (-2 0 - 0 0 o ]
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The characteristic polynomial of the matrix is

b
L1

A - (p* —4p+4)]( ) A+ (p* —4p+4)}(%’1)

e (-] (v -0)

=0
Eigen values of Hyper Zagreb matrix of Z) M (S,) are

)\:(p2—4p+4) {(g—l) times},
)\:—(p2—4p+4) {(g—l) times},
Az(p—;—3p2+6p—4) {once},

P
A= — (? 73p2+6p74> {once }
Then Hyper Zagreb energy of S, is

ZUIE(S,) = |(p* - 4p+4)| (g - 1) times + |— (p° — 4p+4) | (g —1) times
P’ P’
+‘(?—3p2+6p—4>‘(1)+‘— (5—3p2+6p—4)'(1)

=2p° —12p® + 24p — 16

Graphically: The Hyper Zagreb energy of K, Ky p, K1,p—1 and S, are as follows

—
- -
-

Figure 4. Comparison of Hyper Zagreb energy of standard graphs

Graph shows that Hyper Zagreb energy corresponding to complete bipartite graph increases rapidly with the increase in the
number of vertices as compared to Hyper Zagreb energy of other graphs. First Zagreb energy, Second Zagreb energy and

Hyper Zagreb energy of K,, Kpp, K1,p—1 and S, are together shown in the following table

First Zagreb Energy|Second Zagreb Energy| Hyper Zagreb Energy
Complete Graph p(p —1)2 2(p—1)3 8(p—1)3
Complete Bipartite graph 2p3 2p3 8p3
Star Graph p(p—1 2p—1)v/p—1 2p%/p—1
Crown Graph p(& - 2 4(8 - 1)3 2p3 — 12p? + 24p — 16

Table 1.

First, Second and Hyper Zagreb energies of standard graphs
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Figure 5. Graphically Comparison of Zagreb energies of standard graphs

6. Conclusion

Here we have computed First Zagreb energy, Second Zagreb energy and Hyper Zagreb energy of some standard graphs and

they have been compared graphically.
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