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Abstract: In we study the heat transfer of boundary layer flow of an incompressible viscous fluid over hyperbolic stretching cylinder.
The governing nonlinear partial differential equations are converted into ordinary differential equations by using suitable
transformations, which are then tackled using the homotopy method. The homotopy method gives us solutions in the
form of series. The influence of the Magnetic, Joule’s and Ohmic effect on velocity as well as temperature profiles are
investigated and results can be seen visually in graphs. The computational results without these effects agree excellently
with the previous results by [1].

Keywords: Joule’s effect, Ohmic effect, Magnetohydrodynamic, incompressible, boundary layer.
© JS Publication. Accepted on: 21.04.2018

1. Introduction

The heat transfer of the boundary layer flow over stretching boundaries has attained exceptional recognition in modern
industrial and engineering fields. Here we study the boundary layer flow of an incompressible viscous fluid over hyperbolic
stretching cylinder stretching sheet when subjected to the Magnetic, Joule’s and Ohmic effect. Its significance to the real-
world, has drawn attention among scientists and engineers in order to understand this phenomenon. Magnetohydrodynamic
fluid flows have various applications in the area of polymer and metallurgical industry. The study of mutual interaction of
fluid flow and magnetic field related phenomena in MHD flows is used in the cooling of filaments or continuous strips for
metallurgical use. The characteristics of final products highly depend on the cooling rate. It also has wide applications
in nuclear reactor technology and also in aerodynamics, in the study of aircraft design in order to analyse the prospects
of enhancing speed and proficiency of the aircraft. Reddy in [6] have studied the effect of thermophoresis and Brownian
moment on hydro-magnetic motion of a nanofluid over a slendering stretching sheet by reaching a similarity solution. M.M.
Rashidia in a similar manner in [4] analyzes a magnetic field to which the convective flow of non-Newtonian fluid due to a
linearly stretching sheet, is subject to. This is achieved by transforming the governing equations to a system of ordinary
differential equations by a similarity method. The optimal homotopy analysis method is used to solve the resulting system
of ordinary differential equations. On parallel lines, C. Sulochana in [5] have studied the effects of thermal radiation and slip
effects on magneto hydrodynamic forced convective flow of a nano-fluid over a slendering stretching sheet in porous medium.

Self-similarity transformation reduce the governing partial differential equations are transformed into nonlinear ordinary
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differential equations which are solved numerically using Matlab. Swati Mukhopadhyay in [3] investigates an axi-symmetric
laminar boundary layer flow of a viscous incompressible fluid and heat transfer towards a stretching cylinder embedded in
a porous medium by converting the partial differential equations corresponding to the momentum and heat equations into
highly nonlinear ordinary differential equations with the help of similarity transformations. Numerical solutions of these
equations are obtained by shooting method. Swati Mukhopadhyay in [2] also considers the boundary layer flow of a viscous
incompressible fluid along a porous nonlinearly stretching sheet by converting the partial differential equation corresponding
to the momentum equation into nonlinear ordinary differential equation by carrying out similarity transformations. A

Numerical solution of this is attained using the shooting method.

Nomenclature

U, V : velocity components in z, r directions

f : dimensionless velocity of the fluid

N : coefficient related to stretching sheet

n : velocity power index parameter

c : physical parameter related to stretching sheet
B(z) : magnetic field parameter

T : temperature of the fluid (K)

Tw : surface fluid temperature (K)

Too : free stream temperature

k : thermal conductivity (Wm™'K)

ko : chemical reaction parameter

Cp : specific heat at constant pressure (JkgK ')
By : magnetic field strength

ai, by . constants

Greek Symbols

¢ : dimensionless concentration

n : similarity variable

o - electrical conductivity of the fluid (mXm™1)
« : the thermal diffusivity

0 : dimensionless temperature

P : density of the fluid (kgm™?)

w : dimensional variable viscosity parameter

v . kinematic viscosity (m?s™")

2. Problem Formulation

Consider the two-dimensional steady incompressible flow of a viscous fluid over a hyperbolic stretching circular cylinder of

a fixed radius R. The governing equations are,

ou = Ov
ou ov 0 ou 9
Uae + Yoy =V (TE> — uoBju, (2)
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or  oT 0 ( 6T> oB2u?
[ =« —

)
poc,,

With boundary conditions,

u(r,z) =U(z), v(r,£)=0, T=Ty +Toc + AU (z) at =R, @

u(r,z) >0, T=Tsx as r— 0,

where A is constant, u, v are velocity components along x and r directions, 1" represents temperature, o = % is the thermal
P

104

diffusivity of the fluid. We introduce the stream function v = &, v = —%g—f by introducing similarity transformations

(),

P2 R:(U\? 1 T—Te
T o R R L 5)
that convert (1)-(4) to the system of ODE,
T T (G () o
S dn? * dn? Y dn S dn? % dn ndn S
d?6 do dr\? do do df
Ko + KsS + Ko (L) + Kione + Kn 2 |f—n| =
7d772+ 8d77+ 9<d77> + 107]dn+ Hdn |:f Udn] 0,
Here,
L= 258 Ka(w)= 2 (L2 %5(277«) K*(m)—U—2 Ky = —poB3U.
2 = pOCp’ 3 - 4 T 7”2 ’ 3 21:7 4= —p (]
1
WU (U\? U?\ r? a(Tw —Tw) (U (r?
K =2 (= K =(—)=, K =2 /()= 7
s@ =20 (5) Ko = (L) g Ky = BT (D) (1), @
1
20(Tw —Too) {U\2 1 U Tw—Too U
Ks (2) = Z) =, Ke=1L K = 2 (Tw—Ts), K = =,
o) = 2T (D) gy L, Ko (o) = o (T =T, K ) == T2 T
with corresponding boundary conditions,
F(0)y=0, %h:o:l, 9(0):%, % is bounded asn— oo, 6(n)=0 as n— oo. (8)

3. Solution Methodology

First we establish the following homotopy equations for (5), (6) with (7)

B Bf Ksdf  Kidf Bf Ksd’f Kidf (Kidf Ksdf B
H(f’p)_(l_p)<d7n3+?6d772+f6d7n +p %—FEW—’_E%—F Kﬁw*‘?ﬁdfn f—W% =0, (9)

420 Ksdo 4?0 Ksdd Ko (df\?> K d§ Kiidf daf
H(O,p)=(1—p) (L2 4 28 ¢9  Bsd o (4 ) B0, 0V B dv, @) 1
0,p) = (1 =) (dn2 e dn> tr (dn2 Tk T K (dn> Y& T T K dn {f ”dn] 0, (10)

According to the generalized homotopy method, assume the solution for (9) and (10) in the form

fo =0"fo+ fip+ fop’ + fap’ + ..., (11)

0, = p°0o + 01p + fop® + 0sp° + ..., (12)

Substituting (11), (12) into (9), (10) and rearranging the terms of order p, we have, concerning f,

3 2
hoy b g o

K,
6 dn3 dn? 4 dn

=0, (13)
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& f d*fy df1 Ld>fo dfo dfo
K K Ky— K K —n—— | = 14
Gdn3+ 5d172+ 4d7l+ 3d772+ 5 fo T)dn 0, (14)
d?fa d’fa dfa LA f dfo dfo LA fa df1 df1
K K Ki— K. Kz— —n=— K Kz— —n—— | =0. 1
6d773+ 5d772+ 4d77+ 3dn2+ Sdn fo 77d77+ 3d772+ i f1 ndn 0 (15)
Concerning 6,
ol D _ (16)
a2 T A T
d20, do, dfo\? by dbo ifo
K Ks— + K. — Kion— + Ki1— — = 1
7dn2+ 8d+9<d77 10d+11dnf ﬁdn 0, (17)
d*0, dfy dfo df1 do, do, dfo dfo dfy
K Ks &2 ok P00 g @ g D gy — Yol g - 1
7d772+ 8d77+ i dn 1017d17+ S fo d77+ 1y f ndn 0 (18)
The boundary conditions (8) reducing to,
fo(0)=1, f1(0)=/f1(0)=f2(0)=f3(0)=---=0,
Ao g A de A
d'f] n=0 ) d77 n=0 d77 n=0 d’l7 n=0 5 (19)
Tw — AU
90(0):?71;%), 01 (0) = 62(0) =03 (0) =--- =0,
af .
an is bounded as 1 — oo, 01 (c0) = 02 (c0) = 03 (c0) = - -+ = 0.

The solutions to (13)-(18) with boundary conditions (19) are, denote

&Ffm+J@—mmiKrfm—J@—mm.

2K 18 2K

Now M = % giving Joule’s effect is positive, which means that K4 and Kg are of the same sign and \/Kg — KeK4 < K5
gives K12 < 0, so that both K2 and K3 are negative.

fo =c1+ caexp (Ki2n) + cs exp (Kisn) (20)
fi =ca+ (c6 + Li2) exp (K13n) + Li1 exp (K12m) + L1z exp (2K12n) + L1s exp (2K131) + Lis exp (K12 + K13)n)

+ Lien exp (2K12m) + Lirnexp (2K13n) + Lisnexp ((Ki2 + Kis)n) + Lion exp (Ki2n) + Laon exp (Kisn) (21)
f2 = c7 + (cs + Rar) exp (K12n) + (co + Rio) exp (K13n) + Riinexp (Kisn) + Riin” exp (K13n)

+ Risexp (2K13m) + Riznexp (2K13n) + Ri4n” exp (2K13n) + Risexp (3K13n) + Rignexp (3K137m)

+ Rign” exp (3K13m) + Riz exp (K2 + Ki3)n) + Risnexp (K2 + Ki3)n) + Rig exp (K2 + 2K13)n)

+ Rionexp ((Kia + 2K13)1) + Ra1n” exp (K12 + 2K13)1) + Raz exp (3K12m) 4+ Raznexp (3K127)

+ Raaexp ((2K12 + K13)n) + Rasnexp ((2K12 + Ki3)n) + Roen® exp ((2K12 4+ Ki13)n) + Rarexp (Ki127m)

+ Rzg exp (2K127]) =+ R297] exp (2K127’]) + R307’] exp (K127]) =+ R317]2 exp (3K1377) + R32'r]2 exp (3K127]) (22)
and
00 = d2 exp <7%77) 5 (23)
K K K K
b1 = dsexp (‘?iﬁ) + Lso exp (2K13n) + La1n” exp (—Fiﬂ> + Lzanexp <—fi7]> + L3z exp (<K13 - ?i) 77)
Kg K8
+ Lasnexp | | K13 — e N ) + Lss exp (2K12m) + Lss exp (K12 + Ki13)n) + Lamnexp | | K12 — K. n), (24)
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K,
02 = ds + (de + Ps1 + Pson + Pssn® + P25774) exp (—an) + (P20 + Poon)p(exp (2K137)
7
K
+ (P21 + Pasn)p(exp (3K13n) + Pa2 exp ((2K13 + Ki12) ) + (P23 + Psan + Pasn” + Pson®) exp (<K13 — i) 77)

K
+ Panexp (K12 + 2K13) ) Pas + Par + (P36772 + P37 + P113773) exp (<2K13 . ﬁ) ?7) + Pes1 exp (2K12m)

2K3

K
+ Ps2 exp((2K12 + K13)n) + Pss exp ((2K12 - ?8) 77) + (P64 + P101772) exp ((K13 - 7) 77)
7 7

2K, K,
+ (P65 + P100772) exp ((KIQ — ﬁ) 77) ~+ (Pss + Posn + ngr]Q) exp ((3[(13 — Fi) n)
7

K K
+ (Pso + Pros + Po2n) exp <<3K12 - FE;) 7]) + (P?O + Posn + 1’:)1047]2 + P1167]3) exp <<K12 +2K13 — Fi) 77>
7

K K
+ (Pr1+ Posn + Piosn” + Piisn’) exp (<2K12 + K13 — fi) 77) + (Pr2 + Porn) exp ((3K12 - Qﬁ) 77)

K
+ (Pr3 + Posn + P1067]2) exp ((3K13 — 2fj> 77)

K
+ (Ps + Pran + Prsn® + Pren® + Pron® + P111773) exp <(2K13 — 2?8) T))
7

K,
+ (Ps7 + Prsn + Pron® + +Piorn” + Pson® + Psin® + Pi1an®) exp <<2K12 - 2%) 17) + (Ps2 + Ps3n) exp (3K127)

K,
+ Psaexp ((2K12 + K13) 1) + (Pss + Posn® + Pi1an®) exp ((2K12 - ?8) 77) + (Pss + Psrn) exp (K12 + K13) n)
7

; K. - K
+ (Pss + Psgn + P1087]5) exp ((Km — (?i)) T]) + (Poon + ngns) exp ((Km — 2%) 77>

K
+ (Poin + P110773) exp (<K13 - 2%) 77) . (25)
Now the solutions to (6) with (7) satisfying boundary conditions (8) is given by

f=limfp=fo+ fitfot ot fatfst.., (26)

0:liﬁmlep:00+91+92+03+04+05+..., (27)
P
So we can write the first and second approximations to f, 6 respectively as,

f=fo+fi=ci+ca+ (c6+ Liz+ c3)exp (Kisn) + (L11 + c2) exp (K12m) + Lis exp (2K12m)

+ L1a exp (2K13n) 4 L1s exp ((K12 + K13)n) + Lien exp (2K12n) 4 Lirnexp (2K13m) + Lisnexp ((Ki2 + Ki3)n)

+ Lignexp (Ki2m) + Laonexp (Kian), (28)
f=fo+fi+fo=ci+ca+cr+ (s + Rar + L11 + c2 + Lign) exp (K12m) + (co + Rio + c6 + Li2 + ¢3) exp (K13n)

+ Ruinexp (Kisn) + (Riin® + Laon) exp (K13n) + (Ri2 + Lia) exp (2K13n) + (Ris + Li7) nexp (2K13m)

+ Ruan® exp (2K13m) + Rus exp (3K13m) + Rusnexp (3K13m) + Rien” exp (3K13m) + (Rur + Lus) exp (K12 + K1) )

+ (Rign + Lisn) exp (K12 + Ki13) ) + Rig exp (K12 + 2K13) ) 4+ Reonexp (K12 + 2K13) 1)

+ Roin®exp (K12 + 2K13)n) + Raz exp (3K12m) + Rasnexp (3K12m) + Roaexp ((2K12 + Ki3) 1)

+ Rosnexp ((2K12 + Ki3) 1) + Raen” exp ((2K12 + K13)n) + Ra7 exp (K12m) + (R2s + L13) exp (2K127)

+ (Raom + Laen) exp (2K121) + Rsonexp (K12m) + Raun® exp (3K13m) + Raan’” exp (3K12n) (29)

K, K,
0= 0o+ 01 = (ds + da) exp (f?in) + Lso exp (2K13n) + L31n2 exp (f?in)

K K K
+ L3anexp -8 1 | + L3z exp Kz — =2 1 | + Laanexp Kz — —8 1) + Lss exp (2K127)
K~ K; K7

K
+ Lsg exp (K12 + K13)n) + Lsrnexp (<K12 - Fi) 77) ) (30)
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K
9:90+91+92:ds+(d4+d2+d6+P31+P3077+L3277+P35772+L31772+P25774)6Xp (—fﬁ)
7

+ (P20 + Lo + Paon)p(exp (2K131) + (P21 + Pasn)p(exp (3K13m) + Paz exp ((2K13 + Ki2)n)

K,
+ (P2g + Lss + (P32 + Lsa)n + Psan® + P39773) exp ((K13 — ?i) 77> + Ponexp (K12 + 2K13)n)

K
+ Pas + Por + (P36772 + Pa7 + P113773) exp ((2K13 — ?8) 77) + (Ps1 + Lss) exp (2K12m) + Ps2 exp((2K12 + Ki3)n)
7

K 2K 2K
+ Pe3 exp (<2K12 - ?i) 77) + (Poa + P101712) exp (<K13 - 778> 7l> + (Pss + P1007]2) exp ((KIZ - 778) 77)

8

K K
+ (Psg + Posn + P102772) exp (<3K13 - E) 77) + (Psg + Pios + Po2n) exp ((3K12 — ?i) 77)

K,
+ (P70 + Posn + P104?72 + P116?73) exp <(K12 +2Ki3 — ?i) 17) + (Pr1 + Posn + PlosT]2 + P115773)

K, K, K,
exp ((2K12 + Ki3 — %) 77) + (Pr2 + Porn) exp (<3K12 — 2%) 77) + (Prs + Posn + P1067]2) exp <<3K13 — 2?8) 7])
7 7 7

K
+ (Pss + Pran + Prsn® + Pren® + Pron® + P111773) exp ((2K13 — 2%) 7])

K,
+ (Ps7 4 Prsn + Pron® + Piorn” + Pson® 4+ Psin* 4 Pii2n®) exp <(2K12 — 2?5;) n)

K
+ (Ps2 + Pssn) exp (3K121) + Psaexp ((2K12 + K13) n) + (Pss + Posn’® + P11an’) exp (<2K12 - Fg) 77)
7

K,
+ (Ps6 + Ps7n + Lss) exp (K12 + K13) 1) + (Pss + (Pso + La7)n + P108773) exp ((Ku — (ﬁ)) 7])

K K
+ (Poon + P109773) exp (<K12 — 2%) 77) + (Poin + P1107}3) exp ((K13 - 2?2;) 77> ) (31)

where the evaluated constants P;, R;, d;, L; as they occupy immense space are not mentioned in this paper. As the series

is convergent, we ignore terms f3, 03, 3 onwards as their effects are negligible.

4. Results and Discussion

The system of partial differential equations with the boundary conditions, are converted to the system of ordinary differential
equations (6) using similarity transformations. These ODE are solved using the homotopy technique. First we calculate f?,
6* and then taking p — 1 we get the solution to f, 6. The 1°* approximations to f and 6 are (27), (29) respectively and the
2" approximations to f and 6 are (28), (30) respectively. We analyse the profiles of velocity, temperature through graphs,
for impacts of the Joule’s effect and the effect of the magnetic field on them. We use Pr = 0.71, Sc¢ = 0.01, Ec = 0.01,
Kr=1,A=1,a1 =05, n=1, #1 = 0.5, B2 =0.5. We analyse the profile showing change in velocity with 7, with M
taking values ranging 5 to 6 and for the effect of J between values 1 to 8. When the effect of magnetic field is least, as seen
in figures 1 and 4; velocity of the fluid is 0 at n = 0 and it initially increases steeply for a short span of n and then begins
to reduce steeply until some particular point where it again begins to increase steeply and this phenomenon continues. As
we increase the effect of magnetic field, as we can see in figures 2, 3, 5 and 6; there is no change in this phenomenon and
velocity continues to follow this consistent pattern. Whereas for temperature, at the minimum effect of magnetic field and
when the joule’s effects are absent, seen in figure 7 and 10, the temperature tends to reduce steeply as 7 increases until it
reaches a particular stage for some value of n after which it slowly increases until some point and then finally begins to
reduce to 0, as the value of 7 increases further. At increasing values of the effect of magnetic field and Joule’s effect, seen
in figures 8, 9, 11 and 12; the temperature initially increases steeply as 7 increases until some point after which it reduces
as 1 increases. Then it slowly tends to remain constant with temperature 0 after some particular value of 7. As the values
of the effect of magnetic field increase further to 7 and 8, these fluctuations in temperature continue but tend to be more

steep. Eventually after some particular n the temperature reduces till it reaches 0 and continues to remain constant at 0, as
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the value of n increases further. Here M = % gives the Joule’s effect and J = % gives the effect of the magnetic field.
Iterations for f:

1°% Iteration: M, take values ranging 5-6

Figure 1: J takes values ranging 1 - 2 Figure 2: J takes values ranging 5 - 6

Figure 3: J takes values ranging 7 - 8

2" jteration for f: M, take values ranging 5 - 6

Figure 4: J takes values ranging 1 - 2

Figure 5: J takes values ranging 5 - 6
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Figure 6: J takes values ranging 7 - 8

Iterations for 6:

15t jteration for 0:

Figure 7: M take values ranging 0 - 0.5; J takes values ~ Figure 8: M take values ranging 1 - 2; J takes values ranging

ranging 1 - 2 5-6

30

Figure 9: M take values ranging 5 - 6; J takes values ranging

7-8
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2™ jteration for 0:

100

-100 4

-200 .

-300 B

-400 4

-500 4

-600 4

-700 4

-800 4

-900
1]

Figure 11: M take values ranging 1 - 2; J takes values
Figure 10: M take values ranging 0 - 1; J takes values
ranging 5 - 6
ranging 1 - 2

Figure 12: M take values ranging 5 - 6; J takes values

ranging 7 - 8

Swati Mukhopadhyay in [2] studied the velocity of a steady axially-symmetric flow of an incompressible viscous fluid along
a stretching cylinder in presence of uniform magnetic field and in the absence of Joule’s effect and obtained the following
Table 1 using D denoting the magnetic parameter. Whereas our Table 2 describing the Joule’s effect and the effects of
magnetic field on the velocity of a steady incompressible flow of a viscous fluid over a hyperbolic stretching circular cylinder

helps validate our analytical result.

D [Analytical solution | Numerical solution
0 -1.0000000 -0.99005806
0.5 -1.1180340 -1.1056039

1 -1.4142135 -1.3943545
1.5 -1.802775638 -1.7705669

Table 1: Attained by [2] values of f ! (0) obtained from analytical and numerical solutions
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M - Joule’s effect |J — Magnetic field | Solution
0 1 -0.010974
1 5 0.015217
5 5 0.94973
5 7 0.83461

Table 2: f ”(0) obtained by us using the generalized homotopy method

5. Conclusion

This paper presents the boundary layer flow and heat transfer of an incompressible viscous fluid over a hyperbolic stretching

cylinder in the presence of the effects of magnetic field and Joule’s effect. The velocity fluctuations are consistent with

increasing effects of magnetic field whereas temperature fluctuations are faster than velocity with increasing effects of

magnetic field and Joule’s effects. The major discoveries are:

(1). U(z), Tw, T, a have no effect on temperature.

(2). The behaviour of temperature when Joule’s effect is absent is opposite to that when these effects are prominent
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