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1. Introduction

Throughout this paper, we consider simple, finite and undirected graphs. Let G be a graph with the vertex set V(G)
consisting of n vertices and edge set E(G) of m edges. The degree of a vertez v € V(G) is the number of edges incident with
v in G and is denoted by dg(v). If u and v are two adjacent vertices of G, then the edge connecting them will be denoted
by uv. The degree of an edge e = wv in G is denoted by dg(e) and is defined by dg(e) = da(u) + da(v) — 2. The mazimum
and minimum vertex degree of G are denoted by A(G) = A and §(G) = 6 respectively. The vertices and edges of G are
members. Here, we denote the adjacency (or incidence) of members by the symbol ~ and nonadjacency (or nonincidence)
by ~. As usual G is the complement of a graph, L(G) is the line graph and S(G) is the subdivision graph. For unexplained
terminology, we refer [10, 14].

The semitotal-point graph T>(G) [18] is a graph whose vertex set is V(G) U E(G), and where two vertices are adjacent if and
only if they corresponds to (i) two adjacent vertices of G or (ii) one is a vertex of G and the other is an edge of G incident
with it in G. The semitotal-line graph T1(G) [18] is a graph whose vertex set is V(G) U E(G), and where two vertices are
adjacent if and only if they corresponds to (i) two adjacent edges in G or (ii) one is a vertex of G and the other is an edge of
G incident with it in G. The partial complement of subdivision graph S(G) [12] is a graph with the vertex set V(G) U E(G)
such that two vertices of S(G) are adjacent if and only if one corresponds to a vertex v of G' and other to an edge e of G
and v is not incident to e in G.

For a graph G = (V(G), E(G)), let G° be the graph with the vertex set V(G°) = V(G) and with no edges, G* the complete
graph with V(G') = V(G), GT = G, and G~ =G.
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Definition 1.1 ([8]). Given a graph G = (V(G), E(G)) and three variables z,y,z € {0,1,4, —}, the xyz—transformation
T%Y*(G) of G is the graph with the vertex set V(T*Y*(G)) = V(G)UE(G) and the edge set E(T*Y*(G)) = E(G*)UE(L(G)Y)U
E(W), where W = S(G) if z =+, W = S(G) if 2z = —, W is the graph with V(W) = V(G) U E(G) and with no edges if

2z =0, and W is the complete bipartite graph with parts V(G) and E(G) if z = 1.

Since there are sixty four distinct 3-permutations of {1,0,+4, —}, there are sixty four different zyz—transformations of a
given graph G. These xyz—transformation graphs are also called as generalized zyz—point-line transformation graphs[1]. In
literature we found that 7°°"(G) is the subdivision graph, 771" (Q) is the total graph, T~~~ (G) is the complement of total
graph, T~ (@) is the partial complement of subdivision graph, T~ 71 (G) is the quasi-total graph [2] and T'TT(G) is the
quasivertex-total graph [15]. Note that if z,y,z € {+, —}, then we obtain total transformation graphs [19]. The vertex v of
T%Y*(@G) corresponding to a vertex v of G is referred to as point-vertex and vertex e of T*Y*(G) corresponding to an edge e
of G is referred to as line-vertex. In Figure 1, self-explanatory examples of some T%Y*((G) graphs are depicted, dark circles

represents the point-vertices and light circles represents the line-vertices of T%Y*(G).
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Figure 1. Some generalized zyz—point-line transformation graphs
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Theorem 1.2 ([4]). Let G be an (n, m) graph and let v be the point-vertex of T"Y*(G) corresponding to a vertex v of G.

Then
0 if =0,y €{0,1,4+,—}.
n—1 ifr=1y€{0,1,+,—}.
(1) dTa:yO(G)(’U) =
da(v) if v =4,y€{0,1,+,—}

n—1—dg() if e =—,y e {0,1,+,—}.

m if =0,y €{0,1,+,—}.
(2) dTn:yl(G)(’U) =
m + dg(v) ife=4+,y€{0,1,+,—}.

n+m—1—dG('U) ifm:—,yE{O,l,-f—,—}n

dG(U) ifl’=07y€{0717+7_}-

n—1+dG(U) Zfl’: Lye {0717+7_}'
(3). dray+ () (v) =

2da (v) ifv=+4,y€{0,1,+,—}
n—1 ife=—y€{0,1,+,—}.
m_dG(U) Zf‘r:()?y S {0713+3_}'

n—l—m—l—dc(v) if$:17y6{0717+7_}'
(4). dTIy*(G)(U) =
m ife=+4,y€{0,1,+,—}.

n+m—1-—2dg(v) if x=—,y€{0,1,+,—}.

Theorem 1.3 ([4]). Let G be an (n, m) graph and let e be the line-vertex of T™¥?(G) corresponding to an edge e = uv of
G. Then

0 ify=0,2€{0,1,+,—}.

m—1 ify=1,2€{0,1,+,—}.
(1) deyO(G)(e) =

da(u) + da(v) — 2 ify=+2ze€{0,1,+,—}.

m+1—da(u) —de() if y=—,ze{0,1,+,—}

n ify=0,z€{0,1,4+,—}.
(2) dTmyl(G)(e) =
n—2+da(u) + da(v) if y=+4,z€{0,1,+,—}.

n+m+1—dg(u)—deg) ify=—,z€{0,1,+,—}.

2 ify=0,z€{0,1,4+,—}.

m+1 ify=12¢€{0,1,4+,—}.
(8). dpey+(a(e) =

da(u) + da(v) ify=+,2€{0,1,+, -}

m+3—dg(u) —de(v) if y=—xe{0,1,4,—}

n—2 ’Lfy:O,l‘E{O,].,"‘,_}

n+m—3 ny:1,$6{071,+,_}
(4). drey—(c)(e) =

n—4+da(u) + da(v) ify=+2€{0,1,+,—}.

n+m—1—dg(u) —de() ify=—,z € {0,1,+,—}.
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Topological indices are numerical parameters of a graph which are invariant under graph isomorphisms. The significance
of topological indices is associated with quantitative structure property relationship (QSPR) and quantitative structure
activity relationship (QSAR) [13].

The first and second Zagreb indices are defined in [9] as

My =M (G)= Y [de(u)+da(v)] and M = Ma(G)= 5. da(u)dg(v) respectively.
uwvEE(G) uweE(G)

The Randi¢ index (or product-connectivity index) of a graph G is defined as [17]

RG) = Y [de(w)da(v) .

weE(G)

It has been extended to the general product-connectivity index defined as [7]
R.(G)= > [de(u)dg(v)]*, where a is any real number.
weE(G)
The first general Zagreb index of a graph G is defined as [16]
MY (G)= > lda(u)]¥, where a is any real number.
weV(Q)

The first and second Zagreb indices of semitotal-point graph, semitotal-line graph and total transformation graphs can be
found in [3, 4, 11]. The expression for R.(T1(G)), Ra(T2(G)) and bounds for general product-connectivity index of total
transformation graphs obtained in [6]. The expression for first and second Zagreb indices and general sum-connectivity index
of generalized zyz—point-line transformation graphs found in [4] and [5] respectively. In this paper, we compute expressions

for general product-connectivity index of some generalized zyz—point-line transformation graphs.

2. General Product Connectivity Index of T%Y*(G) Graphs
Theorem 2.1. Let G be a graph of order n and size m. Then

(1). Ro(T(G)) =0

(2). Ra(T'(G)) = (’;) (n—1)*

(3). Ra(T™(G)) = Ra(G)

(4)- Ra(T™™(G)) = > (In=1—da(u)]n—1—dc()])*

wns PV (@)
(5). Ra(T"°(G)) = (’”) (m — 1)

(6). Ra(T"°(G)) = (;) (n—1)% + <”;> (m — 1)
(7). Ra(T1°(G)) = Ra(G) + (’;) (m — 1)

(8). R(T°G) = % (In—1-de)]n—1-da(®))* + @“) (m — 1)
uxv; u,veV(G)

(9). Ra(T*H(G)) = (nm)**

(10). Ro(T'Y(@)) = (;L) m+m—-1%*4+m - n*(n+m-1)
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(11). Ro(T°"(@)) = (?) (n+m—12*+n-m*T(n+m-1)*

(12). Ra(TM(G)) = (n+m — 1) K’;) ’ (@ +nm

Proof.

(1). Ra(T*(G)) = > [drooo (@ () drooo(a (y)]* = > [0-0]* = 0.
zy€ E(T000(G)) zy€ B(T000(@G))

(2). Ra(T'™(G)) = > [dr100(c (u) dpaoo ey ()] = ¥ [(n—1)(n—1))* = (;‘) (n—1)* = Ra(Ku).
wv€E(T100(G))NE(Ky) weE(Ky)

(3). Ra(T™(G)) = > [dr+o0(q)(u) drroo(qy(v)]* = 30 [da(u) da(v)]™ = Ra(G).
wve E(TH00(G))NE(G) weE(G)

(4). Ra(T™°(@)) = 3 [dr—o0(y (W) dr—o0y ()] = S (In—1 - de(@)n — 1 - de()])®
ww€E(T—00(G))NE(G) uwweE(G)

= Y (n-1-dec)ln—1-dc()])* = Ra(G).

uwv; u,veEV(G)

(5). Ra(T™(@)) = , ve%(K )[(m —1)(m—1)]* = (m—1)* (7;) = Ra(Km).
(6). Since T"°(G) = K, U K, we have Ro(T"(Q)) = Ro(K,) + Ra(Knm).
(7). Since TT°(G) = G U K, we have Ro(TT°)(G) = Ra(G) + Ra(Km).

(8). Since T7'%(G) = G U K, we have Ro(T7°(G)) = Ra(G) + Ra(Km).

(9). Ru(T%1(G)) = > (droo (@) droony(@l" = 3 menl® = (m),
ue€E(TO0L(G))NE(Kn,m) ue€E(Kn,m)
(10). R (TlOI(G)) = Z [dTlol(G)(u) dTIOI(G)(’U)}a + Z [dTlﬂl(G) (u) dT101(G)(6)]a
wweB(T101(G))NE(Ky) ueEE(TlOl(G))ﬁE(Kn)m)
= Z (n+m-—1n+m-1)]"+ Z [(n+m—1)n]*
wEE(Knp) ue€E(Kn,m)

Ro(T™Y(G)) = <Z> (m+m—1)>+m 0 (n+m—1)°

(1). Ra(T(@)= Y [dm-Dm+m-1"+ 3 [mmn+m-1)°

eje; EE(Km) ue€E(Kn,m)

= <T;)(n+m—1)2°‘+n-ma+1(n+m—1)a.

(12). Ra(T(@)= 3 (ntm—Dm+m-1"+ S [(n+m—1)(n+m—1)°

wEE(Knp) eie; EE(Km)

+ > ln+m=1Dm+m-1)"

ueEE(Kn,m)

Theorem 2.2. Let G be an (n, m) graph and o < 0. Then

(1). 4%(8 — 1) BMl - m] > Ro(TPT(G)) > 4% (A — 1) BMl - m]

n

2

(2). Ro(T'T°(Q)) < (n—1)*" (;) +4%(5 —1)*" [%Ml - m:|
Ro(T0(@)) > (n—1)* ( )

+4%(A—1)* FMl — m]
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(3). Ra(TH(@)) < Ra(G) + 4°(5 — 1)% [%Ml - m:|

Ra(T*0(G)) > Ra(G) +4°(A — 1) BMl - m]

W R@E) S Y (-1 da(wlln— 1 - do(])* + 176~ 1% {0~ m]
unv; u,veV(G)

RT@) > S (n—1-de@in—1—do(w)])* +4%(A — 1) [éMl - m} .
uwv; u,veEV(G)

Proof.
(1). Ra(T**(@)) = > [dro+o () droto(ay(y)]”
Y€ E(TO+0(G))
= Z [dT0+0(G)(ei) dT0+0(G)(€j)]&
e;e; €EE(TOH0(G))NE(L(G))
= > [(da(u) + da(v) — 2)(da(v) + da(w) — 2)]".

eje; EE(L(Q)),e;=uv,ej=vw

Note that da(u) < A and da(u) > § for any vertex u € V(G). The equalities hold if and only if G is a regular graph.

Ra(T*F(G)) > 4%(A — 1)* [%Ml _ m} as a <0
Similarly, we can show that R, (T°T0(Q)) < 4%(§ — 1)** BMl - m] Also note that R (T°°(G)) = Ra(L(G)) but
T9(@) 2 L(G).
(2). Since T'7°(G) = K, U L(G), we have Ry (T'T°(G)) = Ro(K,) + Ra(L(G)) = (Z) (n —1)%* + R (T°T°(@)).
(3). Since TT°(G) = G U L(G), we have Ro(TTT(G)) = Ra(G) + Ro(L(G)) = Ro(G) + Ra(T(@)).
(4). Since T~T°(G) = G U L(G), we have Ro(T~T°(Q)) = Ra(G) + Ra(L(G)) = Ra(G) + Ra(T°T°(Q)). O
Theorem 2.3. Let G be an (n, m) graph and o < 0. Then

(1)t

(1). Ra(T°°(G)) < (m+ 1 —26)**

(2). Ra(T"°(G))

IN
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(3). Ra(TT7°G)) < Ra(G) + (m +1 —26)>"
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Proof.
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(1). Ra(TO_O(G)) = Z [dro-o(c(€i) dTO—O(G)(e]')]a

e;e; EE(TO~0(G))NE(L(G))

= Z [(m+1—-da(u) —de())(m+1—de(w) — da(z))]”

€;™e €=UV, e =WT

Note that da(u) < A and da(u) > § for any vertex u € V(G). The equalities hold if and only if G is a regular graph.

m+ 1 1
( 9 >2M1:| asa <0
m+1 —lMl
2 2

(2). Since T'7%(@) = K, U L(G), we have Ro(T*"°(G)) = Ra(K») + Ra(L(G)) = <Z> (n —1)%* + R (T°7°(@)).

R (T’ °(G)) > (m+ 1 —2A)**

Similarly, we can compute R (T (G)) < (m+1-268)2 . Also note that R, (T°"°(Q@)) = Ra(L(G))

but T°7°(@) 2 L(G).

(3). Since TT7 (@) = G U L(G), we have Ro(TT7%(G)) = Ra(G) + Ra(L(G)) = Ra(G) + Ra(T?7°(Q)).
(4). Since T™7°%(@) 2 GU L(G), we have Ro (T~ "%(@)) = Ra(G) + Ra(L(G)) = Ra(G) + Ra(T°~°(G)). O

Theorem 2.4. Let G be a graph of order n and size m. Then

(1). Ra(T*(G) = ¥ {m+de()]m+da@)]}* +n®m ¥ [m+ do(w)®

wwEE(G) ueV(G)
(2). Ra(T_Ol(G)) = 3 {[n+m—-1—de)]n+m—1—de®)]}* +n“m >, [n+m—1—dg(u)]®
uwv; u,veEV(G) uweV(G)

(3)- Ra(TTHH(G) = 3 {lm+do)]lde@)}* + (n+m—1)"m 3 [m+de(u)]* + (

uwv€E(G) ueV(G)

T;) (n+m—1)>

@ R @) = S (lnm 1 de(]fntm =1 = de )} + (’;) (n+m—1)%
+(n+m—-1)%m Z [n4+m—1-—dg(u)]*.
uweV(Q)
Proof.
(1). Ra(TTN(@)) = Z [dp+o1 () (w)dr+o1 () (v)]™ + Z [dp+01 () (w)dr+o1 () (€)]”
w€E(TTO1(G)NE(G) ue€B(THO1(G)NE(Kn,m)
= > Alm+de@]m+de}*+ > {lm+dae(u)n}®
uwweE(G) ue€E(Kn, m)
= Y Am+de@]m+de®)}* +n* Y mm+da(u)®.
ww€E(G) ueV(G)

). Ra(T™ NG = Y {n+m-1-delintm—1-de@}*+ > [n+m—1-de@)n®

w€E(G) ue€E(Kn,m)
= > Hntm-1l-de]n+m—1—-de@}*+n* > mn+m-—1-de(u)®
uv; u,veEV(G) ueV(G)

). Ra(TMH@) = 3 [m+do@)m+de@)]*+ 3. {Im+de@]n+m—1)}°

wweE(Q) ue€E(Kn,m)
+ > lntm—Dn+m-1)°

eje; EE(Km)

— Z {[m + de(w)][m + dc(v)]}* + (n + m — 1)° Z m[m+dc(u)]a+<rg>(n+m1)2a.

uwveE(G) ueV(G)
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). Ra(T7MG) = Y [n+m—1—de@)+m+m—1—de@)*+ > [(n+m—1)(n+m-—1)"
wveB(G) eje; EE(Km)

+ Z {ln+m—1—-dg(@)](n+m—1)}*

ue€E(Kn,m)

= Z (m+m—1—de)(n+m-—1-de))]* + (Zl)(n+m—1)2a

uwv; u,veEV(G)

+(n+m-—1)" Z m[n+m —1—dg(u)]”.
uweV(G)

Theorem 2.5 ([6]). Let G be a graph of order n and size m. Then

(1). Ra(T%H(G)) = Ra(S(G)) = 2 M{+

(2). Ra(T(G)) = Ra(3(G) = (n—2)° 5> [m — do(w)]**!
weV (@)

Theorem 2.6. Let G be a graph of order n and size m. Then

(1). Ra(T'(G)) = g;(c)[(n —1+dg(u))(n —1+da(v))]* +2° E%:(G) da(u)[n =1+ dg(u)]”

(2). Ra(T~°H(G)) = (n—1)** K’;) -m

+2°Thm(n — 1)

m

(3). Ra(T*(G)) = (m + 1)> (2

>+(m+1)a M1a+1

(4): Ra(TV"H(G) = ¥ [(n—1+de(w))(n—1+d(v)] + (m+1)* <m)

w,weEV(G) 2

+(m+1)* > de(u)n—1+da(u)”
ueV(G)

m

(5)- Ra(TT(G)) = 4°Ra(G) + (m + 1) ( 9

(5)--

(1). Ra(TH(@) = > [(n—=1+de()(n—1+de@)+ > {ln—1+daw)] 2}

) +[20m + 1)) M

m

(6). Ra(T™(G)) = (n — 1) +(m+1)% < 2) +2m[(n — 1)(m + 1)]*.

Proof.

wEE(Kn) ue€E(S(G))
= Z [(n—1+da(u)(n—1+da(v)]” +2° Z da(u)[n — 1+ de(u)]™.
u,veEV(G) uweV(G)

(2). Ra(T™F(@)= Y [(n=D-DI"+ > [(n—-1)-2

weE(G) ue€E(S(G))
=(n—1)> [(Z) —m| +2°T'm(n — 1)*
() Ra(T"(@) = Y (m+Dm+1]"+ > lde(w)(m+1)°
cie; €B(Km) uwe€ B(S(Q@))

—(m+1)2°‘(7;>+(m+1)a 3 de(w)da(w)”.

ueV(G)
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). Ra(T'™(@)= 3 [n—14de@)(n—1+de@)*+ S [(m+1)(m+1)°

wvEE(Kyp) eje; EE(Km)

+ Z [n —1+dg(u)(m+1)]*
ue€E(S(G))

= > [(n1+dc(u))(n1+dG(v))]a+(mH)za<rg>

u,veV(G)

+(m+1)* > de(u)n -1+ de(u)]*.
ueV(QG)

(5). Ra(TTH(@) = > [dc(w)@dc@)]*+ D> [m+Dm+1"+ > [2de(u)(m+ 1)
wvEE(G) ejej EE(Km) ue€E(S(G))

_4QRQ(G)+(m+1)2°‘<2>+[2(m+1)]°‘ > de(u)lde(u)®.

ueV(G)

6). Ra(T™(@)= Y [(n=Dm-DI"+ > [(m+Hm+1"+ > [(n-1m+1)°

wEE(G) eje;EE(Km) ue€E(S(G))

e[

Theorem 2.7. Let G be a graph of order n and size m. Then

+(m+1) (?) +2m[(n — 1)(m + 1)]°.

(1 Ra(T (@) = 52 [(ntm—1=do(w)(n+m—1=da@)]" + (=2 3 fm—do(w)] [n+m 1 da(w)]"

(2). Ra(T*07(G)) = m™** + [m(n — 2)]°*!

(3). Ra(T™"7(G)) = u;y[(n +m—1=2dg(u)(n+m—1-2dg())]" + (n—-2)" eac)[m —dg(w)] [n+m —1—2dg(u)]®

(4)- Ra(T"(G)) = (n +m — 3)* (7;) +(nt+m=3)" ¥ [m—do(u)]*"

ueV(G)

wweV(Q) 2

+(n+m—=3) > m—de)]n+m-—1-de(u)®
ueV(G)

(5) Ra(TV(G)) = % [(n+m—1—dG(U))(n+m—1—dc(v))]“+(n+m—3)2a(m>

(6). Ro(TT7(@)) = m** ™! 4 (n4+m — 3)% (ZZ) +m**t(n —2)(n +m — 3)“

(7). R (@)= % [(”+m—1—QdG(U))("+m—1—QdG(U))]a—i—(n—i—m—B)M(?;)
uwv; u,veV(G)

+(n+m-—3)° Z [m —da(uw)] [n+m—1—2dg(u)]®
ueV(Q)

Proof.

(1). R.(T"7(G)) = Z (m+m—1—de)(n+m—1-—dec@))]*+ Z[n +m—1—dae(u)(n—2)]*

wEE(Kn) uwe

= > ln+m-1-de)n+m-1-de®)]*+ -2 Y [m—de)]n+m-—1-dsu)"

u,vEV(G) ueV(G)
(2). Ra(T*°7(G)) = 3 meml 4 3 fmn = 2))" = m2** 4 m(n — 2)[m(n — 2)]°.

(3). Ra(T77(G) = > [(n+m—1-2da(w)(n+m—1-2dg)]*+ Y [(n+m—1-2dg(u))(n - 2)"

weE(G) une

=> [n+m-1-de)(n+m-1-de@®)]*+(n-2)% > [m—de)]n+m-—1-2dc(u)*.
uv ueV(G)
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@, BT (@)= Y [ntm=3n+m—3) + 3 {m— dolw)](n+m—3)}°
eje; EE(Km) umwe
= (n+m—3)*" <T;) + (n+m—3)” Z [m — da(uw)] [m — da(u)]”.
uweV(G)

(5) Ra(T"'7(@) = Y [n+m-1l-de()n+m—-1-dec@)]*+ >  [(n+m=3)(n+m-3)"

weE(Ky) eje; EE(Km)

—l—Z[n—i—m— 1 —dg(u)(n+m —3)]*

= > ln+m-1-de)(n+m-1-da())]*
u,weV(Q)

+(n+m_3)2"‘<2>+(n+m—3)a Z [m—de(w)]n+m—1—da(u)]”.
uweV(Q)

6). Ra(TT'(G))= > [m-m*+ > [(n+m=3)(n+m=3)]"+> [mn+m-3)"
wv€E(G) eje; EE(Km) unve

m

:m2a+1+(n+m3)2°‘<2

) +m® T (n—2)(n+m—3)°

(7). Ra(T™'(Q)) = Z [(m+m—1-2d¢(u))(n+m—1-2dg(v))]* + Z [(mn+m—3)(n+m-—3)]*

uwweE(G) eie; EE(Km)

+ Z[(n +m—1-2dg(u))(n+m—3)]"

u*e

= Z [(n4+m—1—2dg(uw)(n+m—1-_2dgv))]* + (n+m — 3)** (m)

2
uxv; u,veEV(G)

+(n+m-—23)° Z [m —da(u)][n+m—1—2da(u)]”.
uweV(Q)

Theorem 2.8. Let G be an (n, m) graph and o < 0. Then

(1). Ro(T°TH(@)) < (n—2+20)% {%M1 - m} +mn Z [n—2+dg(u) + da(v)]”
wveE(G)

(2). Ro(T'T(@)) < <Z> (n+m—1)>* +[n—2+ 20 [%Ml - m} +(n+m—1)% Z [n—2+dg(u) + da(v)]”
wweE(G)

R (TH(@)) > <Z> (n+m—1)°" +[n — 2+ 2A]" {%]\L - m] +(n+m—-1)%n Z [n—2+dg(u) + da(v)]”
wveE(G)

(3). Ro(TTTH(@)) < Z [(m + da(u)(m + de(v)]* + [n — 2 + 26)°“ [%Ml - m} +nm(m+6)*[n — 2+ 26]%
uwveE(G)

Ro(TTHH@) = > [(m+da(u)(m+da(0)]* + [n— 2+ 24 BMl - m] +nm(m+ A)* [n — 2+ 2A]°

uwveE(G)

(4). Ra(T™7HG)) < [n+m—1-4)* KZ) -

(2)--

+ [n — 24 26 [%lem} +mn[n+m—1-46]%n—2+2A]"

Ro(T™THG) > [n+m—1— AP

+[n— 2424 [%M1 —m} +mnn+m—1-—40]%n—2+2A]%.

Proof.
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(1). Ro(T*H(@)) = Z [drot1(g)(€i)dro+1q)(e)]” + Z [drot1 gy (w)drot gy (e)]”
ese; €E(TO+L(G))NE(L(G)) we€E(Kn,m)
= > [(n—2+dc(u) + da(v)(n — 2 + de(v) + da(w))]”

eje; €E(L(Q)),e;=uv,ej=vw
+ Z {mn -2 +da(u) + da(v)]}*
ue€E(Kn,m)

Since da(u) > § for any vertex u € V(G) and o < 0, we have

Ra(T°TH(@)) < (n — 2 + 26)*" {%Ml - m} +m%n Z [n—2+dg(u) + da(v)]”
uveE(G)

Similarly, we can compute the other side inequality.

2. Ra(TH(@) = Y [ntm-Dn+m-D1"+ > [(n+m-1)(n-2+dc(u)+dc(v)))"

wEE(Kp) ue€E(Kn,m)

+ > {ln—2+da(u) + da(v)][n — 2+ da(v) + da(w)]}*

eje; EE(L(G)),e;=uv,ej=vw

—[ Z (n+m1)2a]+(n+m1)a Z [n—2+dg(u) + dg(v)]®

uwv€E(Ky) ue€E(Kn,m)
+ > {In —2+de(u) + da(v)][n — 2+ da(v) + do(w)]}*
€;"~Ve;,6;=UV,e; =VW

Since dg(u) > § for any vertex v € V(G) and a < 0, we have

R, (T'H(@)) < (n4+m—1)%4 (n — 2 + 26)* {%M1 — m] +(n+m-1% > [n—2+4+dg(u)+de()]”

n
2 weE(G)

Similarly, we can compute the other side inequality.

(3) Ra(T™(G) = Y Am+de@]m+de@)}*+ Y {lm+de(w)n—2+de(v) +de(w)]}”

uwveE(G) ue€E(Kn, m)
+ > {ln —2+da(u) + dc(v)][n — 2+ da(v) + de(w)]}*
€€ ,e;=UV, e =VW

Since dg(u) > § for any vertex u € V(G) and a < 0, we have

R.(TT(@)) < Z [(m + da(u)(m + da())]* + (n — 2 + 26)** [%Ml - m} +nm(m+6)*(n— 2+ 26)“
weE(G)

Similarly, we can compute the other side inequality.

(1), BTG = 3 Alntm—1-da(]in+m—1-de@)]}®
weE(G)

+ > {ln+m—1—dc(u)]ln -2+ ds(v) + da(w)]}*

ue€ E(Kp m),e=vw

+ > {ln =2+ dc(u) + da(v)][n — 2 + dc(v) + da(w)]}*

e;~ej,e;=uv,e; =vw

Since da(u) > § for any vertex v € V(G) and o < 0, we have

Ra(T™TY(G)) < (n+m—1—5)> K’;) —m| + (n—2+26)* EMI —m] +mn(n+m—1—038)%(n—2+2A)"

Similarly, we can compute the other side inequality.

Theorem 2.9. Let G be an (n, m) graph and a < 0. Then

O

—_
(3]
~
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(1). Ro(T°"HG)) < (n+m+1—28)>* +m%n Z [n+m+1—de(u) —da()]”

uweE(G)

m+1 —lMl
2 2
m+1 —lMl
2 2

>+(n+m125)2’l

Ro(T°7HG)) > (n+m+1—2A)> +mn Z [n+2m+1—de(u) —de(v)]”

uww€eE(G)

(5t

+(n+m—-1)% Z [n+m+1-dg(u) —da(v)]®

weE(G)
2 2
+n+m—1)%% > nt+m+1-de(u)—dg@)]*
uwveE(G)
m—+ 1 1
m+ 1 1
m—+ 1 1
m—+ 1 1

(2). Ro(T*H@)) < (n+m—1)>* (Z

2) +(n+m—1—2A)2a

Ro(T'HG)) > (n+m —1)* (”

(3). Ra(TT7H@) < Y {lm+dc(w)][m+da(®)]}” + (n+m—1-26)*
uwveE(G)

+ mn(m+8)*(n+m — 1 —26)**

Ra(T* G = S {Im+ do(@)im + da(@)]}* + (n+m—1 - 28)%
uwveE(G)

+mn(m+ A)*(n4+m—1—2A)*

+(n+m+1—26)>

(4). Ra(T~7H(@)) < (n+m —1-26)* [<g> -

+mnn+m—1-—08§)%(n+m—1-20)"

Ro(T™7HG) > (n+m—1—A)* Kg) —m| 4+ (n+m+1-2A)%

+mnn+m—1—A)*(n+m-—1-2A)".
Proof.

(). RN @)= Y {ln+m+1-do(w) - de()]ln+m+ 1 - de(w) - do(@)]}*

€;%€j,ei=UV,e;=WT
+ > {mn+m+1—da(u) — d(v)]}*
we€B(Kp ) e=uv
Since da(u) > 6 for any vertex v € V(G) and o < 0, we have

m+ 1 1
— =M

Ra(Tofl(G)) < (n +m+1-— 25)204

+mn Z [n+m+1—dg(u) —da(v)]”

uwveE(G)
Similarly, we can compute the other side inequality.
2). Ra(THG) = > [(n+m=-1)(n+m-1)"
wveEE(Ky)
+ > n+m+1—de(u) —de)]n+m+1—de(w) — do(x)]*
€;%e;,€;=UV,e; =wzT
+ Z {(n+m—-1Dn+m+1-—de(u) —da)]}*

ue€E(Kp,m),e=uv

Since da(u) > 6 for any vertex u € V(G) and o < 0, we have

Ra(T'(G)) < (n+m = 1)*° (2

n) +(n4+m—1-—26)>

1)

+(n+m—1)% Z [n+m+1—de(u) —de()]”
uweE(G)
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Similarly, we can compute the other side inequality.

(3). Ra(TT7HG)) = Y Alm+de(u)][m+da(v)]}*

weE(G)

+ Z {ln4+m+1—dg(u) —de@)][n+m+1—da(w) —de(z)]}*

ejve e =uv,e; =we
+ > {lm +de()lln+m+1—da(u) - do(v)]}*
ue€E(Kp m),e=uv

Since dg(u) > ¢ for any vertex v € V(G) and a < 0, we have

Ro(T* 1 @) < > Alm+da@)]lm+de(®)]}* + [n+m—1— 26
weE(G)

(21

+mn(m+8)*[n+m —1— 25>

Similarly, we can compute the other side inequality.
). R(T™7HG) = Y Aln+m—1-de()]n+m—1-de()}
uv€E(G)

+ Z {ln+m+1—da(u) —da(@)]n+m+1—dae(w) —da(x)]}*

€;ej,e;=Uv,e; =wr

+ > {In+m—1—deW)]n+m+1—da(u) —de()]}*

ue€ E(Kp,m),e=uv
Since da(u) > 6 for any vertex v € V(G) and o < 0, we have
m+1 1
- -M

Ro(T™7H@) < (n+m —1—6)* [(;‘) —m|+n+m+1-25

+mnn+m—1-08)%m+m—1-2§"

Similarly, we can prove the other side inequality.

Theorem 2.10. Let G be an (n, m) graph and a < 0. Then
m+1 1

— M

m+1 _ lMl
2 2

)+(m+325)2“

(1). Ra(T°7H(G)) < [m + 3 — 25 + Y da(w)® +da()*)im + 3 - do(u) - da(v)]

uweV(G)

Ro(T""(G)) 2 [m + 3 — 24 + Y lde()® +da(v)*)[m + 3 — do(u) — da(v)]*

ueV(G)
m—+ 1 1

— =M
m—+1 1

— M

) + (26)% {%Ml - m} + 22t m §%(n — 14 §)*

+2m(n — 1+ 8)*[m+ 3 — 26]*

(2). Ra(T'"H(G)) < [n—1+ 6 (Z

Ro(T'"1(G)) > [n—14 A (Z) + (m+3—2A)* +2m(n — 14+ A)*m + 3 — 2A]"

n

(3). Ra(T"1(G)) < [n—1+4]* <2

n

Ra(T™(G)) 2 [n— 1+ A <2

> +(28)% [%Ml - m} 422y A%y — 1 4+ A)°

(4). Ra(T°T(Q)) < [n — 4+ 20" [%Ml = m} +m(n —2)(m — 8)*[n — 4 + 2]

Ro (T (@) > [n — 4 4 24 BMl - m] +m(n—2)(m — A)*[n — 44 2A]°
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n

(5). Ra(T'"T7(G)) < (n+m—1-10§)* <2

+2%[n — 4 + 20]>* {%M1 —m} +m(n—2)(n+m—1-208)%n—4+2§"

n
2

m—+ 1 1
m+1 1

>+[n+m—1—26]2a

Ra (T (G)) > (n4+m —1 —A)2a< +2%n — 4+ 2A)% [%Ml —m} +m(n—2)(n+m—1—A)n—4+2A]"

(6). Ra(T°"7(G)) < [n4+m —1— 25" +m(n—2)(m—08)*(n+m—1—26)*

Ro(T°"7 (@) > [n+m — 1 — 2A]* +mn—2)(m—A)*(n+m—1-2A)"

(1)1
1)t

n

(7). Ro(T'"7 (@) < (n+m—1—268)> (2

+mn—-2)(n+m—-1-08§%(n+m—1-—20)"

n

Ra(T'™7(G)) > (n+m—1—A)* (2

)+[n—|—m—1—2A]2a

+mn—-2)(n+m—-1—A)(n+m—1-2A)"

Proof.
(1), Ra(T"~(G)) = S {Im+3 — do(u) — de@)m + 3 — da(w) — do(@)]}°
eieJ'EE(m),ei:uv,ejzwx
+ > [da(u)(m + 3 — da(u) — da(v))]”
ue€E(S(G)),e=uv
= > {lm+3—do(u) — de(v)][m + 3 — da(w) — da(z)]}*

€;%e [, =UV,e; =WT

+ [ Y lde(w)® +da(v)*][m +3 — da (u) —dc(v)}a]

ueV(G)

Since dg(u) > ¢ for any vertex v € V(G) and a < 0, we have

m—+ 1 1

Similarly, we can compute the other side inequality.

Ro(T°"H(G)) < (m + 3 — 26)*

+ Y lda(w)® +de(v)?)m + 3 - do(u) — da ()]
ueV(G)

@). R @)= Y A{ln—1+de@)lln—1+da(v)]}*

wvEE(Ky)

+ > {lm+3—da(u) —da(v)][m + 3 - da(w) — da(z)]}"

€;™ej,e;=UV,e; =WT

+ > {[n —1+da()][m+ 3 — de(u) — da(v)]}*

ue€E(S(GQ)),e=uv
m+1 1
Y

(3). Ra(T"(G)) = {ln—1+de(u)]n —1+da()]}* + > {ldc (u) + da(v)][de (v) + da (w)]}*

uwwEE(Ky) ejrve e =uv,e;=vw

+ > {ln — 1+ da(u)]lda(u) + da (v)]}*

uecE(S(G)),e=uv

Since dg(u) > ¢ for any vertex v € V(G) and a < 0, we have

n

9 +2m(n—1+8)%(m+3—20)“.

Ro(T " T(@) < (n—1+468)* < > + (m + 3 —26)**

Since da(u) > § for any vertex u € V(G) and o < 0, we have

n

Ra(T'TH(G)) < (n—1+6)* <2

) + (26)** {%Ml - m} + 22T 6% (n — 1 + 6)*.
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(4). Ra(T""7(G) = > {ln —4+de(u) + da(v)][n — 4+ da(v) + do(w)]}*

€€ ,e;=UV,e;=VW

+ > Alm—de@)]n -4+ de(v) + do(w)]}*

ue,e=vw

Since da(u) > 6 for any vertex v € V(G) and o < 0, we have

Ra(T*(G)) < (n — 4+ 26)* BMl - m] 4 mn — 2)[m — 8)%(n — 4+ 26)°.

(5). Ra(T (@)= Y {n+m—1-de]in+m—1-da()]}*

wvEE(Ky)

+ > {ln =4 +dc(u) +de(v)][n — 4+ dc(v) + da(w)]}*

e;~ej,e;=uv,e;=vw

+ > Aln+m—1-de)]n -4+ do(v) +do(w)]}*

une,e=vw

Since da(u) > § for any vertex u € V(G) and o < 0, we have

n

Ro(T'"T7(G) < [n+m—1-4§ (2

)+[n—4+2512a EMl—m] m(n—2)(n+m—1—8)%[n — 4+ 28]°.

(6). Ra(T°"7(Q)) = > {ln+m—1-da(u) —da()][n+m—1-de(w) - da(z)]}*

€;™e e =UV,e; =WT

+ > Alm—de@)n+m—1-dc(v) - da(w)]}*

ue,e=vw

Since da(u) > d for any vertex u € V(G) and o < 0, we have

m+1 —lMl
2 2

(7). Ra(T'"7(Q)) = Z (m+m—1-—de(w)(n+m—1-de()]”

uwvEE(Knp)

+ Y Retm—1) - do(w) - de(v) - de(w) — do())®

ej®e ,e;=uv,e; =wx

Ro(T"7(@)) < [n4+m —1— 25 +m(n—2)(m—20)%*(n+m—1-—2§)".

+ Z {ln+m—-1—de)][n+m—1-dag(v) —da(w)]}*

u*e,e=vw

Since da(u) > 0 for any vertex v € V(G) and o < 0, we have

m+ 1 1

One can analogously compute the other side inequalities of above graphs. O

n

9 +m(n—2)(n+m—1-98)%(n+m—1-2§)~.

Ro(T'"7(@)) < (n+m—1-§)>" ( > +[n+m—1-28>*

3. Conclusion

In this paper, we have obtained the bounds for general product-connectivity index of some generalized zyz—point-line
transformation graphs. In order to obtain sharp bounds, we compute the expressions in terms of order, size, maximum
vertex degree, minimum vertex degree and summation over vertices (or edges) of G. Also note that, if @ > 0, then the

opposite side inequality is valid.
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